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Part III: Elasticity and Elasticity 

Bounds


6. The Theorem of Virtual Work and 
Variational Methods in Elasticity
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x 

∂V 

N = n T = Σ·N = σ·n 

σ(x), ξ(x), ε(x) 

ξ = Ε·x 

REV 

Hill-Mandel Lemma 

Theorem of Virtual Work 
applied to a Heterogeneous Material System 
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x x’ 

f(x’) 

f(x) 

Tangent 

Secant 

Convexity 
of a function 

∂f
 (x’− x) ≤ f (x’) − f (x)
∂x x
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Convexity: Applied to Free Energy

ε [L] σ


1 [L] 
E 

σ 
State ∂ψEquation (ε’− ε) ≤ ψ(ε’) − ψ(ε)

∂ε ε 

1.033/1.57 Mechanics of Material Systems 



Theorem of Minimum Potential Energy


E 
L 

ξ =ε L Fd 

A 

1 
E 

σ 

ε =ξ/L 

ψ (ε ) 

1-Parameter System 
Upper

Εpot (ξ) = min[W(ε’) − Φ(ξ’)] Energy
ξ' KA 

Bound 
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Ex: Heterogeneous Material System I


Microscale 

Macroscale 

Ω ∂Ω 

p 

ν(x), E(x) 
x 

1. Displacement
Field (KA)

ξ’=ax


2. Stored Energy

W(ε’=a1)

3. External Work

Φ(ξ’)=f(Τd) 

Εpot (ξ’) = W(ε’) − Φ(ξ’)

Upper

Energy

Bound
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Theorem of Minimum Complementary 


E 
L 

ξd 
F=σ A 

A 

1 
E 

σ 

ε =ξd/L 

ψ∗(σ ) 

Energy 

1-Parameter System 
Lower

Εcom (σ) = min[W*(σ’) − Φ∗(σ’)] Energy
σ’ SA 

Bound 
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Ex: Heterogeneous Material System II


Microscale 

Macroscale 

Ω ∂Ω 

p 

ν(x), E(x) 
x 

1. Stress Field (SA)

σ’=p1 
2. Complementary 

Energy 

W*(σ’= p1)

3. External Work

Φ∗(σ’) = f(ξd) 

Lower

Εcom (σ’) = W*(σ’) − Φ∗(σ’) Energy 

Bound 
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Elements of Elastic Energy Bounds


Solution 

ξσ Elastic Material Law 

Statically Admissible 
Stress Field 

σ' 

Kinematically Admissible 
Displacement Field 

ξ' 

T’(n) = σ’·n


divσ' +ρf =0 
 Material Law
Material Law
σ’ = tσ' 

T’= Td on ∂Ω Td 
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ξ’= ξd on ∂Ω ξd 

[[ξ’·n]] = 0 

ε’ = s∇ξ' 



Elastic Energy Bounds (Cont’d)


Solution 

ξσ Elastic Material Law 

Statically Admissible 
Stress Field 

σ' 
Displacement Field 

ξ' 

Kinematically Admissible 

≤ −Εcom(σ) = Εpot (ξ) ≤ 
−Εcom (σ’) = 

−W*(σ’) + Φ∗(σ’) 
Εpot (ξ’) = 

W(ε’) ’)− Φ(ξ

∂Ω ξd ∂Ω Td


1.033/1.57 Mechanics of Material Systems 



Training Set: Effective Modulus


L x 

δ z 

Heterogeneous 
Microstructure 

Tension Sample 
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Voigt-Reuss Bounds

2-Phase Material 

F=σA F=σA System (ν=const) 

c 

1− c 

c 
E2 

E1 

Reuss 

Voigt 
E1 E2 

E2 

E1 

0 1c 1− c 

min Εpot (ξ’) 
Voigt 

min Εcom (σ’) 
Reuss 
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Problem Set Recitation


α 

x 

y 

H 

mH 

O A 

B 

B’ 

ρd g 
ρw g 
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