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PULSE M2OULUIATOUS

INTRODUCT ION

Mich of the discussion on pulsc mocdulation as applicd to reaction jet
cuntrel is unpublished, Some very intcresting results have been dis-
cavercd in coupany reports, They supplement the published works with
discussions of modulotion techniques and particularly with comparisons
and trade-olfs for specific appiicatiens, Fixed frequency pulse width

systens. are not in general uscd for this purpose,

Bing-bang systcms requirc excessive bandwidths when stabilized with
lead zompensation 'in oruer to turn the thrustor off in as short s time
as tie valve will allow, Therefore, some form of pulsc modulation
scheune is found to give supcrior limit-cycle performance when disturb-
ances arc small. The thrustor is turncd on for a short time and after
it ic off, inforration on whethcr additional thrust is ncedecd can bde
fed back more lc.isurely, {,c,, the feedback path bandwidth nced only
be vide enough to assurc nroper vehicle pertor@pnce instcad of valve

perlormance,

One very simple mechanization whicn was developed for spece vehicle
attitude control application by Nicklas and Vivian [1962] is called
derived rate, The thrustor on-tirc is limited by feeding back the valve
comaand (usually the output oi : Schmidt tvigser) through a lag circuit,
The time constant of the log circurt and the trigger hystercsis deter-

mine the nowminal on-time for typical limit cycle behavior,

The on-timo can bo more sharply controlled when disturbaaces becore
significant by fceding back a pulse to reset the trigger., This method
was duveluped Ly Scott [19G6G].



8ince the lag circuit approximaiecly integrates the control force, it
gives a Measure of the velecily ¢hange a. ¢ ~zmoo imtreoduncs {00
into the systen, A derived rarte controller can therefore be used
vithout lead compensation (wiich oblains the velocity infor-mation by
approximately differeatiating :rhce position signal), thn the error
signal is larger than the feedback from the trigger, the dsmping is not

ag effective and & lcad circuit may te added for better damping.,

Hinson and Sarles [12C4] added a nonlinear feature to the derived
rate wodulator, By malking the charie and discharge time constants of
the tecdbaék lag circuit different, s nonlinear modulatiom curve caa
be designed which improves thc noise insensitivity and damping for low
disturbance levels, Shigemoto [19GT] and Jerkowsky {1968] have used
' describing functions successtully in analysing the derived rate modulators
and adaptive features have becen added to reduce valve activity by in-
creasing pulse width in the presence of a stcady disturbance by, for
example, Nicklas [19668] and Shigemoto [1967], '

A puiso-vidth pulse-frequency modulation t;chntquo {(which must be
used with lcad compensation because it-is basically destabilizing) has
been used extensively on spacecraft, Its principle is described,
for example, by Schaefer [1962), Melcher [19G64], and in many Lockheed
reports describing the Agena attitude control system; for example,

Kunkle [1963]. Pulse-width and pulsc-frequency systeas (Farrenkopt et al,
1963) provide similar performance and may provide simpler mechsnizations

in u given situation,

Comparisons have been made of thesc systems by White [1964] and
Yong [29G66] fos cxample, and optimum systcas may vary with the require-

neats,

All of the forcgoing reports dcal with modulators for attitude
control, A special provlcu arises for translatior control when the
vehizlc is spinning, If lead compensation is used to obtain derivstive
information, Lange [19G4) has sh~wn chat velocity information with
respect to inertial space can be obtained with a simple mechanization
Ly addii a corveclion term W ¥ p to the lcad conpcn;atcd position
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signals, 5, obtained from the proof mags plckoff, If ths caiculated
correction has an error in the angular ve}ocity, 5, an error in the
desired control (s produced, Performance is relatively insensitive,

however, and errors as large as 1 rad/sec are tolerable in a typical

nechanizazion,

DESCRIPTION OF
PULSE ODULATORS

Three types of wmodulators will be gﬁscussed:

(1) pulse frequency (or width)
(2) pulse-width pulse-fiequency (PWPF)

(3) derived raie
14

Detinicions:
Tc = time the control is on, pulsc width
Td = time the control is off

MF = modulation factor = Tc/(‘l'c + Td)

A, Static Characteristics

With a constant input, the modulator has a behavior which is inde-
pendent of the system in which it will be used, The pulse width and
period are usually fast compared with the system dynamics so the inputc
to the nodulator (the error signal feedback) changes slowly and the
static characteristics are a good indication of how the modulator will
work in most cases,

1, Pulse Frequency (or width)

A wmodulscor is designed so each pulse is of a fixed amplitude
and duration (or fixed freq ). Hcnce, the pulse width (frequency) is
constant, The mod factor is thercfore proportional to pulse fre-
quency (width) wvhich, in mosy. mechanizations, is made proportional
to the input, Typlcal applications {or pulse frequency modulation are
in pulse rebalanced inertial instrumcn.s where high accuracy is
obtained by dupending on the repeatability of pulse size, Dynasic
range is obtained with a2 wide Irecuency range, This is frequently
easier to achieve than a wide dynzmic analog amplitude range on a
lincar controller or on sampled data or fixed-freguency, pulse-width
systems when high accuracy is required. Pulse width modulation is
uced when information is available ac a fixcd rate as from a digital
computer,
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MODULATOR CHARACTERISTICS (for PW MODULATION INTERCHANGE P¥ and
PF IN THE SKETCH AT THE RIGHT.)

2. Pulse-Width Pulse-Frequency (PWPF)

a, Linear

A linear PWPF provides s pseudo linesr control vhen the PP i3z
high compared with vehicle dynamics, It was used on the Agena Satellite
and many others to operate gas jets, The jets operate best on-off,
Closing positively provents leakage and proportional operation is diffi-
cult to achieve due to hysteresis that is difficult to avoid in valve
design, Frequently, a PWPF system saves powsr or helps overcome stiction
in instrument and servo applications., In principle, the sechanization is

"
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e = = a(x - 1) = al(x - Ku) Q1)



AA 277
Stanford University -

To calculate the on and off times

K V4
/
a ,

Te = | W/ (Ku=-x)a= PW (2)
PF = s- - &% (Ku=x) — ax (1= %/«
Te tla h ( Ku=-% 4% ) h
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Fig, l: PWPF CHARACTERISTICS FOR A SYMMETRICAL INTEGRATOR

The PF is a parabola with peak ‘requency at s¥u/4h viz,, 2
seriod which is four times the minimum pulse width, At this point, the
input signal is one half the size cof the feedback so the charge and
discharge ratecs are the same and the pulse widtn is double its minimum
value, Note that the symmetry of the expressions leads to a modulat. -n
of the off-time for x/Ku small, Typical time nistories of the control
u for various mod factors are sketched 2eclew in Fig, 2,
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Fig., 2: TYPICAL TIME MISTORIES FOR PWPF LIODUIATOR (p = 1),
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If the integrator gain is greater by p when feedback is

applied, a nonlinear mod factor is obtained
T, = h/xa

T, = n/p(Ku - x)a = PW

ax(Ku - x) aKu x (1 - -’5—)

h(§+xu-x) =[ - walt '%)]

Qualitatively this skews the PF toward the end of the range :/Kul—-l

as tshown below

%/ —>

A family of mod factor curves is given at top of page 8, Pig. 3,

For expansion around x = 0 and x/Ku = 1

dyF

1 -
d(x?Ku) 5 ard p respectively,

froms

(8)

(6)

(7
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PIG. 3: MOD FACTORS FOR PWPF WITH UNSVAMETRICAL INTEGRATOR
and at x/Ku = 1/2
m = —-L—
p+1

Values of ‘0> 1 are desired when there is noise in x. The modulator
response to this noise is smaller when the gain (slope of the mod
factor) is less, Hence, there is iess wasted control effort,

3. Derived Rate uodulatér

A derived rate modulator provides damping, in addition to the other
advantagos of pulse modulated control. Hence, it provides excellent
limit cycle behavior, It is used extensively for thrustor modulation in
spacecraft application, The mechanization is, in prineiple:

A
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To calculate the off time, T the change in ¢ is h

d)

g -l [x- (@ -m]-e%Ty ., 0O

The on-time, 'rc, is calculated in the :ame manne:  but the lag charges
to Ku, The chinge in f i3 still i so

(Ba-(x-d)jlt <22 = n

ﬂ\/’ 0. 0 ¢

from which _;:-(f"(r w-L - (7 - o())
h

1 : .
T = = log(l + - —") (8)
¢ % : Ku;ﬁ j- (x - d)

where h  is added and subtractcee . 2eosided te got the variables Ky - h
and x -~ d identified, The Ku -a correosprads to the ringe of x -d

w]ll~
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which is the amount of input beyond the deadband,

The nod factcr can now be calculated,

R

MF =

h Xu- h
e e (gt )
a h 1 (9)
d logijl «+
Ku- h)( _x "")
. Ku

- h

where the (x-d)/Ku-h) 1is the fraction of the range of modulation the input

reyregsents, Let .-
h
Ku-h - T
x-d
Xa-nrh = R
and
a
-E:p
%4
then (9
1
MF =

log(L + r/R)
l+op log{l + r/(1-R)]

In this form, the symmetry for small valucs of R and small values of

(L - R) is apparcnt when p = 1 (for cxample, calculate 1 - MF), A mod
factor need only be known for 0 < R < %, The rest is reflected about the
point R = MF = %, The limits for R —0 and 1 are casily checked and
corrcctly give MNF = O and 1 respectively,

-12-
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Effect of P 1is the same as for the PWPF but the variable r must
be discussed first, There are two ways of linearizing the MF,

(a) Taylor series expansicn about the center of symmetry R = {F = i

and P = 1
aar 2r
4R =
R=% (1 + 37) log(l + 2r)
so
1 2r 1
W = 2+ T+ 20 logQ 7 20) (R - ?i)* -
for
small r =p MP = R
Including the dependence on p
1 4p ff 1

o T+ " (1 + p)z (1 + 2r) log(l + 2r) ® - 5) + =

which reduces to the previous expression, for g =1, For smsll r

1
+ —22

o ~ 3
l1+p Q4+ 9p)

(r-i)o

This expression is useloss near R = 0 and R = 1 even for small r.

-13-
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(b) Linearization before inverting the exponential, Assumption

2T and a T, << 1
cc

dd
[Ku- (x - d)](acTc) = h
and
[x - d « h](aéTc) 2 h
1 h
give Te = i B - (- D+
1 h
T = —
d ad (¢« ~=d)+h
and
1
MF = Y
- 1+_c_(ucu- n)-(:-ann)
%4 (x - d)+h
 §
=
1+p l-Rgs+r
R+r

For r small and p =1, LF = R as expected, For good stability
and precision of the switching levels, h 1is usually a signifi-
cant fraction of the deactand, say 1/3, Hence, when tight control
is used, r 1is small, say, of the order of 0,1 to 0,01 and
smaller, then

wr ¥ ——R/p (')
! - RQL - 1/p)

which is the sane expression obtained for the exact nonlinear
expression for the FWPF aodualutor in Eq. (7), page 8,

The effect of r however, causcs ide derived rate modulator MNP to
have a significantly dificrent shape as the exact expression, Eq. (’
involving the logarithms would suggest, There is a singularity

-14-
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in the slope at both R = 0 and R.=1 go that
the behavior for p =1 is

FIG, 4, DERIVED RATE MOD FACTOR DEPENDENCE ONM
RELATIVE SIZE OF HYSTERESIS AND MODULATION RANGE, Xu-h,

For practical purposes, +« is usually small and the mod curves, Flig
givun for PWPF apply to the derived rate system as well,
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