12.950 Answers to Problem Set 1, Spring 04 1

Q1. Using Taylor series, derive a second order finite-difference approrima-
tion to O, f at the location x; using a three point stencil involving f;_1, f; and

fi+1-

Taylor series for f+; at x = x; are

2 3
7 1o Awii % ", Axii % i, Axii % my ..
fix1 = fziAxii%f (z5)+ 5 f ()£ 30 (@) + A1 " (i) +H.O.T.

We pose that f/(z;) can be expressed as
f(x;) = afisr +0fi +cfioi + O(Aﬂfz)

and substitute f;+; with their Taylor series. Collecting like terms, we see
that

a+b+c = 0,
a— L —c 5 = 1,
Axirl Ax?ﬁl
a 5 Z +c 5 2 = 0.

The solution to the last two equations is

1 Ay ALy
¢ Ai—% + Ai—i—% Ai—i—% a (Ai—% + Ai—i—%)Ai—i—%Ai—l

B -1 Ay Al
‘- Ai—% +Ai+% A; 3 a (Ai—% +Ai+%)Ai+§Ai—l

11—

and using the first equation, b = —a — ¢, gives
2 2
b— Ai-i—% a Ai—%

(Ai—% + Ai—i—%)AH—%Ai—l '

3
The full expression for 0, f(x;) is
A? i fiy + (A?Jrl - A?_l)fi - A?Jrlfi—l
2 2 2 .

t—3

(Big +Ri ) Bi 1B

2

f(w;) =~

Note that this can be written
A

f(@) =~ =3 fin1 = Ji + Rty fi — fiz1
[ A’L—% —|— AZ-{-% AZ-{-% A’L—% _|_ AZJ’_% Al_% .
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Q2.a i) Derive the actual truncation error terms out to order Ax?.

fz—l—l fz
Az

it) Derive an approximation for O, f evaluated at the same point, x;, that
uses the values f;_1, f; and fii1.

f”(xi) — fi+1 _Z£i2+ fifl + O(ASCZf””)

i11) Substitute your approximation to Oy, f from (ii) into the leading trun-
cation term. What is the leadmg order truncation term and resulting scheme?

fz+1 Ji Jir1 = 2fi + fia

= () + %Axf”(xi) + %A:L‘Zf”'(xi) + O(Az?)

1 /
A = f'(z;) + A A2 + EA:LQf”(xi) + O(Az?)
or, moving the terms in fi 1, fi and f;11 to the L.H.S.,
fz—l—l .fz 1 ! 1 2 pin 4
oA, = f'(x;) + 6Ax " (z;) + O(Az™)

The largest remaining truncation term is O(Axz?) and so this is a centered
second order difference approximation to 0, f at x = z; (i.e. f'(x;)).

Q2.b i) Derive the leading order truncation error.
As above:
fz—l—l fz 1
C 2Az

i1) Using the stencil (fi_a, fi—1, fi, fix1) write a finite difference approz-
imation for Oppaf.

= F@) + SAP (@) + O(Ar)

F() = fiv1 — 3fi Zj3fi_1 — fiza +O(Ax)

i11) Substitute your approximation from (ii) into the leading order error
term of the approzimation to 0, f. This is an approximation for O, f of what
order?

fz-i—l fz _3fi+3fi fz
2Ar Ax?
or, moving the terms in f; o, f;_1, f; and f;11 to the L.H.S.,
2fiv1 +3fi —6fi1+ fio
6Ax
This is a third order difference approximation to f'(x;).

= f'(z;) + %AasQ Jis O(Ax?)

= f'(z;) + O(Az?)
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Q2.c Do you see the pattern behind the methods you used in QQ2.a and b.
Briefly explain, how you would derive an O(Ax") approximation to a finite
difference expression if you were given an O(Ax™1) finite difference expres-
si0M.

Replacing the leading Taylor series term in a finite difference approxima-
tion with a finite difference approximation of that term results in a higher
order scheme.

Q3. i) Derive a second order expression of a similar form as before but
using only the values f;_o and f;o.
Literally replacing Ax with 2Ax:

fz+2 fz

A = = f'(z;) + %Asczf”/(:l:i) + O(Az?)

6

i1) Linearly combine your approzimations from (i) and the former ap-
prozimation to yield a O(Ax*) approzimation for O, f at x;.

fz+2 fz fz+1 fz 1 o ( ! 4 2 rin )
( 1Az B A A A
b (f/(@) + S (w)) + O(A)
To eliminate the O(Az?) terms and obtain an expression for f’(z;) we must
solve

at+b = 1
41
a+2b = 0
6" "6

the solution to which is

—1 4
a:? and b:§.

The resulting O(Az*) approximation to f'(x;) is

—fiva +8fix1 — 8fiz1 + fio
12Ax

= f'(z;) + O(Az?)
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Q4. 1) Write down an O(Az*) approzimation for F,, 1 in terms of 6;_1, 0;,
0@-{—1
Taylor series for 6;_;, 6; and 0,1 about x = z;, L1 are:

AZ’ / A /!

Oiv1 = O(zip1) + 79 (1) + ) 2,9 G )+O(Ax3)
AJ; / /!

b = Baiy) = S0 @) + e () + OB
3Ax 32 Ax?

92‘_1 = 0(x2+%)_79/(xt+%)+ 52 91 0//( )+O(Al‘3)
We want an O(Az?) approximation for 0(z,, 1) in the form

a@i“ + b@z + 092;1 = ¢9<SL’Z+%) + O(ASC?’)

SO
a+b+c =1
a—b—3c = 0
a+b+9 = 0
First + last equations give 8c = —1. Last two give 2a = —6¢. Difference of
last two give 2b = —12c.
3 6 —1
=2 b=~ -
“Ts VTR TS
Third order interpolation for 6(x, i1 ) gives the stencil
1 6 3
b d=u3 5
ulc al =u s 3 ®

for Fi_i_%.

ii) Substitute your O(Ax?®) expressions for Fiy1 and Fi
the leading order truncation error.

We need Taylor series expanded about x = x;:

1 i and derive

Az? Az3
92'4_1 = 9(117,) + A:B@’(x,) + 2—?‘9”(23,) + 3—:79”,(231') + O(AZL’4)

Ax? Ax?
9,'_1 = 9(113',) — AZE’QI(ZL'Z) + —xeﬂ(ﬂf) — —xem(l") + O(AZIZ’4)

22Aa: 23 A3

O;_y = 0(x;) — 2020 (z;) + 0" (z;) — 3 =" (z;) + O(Azx")




12.950 Answers to Problem Set 1, Spring 04 5

[CL92+1 + (b — a)@ + (C — b)@-,l — Cel',z]

A—

_ 00 o+ (b—a)+(c—b)— C)ZH;
+(a+0(b—a) — (¢ = b) + 2c)ut
H(a+0(b—a)+ (c—b) — 2% )“3“”9

Hat 00— a) - (e ) +2%9 >0 4 0(ar?)

= 0:0; +00; + (a+b+c)ubd + (a — b — 3c)ulzd” + (a + b+ Tc)ulAz®0” + O(Az?)
= 0i0; +ub + 2uAz*0" + O(Ax?)

So the O(Ax?) remains (since a +b— 7c = 10/8) and the governing equation
is only second order, not third order accurate, in Ax.
We substituted a third order approzimation of the flur so why is the ap-
proximation to the governing equation not third order?
The difference approximation of 0, F
Fz‘+% - sz%

P~
< Ax

is only second order accurate. No matter how accurate we make F', there will
be a second order truncation error unless we can construct the truncation

errors in F; i+l and F}_ 150 as to cancel each other. As we do next..

iii) Write down the O(Az?) finite difference approzimation to the gov-
erning equation evaluated at x; using the stencil (0;_2, 0;_1, 0;, 0;11).

2 3 1
Oiv1 + —0; — 01 + ~0;_»

u
0,0; - ;
0 + 6 6 6

Az

i11) Deduce an approximation for the fluz F, 1 that yields an O(Az?)
approximation to the linear advection problem.
1 -6 3 2
[6?66] [—a a=p8 B—v 1]

Solving for «, 3 and 7:
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Q5 (MATLAB)
i) Plot the initial conditions and solutions at timet = 1 for N = 10, 20, 40, 80.

: 3 - Analytic
0.9f : - —-— N=10 |{
: - —o— N=20
| —e— N=40 ||
0.8 e N=80

i1) At each resolution, measure the ly, ly and lo, norms. Plot them as a
function of grid-spacing and measure the power dependence of the ly curve
on Azx.

« L x
10*0.3 " L2 i
x Lw x
10*0.4 | i
1078 ]
2 10 . ]
w
.
1077 . ]
10°%° x :
1079 ]

10"

A fit to the l,-norm points gives a power of Ax%4.
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i11) Repeat (1) and (ii) using the two forms of “third” order flux in Q4.
Which is more accurate?
Third order flux (1/6 form)

1.2
Analytic
—— N=10
1F # - N=20 |
e —o— N=40
—e— N=80

0.8

0.6

0.4

0.2

N SN/ L~ W N
Zo2 ‘ ‘ ‘ ‘
0.2 0.4 0.6 0.8 1
X
10°
< Ly
X L2
X Lm
107 x 1
. -
S
o «
107} < i
«
-3
10
10"
AXx

A fit to the l,-norm points gives a power of Axz?!.
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Third order flux (1/8 form)

1.2

Analytic
—o— N=10
1+ 5 —o— N=20
Y —o— N=40
—o— N=80

0.8f

0.6

0.4F

0.2f

0 esaRs

—0.2 . . . .
0 0.2 0.4 0.6 0.8 1

10

10}

Error

107}

10

10"

A fit to the l;-norm points gives a power of Az!®. Using é form is more
accurate than the % form, consistent with the analysis.

iv) Why is the dependence not what you would expect, given all the effort
you put into deriving the truncation errors in the previous questions?

We are using the forward time-stepping scheme which is of order At.
Although At was reduced with Az, the first order accuracy of the time
differencing error dominates and higher order errors in the spatial differences.



