
16.410-13 Recitation 11 Problems

Problem 1: Mixed Integer Linear Programming

You are in charge of the scheduling of taxiways and runways for the departing aircraft in an airport. Usually,
aircraft scheduling is carried out by several personnel by heuristic methods based on their experience, which
requires extended training of such personnel; moreover, the resulting schedule is not guaranteed to be optimal
in any sense. Your approach is to introduce Mixed-Integer Linear Programming methods to this industry
for optimal scheduling of aircraft departure operations.

The figure below shows an aerial view of the DFW airport in Dallas, TX, focusing on the 17R runway,
which you are in charge of. Existing heuristic commonly applied by the expert air traffic control crew is
shown in the figure and listed below.

• One approach is to have a multiple queues each of which operate in a First-In-First-Out (FIFO) manner,
i.e., the the first aircraft to enter the queue goes out of that queue into the runway first. The aircraft
coming from the taxiways are directed to the queues arbitrarily by the scheduling crew at airport.

• The second approach is to associate each queue with a taxiway. Each aircraft enters the queue as-
sociated with the taxiway it is using to approach the runway. Each queue is operated in a FIFO
manner.

• In the third approach, one queue is left empty to allow for arbitrary takeoff times for the aircraft.
No FIFO queue is employed. Aircraft are held in the non-empty queueing lanes. Any aircraft that is
required to depart uses the empty lane to take over other aircraft and approach the runway as long as
it is empty.

(a) (b) (c)

DFW


© Source unknown.  All rights reserved. This content is excluded from our Creative Commons 
license. For more information, see http://ocw.mit.edu/fairuse.

You are tasked with formulating a MILP that incorporates a similar approach, which includes several
queues each of which operate in a FIFO manner. Solving this MILP will yield takeoff times for each aircraft
taking into account their departure time windows as well as the queueing constraints (explained below),
while maximizing certain performance metrics.
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Description:

The parameters of the problem are given as follows.

• F is a set of flights (aircraft) that needs to depart.

• P is a set of positions (i.e., the departure order). Note that |F | = |P |.
• Q is a set of all departure queues operating in a FIFO manner.

• af is the earliest possible departure time of flight f ∈ F .

• Δf is the departure time window of flight f ∈ F , i.e., flight f must depart between time af and af +δf .

• di,j is the minimum separation time between two flights i and j (to allow enough time for the departure
of i after j leaves the runway).

You pick the following variables to formulate this problem.

• yf,p, where f ∈ F and p ∈ P , is a binary decision variable that takes value one whenever flight f takes
departure position p.

• xf,q, where f ∈ F and q ∈ Q, is a binary decision variable that takes value one whenever flight f goes
into queue q.

• tp, where p ∈ P , is a continuous decision variable that denotes the takeoff time of the flight assigned
to takeoff at position p.

In this problem, you need to assign each flight to a position (through decision variables yf,p), each flight
to a queue (through decision variables yf,q), and each position a departure time (through decision variables
tp). We will assume that each aircraft arrives to the queue areas from taxiways at time aj . Hence, the
aircraft in each queue has to be ordered according to aj of the participating aircraft. To simplify notation,
you will assume that F is sorted such that for any i, j ∈ F with i > j, we have ai > aj .

Formulation:

Formulate the following constraints in the MILP framework.

• Formulate a set of constraints that ensures each flight to have a position.

• Formulate a set of constraints that ensures each position to correspond to a flight.

• Formulate a set of constraints that assigns each flight a queue.

• Formulate a set of constraints that ensures that each flight departs within its time window, i.e., flight
f ∈ F departs at between af and af +Δf .

• Formulate a set of constraints that ensures that departures following one another are allowed enough
time, i.e., if flights f, f ′ ∈ F depart at positions p, p− 1 ∈ P , respectively, then the departure time of
f must be at least df,f ′ later than the departure time of f ′.

• Formulate a set of constraints that ensures that all queues operate in a FIFO manner, i.e., in each
queue, the aircraft are ordered according to af .

Formulate the following objective functions in the MILP framework.

• Formulate an objective function that minimizes the total delay (i.e., the departure time minus the first
possible departure time summed over all aircraft).
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• Formulate an objective function that minimizes the maximum delay (i.e., maximum is taken over the
set of all aircraft).

• Formulate an objective function that minimizes the throughput (i.e., the departure time of the final
flight).

Problem 2: Probabilistic Reasoning

Recall that the fundamental axioms of probability are the following:

• For any event A, P(A) ≥ 0.

• P(U) = 1.

• If A ∩B = ∅, then P(A ∪B) = P(A) + P(B). 

From these axioms, prove the following equality: P(A ∪B) = P(A) + P(B)− P(A ∩B). 

Problem 3: Bayesian Networks

Consider the following Bayesian Network relating Sertac’s performance in a class he is taking with Prof.
Frazzoli, his GRE score, and the letter of recommendation he will be asking to apply for graduate school.

Write down the joint probability distribution of all the variables in this network in terms of the conditional
probability distributions.

Problem 4: Bayesian Inference

You are leading a new airways company, but your company is in trouble. You have just been told that some
of your aircraft have a problem with the electrical system. An estimate is that 0.5% of all your aircraft have
this problem.

Luckily, you came across a pretty reliable (!) test that can detect this problem. You were told the following
statistics. If an aircraft has the problem (i.e., the aircraft is broken), the test has correctly identified the
problem in 99% of the cases. If, on the other hand, the aircraft does not have the problem (i.e., the aircraft
is safe), then the test has correctly identified that there is no problem in 99% of the cases.

Given that the test identifies an aircraft of yours as broken, find the probability that the aircraft was
actually safe. Also, given the test has identified an airplane of yours as safe, find the probability that the
aircraft was actually broken. Is this test any useful? If yes, why? If not, what would improve it?
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