
16.225 - Computational Mechanics of Materials 
Homework assignment # 4 

Handed out: 11/3/03 
Due: 11/17/03 

Consider a nonlinear elastic solid described by the strain energy density: 

W = k[J log(J ) − J ] +  
µ 

trCdev 

2 

where 
Cdev = J −2/3C 

and k and µ are material constants. For this model material, 

1. Derive the expressions for the components of 

(a) the first and second PK stress tensors, PiJ and SIJ  ; the Cauchy 
stress tensor σij ; and the Kirchoff stress tensor τij . 

(b) The material moduli	 CIJKL; the Lagrangian moduli CiJkL; and  
the spatial moduli Cijkl. 

2. Implement this constitutive model in	 sumMIT within the framework 
proposed in HA01. The input to the subroutine should be the defor-
mation gradients and the material properties; the output the strain en-
ergy density, the first PK stresses and the Lagrangian tangent moduli. 
Conduct the consistency test of your implementation of this material 
model. Carry out the test both for trivial (F = I, where I is the identity 
tensor), and for nontrivial—but reasonable—deformation gradients F. 

3. Extend your	 6-noded isoparametric triangular element to nonlinear 
elasticity. The element should evaluate: 
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(a) the (incomplete) out-of-balance force array (isw=6), 

ria = ρ0BiNadV0 − PiI Na,I dV0 
Ωe 

0 Ωe 
0 

which includes gravity loads, Bi = gi = constant, but excludes 
external surface tractions since these are imposed globallyf 

(b) the tangent stiffness matrix (isw=3), 

Kiakb CiIjJ Nb,J Na,I dV0 =

Ωe 

0 

The correctness of the tangent stiffness matrix should be tested by 
numerical differentiation, i.e. a consistency test of the implementation 
of the tangent stiffness matrix in terms of the out-of-balance force array: 

∂rint 

Kiakb = − ia 

∂xkb 

4. As an example of application,	 consider a square domain [0, L]2 sub-
¯ ¯jected to loads T1 = T , T2 = 0 on edge X1 = L, fully supported φ1 = 0,  

φ2 = X2, on edge X1 = 0. Increase the load parameter T monotoni-
cally from 0 to 5µL in 5 equal load increments. Solve the equilibrium 
equations by a Newton-Raphson iteration with TOL  = 10−9 . Plot the 
deformed meshes for each of the five load increments, and the load-
displacement curve. 
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