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HANDOUT
Quickie derivation of the Nernst equation (Weird, but solid as a rock)
First, let’s consider conditions. We have two chambers separated by a membrane.

The chambers have different concentrations of an ion (say, potassium, K"). The membrane
is permeable only to K" ions. (It has special holes hat only K" ions fit through.)
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{[t"]l = potassium {on concentratiom {a chaaber 1

Under these conditions, there will be a voltage AV across the membrane. How does
it arise? There is a net diffusion of K ions from high concentration (chamber 1) to low
concentration (chamber 2). If no other force were present this would continue until the
concentration in both chambers were equal (makes sense, huh?). However, this process
never goes that far. When a few K" ions diffuse from chamber 1 to chamber 2, they create
an excess of (+) charge in chamber 2. This creates the voltage difference and an
equilibrium will be reached when the tendency of the ions to diffuse down the
concentration gradient is exactly counterbalanced by the tendency of the voltage gradient
to push them back. Maybe a potential energy diagram will help:
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At equilibrium (rate of fon flow from 1 to 2 = race of ion flow from 2
to 1), tha potential wnargy per i{on must be equal (a doth chambers -
(otherwise lons would flow down the "enargy hill" and chare would be set
diffusion). You can sem from the diagram that equilibrium oceurs when
4U (chemical) =& (electrical), {.e., wvhen an {on going across che
membrane from chambaer 1 to chamber 2 loses 2xacily as such enacgy golng
up the voltage "hill" as it gaims going dowm cha concantcration hill.
S50 the big equation is:

AU (eleceric) = AU cham (1).

What ve have to do now is calculace the AU's and plug them in,
Llet's scart vith the hardest, &M (chem). Ic's very difficuls to decida
how much work it would taks to conceatracs a buach of {ons in solution:
if you try to squash them together sachanically, the watar gets in the
way. Lat's try an easier problem (vhich will turn ocut to be squivalent)
concentrating ions ia a gas.

Lat us imagioe a gas of K" ifons., [I[mpcesible, you grumble. No
macter, I wvittily veply. A gas is a gas; cthay all bahave the gas law
PV = aRT, and impossible ones will obay it too. This gas i3 particularly
strange, since all the particles are slectric charged, buc wa will vorry
about electric charges saparacely, in the AU (electric) parc of the
deviaticn.

0.E., va h.ﬂ‘:l.lll of this gas in a piscon, we're going to coocan~-
trate it by squashing it from am inicial volume ¥) to a final volume 3.
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We vant to find out the change ia potential energy Lavelved in the
squashing. Wa kmow from early oo chac:

W= AU ==F3§ (2)

‘W = work

4U = change in potantial energy

¥ = forca

as ce through which tha force acts.

o ke @ step in the tiiﬁf‘diric:icu. since wve're applying
a4 forca thfough » discance. Thars are, however, fwo complications.

(a): Equation 2 {s for a unifory force. Nota that as ve squash the
gas ics pressure wvill i{ncrease and it will be harder and harder o fquash
ic furcher, so F {3 not a constant, it's a function of distance. We
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could get around this probles by chopplng up 45 into a lot of litcle
leageths, ds, fiading the force F(s) &t esch of them, multiplyiag the
force thare by the lictle plece, ds giviag s small {scremest dU, asd
addiog up all the licele dU's to get tha total change AU,

old rule 4y =-T7.58

nev rule: A0 = ={dy = =[F(3)-ds --fﬂa} ds
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We know that the sasy wvay to sum up such litcle piecas is to incagrace,
so the new ruls (for aen=conscant forces) is

AT = f‘rm ds 3

So far so good. The other complicaction (s(d),VWe've talksd i{a tarmas of
force F and distaznce. But che gas law is vritten {a terms of pressures
and volumas, i.8. :

PY = alT _ (&)

P = Prassure

X = Volume -

a * gusber of soles of gas

R = s conscant, the "gas lav constaat” =
T = Tesperaturs, ia "Falvia

How do we get from forces to pressures and so forth? By cleverly
noting that prassure (in nevtons/dnd) = Force/Ares and Volume =(discmce)
x area (of pisten). If ve divida force by the area (of tha plscton) and
sultiply discanca 3 by area (of tha piscon) the product resains the sams:

AU = =F-45 = <F/A-Av4S = -PAT
Siailarly for our lnl;;tll expresgion:
e T [randee [T ()
=
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The hard part is over. The rest is a macter of arithmetic.
Wa wvant to express the change in potential energy in terms of the {nicial
and final volume. Let's solve for Pressure using the gas lav and plug
the expression into the equationm.

PY = nRT (6)
P = aRT
T

Substicucing (6) into (52
AU = -f PAT = - nRT d¢ = -nRT‘f
4
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Now the integral f—_ dx i{s tn x, so the integral S‘é‘ﬂ. =127, o the

expression in (7) 1is AU = -nn'fﬂ- =-aRT[Ln r]rz = -nRT (La¥2 LaT)

-nRT tn D
n

Note that this i{s beginning to look like the Nernmst equatior, with
R and T and fa. It looks like we're on the right track. Next we have
to go from volumes to concentrations. That's not hard. If we hi’e
N moles of gas in a liter of volume and wve squash it to half a li:er,
wve double the concentration. In fact, {n general

V = const (9)

53]
[K*] = concentration of potassium iomns in moles/liter

Substicuting (9) imeo (8)
AU = -RT %2 ““:”E: |2 = -RT ia IE:I, (10
const/ [ 1 [ 2

Next wve go from a gu :o a solution. Lat's dissolve n mole of
K* ions at concentragion [K"]. into vater. There vill be & chan 2 of
potential energy AU ‘iolu:tou %vu—y negative = the naked K" ioms ‘- 5uld be
extremely happy to gu: into the vater). You need to know ome th 1g
(definicion) about an ideal solution which is thac the solute (K ) ions
inceract only with th 2r.
Dilute solutions of ions ares nlarly ideal solutions, so the rule above
is a good spproximation. (Each iom 1is lurrounmnm hydration shell
of water wmolecules, as you learned in Chesm 101-102)
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What the rule allows us to say is chat AU for dissolving a moles
of K" {on 1s & funccicn only of the number of ions dissclved, not of the
concaneration. (40U {3 juse the sum of a lee of saall Al's corresponding
to ths snergy of hydratica of each K* ionm. TE-. valus of the liccle
AU {s concantrationm indapandanc, since the K™ (ons don't talk =6 sach
other. Tharsfore AU for dissolving a concentrated K* gas in wvater,
formiog s conceatrated solutisa = iU for dissolviag a dilute K gas to
form a dilute solution.

What this mesans ia that AU (chea)for concentrating aa L{deal gas
is the same as 4U (chem) for concsntracing an ideal soluciom. To
{llustrace this, va oeed a path diagram for the four staces with various

AU's ia bectwveen.
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What ve just said above is that 40y = 3Ug (comcantratioa = indepen-
dentp). It follows thac 4U4 = 4Up because changes {n poteatial esergy 4U
to get from one state to anothar {s the sima regardless of tha path one
takes. One can go from & diluce gas to a concentrated solutioca sither

by concantrating tha gas and thea dissolviang it:
AU = AU, + 40¢ il

or by dissolving the dilute gas and then concentrating the selutioca
AU = AUy + AU,

Sinca U is the sama io sach case
AU, + U = AUy + &Up (11).




Wae, showved that AU, = AU, Subtracting these e
:2 - qual quanticies £
both sides of eq. (ll)agivoac ! o

as I asserted above. Now wa have already calculated thae magnituda of

4@, the energy expended in squashing a gas (see equation 10). Therefore
ueAknoU the energy involved in concentrating o moles of a solution

AU (chem) = aUp ==mRT ln [K*], ' (13)
( ]2 h

So much for the chemical energy part of the Nernst equation. How
about the electrical part? From the definition of electrical potential
(and voltage) in lecture 1,

AU (electric) = q Af = q-V (14)

Q = charge transported across voltage
¥ = glectrical potemtial
V = voltage = potential difference.

We need to know the charge on n moles of K© tons.

q="ns?

n = oumber of moles of ions
® = charge per ion (2 = *1 for K.
F = Faraday's constant = charge (in couloumbs) oa 1 mole of eleccrona.

so AU (electric) = a o PV (15)

The simple equation we started with wvas
AU (electric) = AU (chem) (1)

for transporting n moles of ions from chamber 1 to chamber 2. Now wve
know both tarms (equations (13) and (15)] let's plug them in

as F'Vs -aRT ta IK*II (16)
(K713

Solving (16) for the voltage:
V= <RT ta [r"],
of 2
Hot damm! The Nernst equation.
Note A. We did it here for K* ions= bui chat was just to give you
a concrate (and familiar) example. The is general for any ion
(provided the membrane is permeable to~tRal”ion only) and to chambers

of any configuracion (ia the fquid axon chamber 1 is the inside of che
nerve and chamber 1 is tha ouctside).

Note B. -RT fn X 2 -358 uV-log X
14

for # = 1 and T & 25"C. (Dr. Gelperin already anoounced this.)



Note C. There is often a problem in the sign of the voltage (measured from where
to where?). You can get around this by memorizing conventions, or by reviewing
the initial consideration which led us to expect the voltage. The region of
concentrated (+) ions will be negative because uncompensated ions will diffuse
down the concentration gradient creating a region of net (+) charge someplace else.
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