14.30 PROBLEM SET 4 - SUGGESTED ANSWERS

TA: Tonja Bowen Bishop

Problem 1

a. The distribution of Y| X is the distribution of o + X + €, where
¢ is the only random variable and « + X is fixed, call it C'. Then, the
distribution of C'+e is that of e , shifted by the value C, or U[C'— 3,C +1].
Thus Y|X ~ U [a+ X — 2,a+ﬂX+ 3] -

b. For a random variable Z with a uniform distribution Ula, b], fz(z) =
1/<b_ a)>

b 22 b b2—a? b+a
E[Z]Zf bid_[(ba)} = S = 5
3 2, 2

B2 = _ [ 2 a)} _ bb (Z) = Pta’+20h,

b +a®+2ab _ (b+a)? b—a)?

Var(z) = [ - pip - gt — it = B,

Therefore, for Ula + ﬁX - 0.5, a0+ ﬁX +0.5],
E[Y‘X] — b—f—Ta — a+BX70.5~2Fa+,3X+0.5 —a+ IBX,

b—a)? X+0.5— X—0.5)]?
Var[Y|X] = ( 1;) _ [oABX+ 1(204+r3 )]

12
c. We can calcualte the expected value directly:
ElY] = Ela+8X +¢]
= a+ fE[X]+ Ele]
= a+p-0+0
= «

Or, we could use the law of iterated expectations:
ElY] = Ex[Ey[Y[X]]
= Ex|a+ [X]
a+ BE[X]
= «
For the variance, we can again calculate either directly or using our con-

ditional variance identity.
1
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VarlY] = Varla+ X + €
= B*Var[X]+ Varle] + 26Cov(X,e)

[04 0.5 — (0 —0.5)]?
12

= B2+ +28-0

1
_ p22 L
= ,30-1—12
or

VarlY] = EWVar(Y|X))+ Var(E(Y|X))

= E(—=)+Var(a+ 5X)

1
1)
1 2
= o5+ Var(x]

1 2 92
= 12—1—50

Problem 2
a. The moment generating function is defined as

Mx (t) =F (etX)
Since X is distributed uniformly over [0, 4], we have

Mx (t) = E ()

4
= /ietxdx
0
G

To find the mean, we need to take the first derivative of the MGF and
evaluate it at ¢t = 0, using ’Hopital’s rule in the fourth line.

0 01

4t
O L= mu@ -

edt oAt q
T t:|0

Atett — et 1
N 4t? t:‘O
_ 16te* + 4et — 4%
N 8t tio
= 2=E(X)

Then, to find the variance, we will take the second derivative of the MGF
at t = 0 (again making use of I’'Hopital’s rule), and then subtract the square



14.30 PROBLEM SET 4 - SUGGESTED ANSWERS 3

of the expected value.

0? o dtett — et 161%™ — 8t (e — 1)
arMx () tz‘o B 2 16t tio
Attt — et 2tett — M 4 1
- 2 213 t:|0
8t2ett — 4tett 4+ % — 1
N 2t3 t:‘O
3212 + 16tet! — 16t — 4e + 4et!
- 6t t:|0
B 16e%
3 t:|0
= J=B(x)
16 4
V(X) = 3 - 4 = 3

b.  The Chebyshev inequality states that Pr (| X — E [X]| > t) < Var[X}

| >
for t > 0. Here: E[X] = 2,Var[X] = 5,t = 3 so: Pr(X ¢ (0.5, 35)) =

Pr(|X —2/>3)< ({34//23)2 =

c. Pr(X ¢ (0.5,3.5)) = f00'5 %dw—l—f& tdr = % < 18 s0 we get a lower
result than in part a.

d. The Chebyshev inequality is very useful for evaluating distributions
for which you only know the mean and the variance, but not the actual
distribution. If you know the actual distribution you can get a more precise
answer. But this is only because you are using additional information.

Problem 3

a. As instructed, we will find the pdf of Y using both the 1-step and
2-step methods. Note that Y will take on values in [0,1]. We begin with
the 2-step method by calculating the CDF:

Fy(y) = Pr(Y <y)=Pr(X*><y)

Pr(—yj < X < 7)
— Pr0<X < yp)

= Fx(Vy) =y
fr(y) = %y’% for y € [0, 1]

= 0 elsewhere
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Then we use the 1-step method. Because the transformation is already
monotonic on the relevant range, we do not have to worry about dividing
the range into monotonic pieces.

,r.fl
) = el )| 752 orye o
o) = fx ()| orye o

1
= iy*% for y € [0, 1]

= 0 elsewhere

b. Now we have Z = —AIn X. So the range of Z is [0,00). We again
have a monotonic transformation, so we will use the 1-step method. Note
that r~1 (2) = e x.

or—1(z)
0z

z

- (S

f2() = Ix (' (2) \

’ for z € [0, 00)

for z € [0, 00)

= 0 elsewhere

Note that this is the exponential distribution. It turns out that most
distributions can be constructed as a transformation of a U [0, 1] random
variable.

Problem 4
Because Y = % is a one-to-one transformation, we know that there will
be only one x value that corresponds to each valid y value.

fry) = Pr(YZy)ZPr<=y>
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for valid values of y. What is the support of Y7 We can substitute in
for the first few potential values of X to see the pattern:

0

or1 0
11
1+1 2
2 2
2+1 3
3. 3
341 4

so Y €0, %, %, %, oY e{yly= 777 for whole numbers x}

Problem 5

a. We will use the 1-step method, and so we must first divide the range
of X into segments for which the transformation function is monotone,
(—=1,0) and (0,1) (we can ignore the endpoints of these intervals because
the probability that X equals a particular point is zero). We will use the
1-step method on each segment and then sum our results.

For the segment (—1,0), our transformation function is r (z) = z¢, and
the inverse function is 7! (y) = —,/y. The range of Y is (0,1). So we
have

2

fr(y) = fx(—\/:&)‘—;yé for y € (0,1)

—_

= S(1-yyy 2 forye(0,1)
y_% — 1) for y € (0,1)

elsewhere

Then, for the segment (0, 1), our transformation function is 7 (z) = 22,
and the inverse function is 7! (y) = /y. The range of Y is again (0, 1).
So we have

) = x| g

[NIES

for y € (0,1)

1+ v) Y2 fory € 0,1)

Yy 4 1) for y € (0,1)

1
4
1
4
0 elsewhere
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So adding these two functions together we get

1/ 1 L/ 1
frw) = 1 (ri-1)+1 (1) forye o)
1
= §y_% for y € (0,1)

= 0 elsewhere

b. To get the moment generating function of Y, we find F (ety).
My (t) = F (6ty)

1
1
= / etyfy_%(‘)y
0 2

which does not have a closed form.

c. We can still use the MGF to get E (Y):

B(Y) = SMy(®) |

19 ( w1 1)
= —_— eyf -2 8
/0 o\ ) | oy

1 /1
= / (yetyy_%) | 9y
2 Jo =0
1/1 1
= y28y
2 Jo
_ 1 3 T _ 1
- 3,73
And similarly, we can get E (YQ)
2 a
EF(Y = —My(t
(V) = gaMy ) |

Il
U=

O
N
33

So Var (Y)
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d. We start by finding the pdf of Y| X > % This will be the similar
to part a., except that our transformation function is monotonic over the
relevant range, and we will use the pdf of X|X > %, which is just the pdf of
X over the relevant range scaled up by one over the probability that X is
in this range:

1
5(r+1 1
fxxs1 (@) 12(3:—) for - <z <1 (and 0 elsewhere)
=2 [i3(x+1)dz 2
2
_ rz+1
o 1
2
(3+2) |
o=
8
= o(z+1)
Thus we can calculate
1 1 1
fY\Xz% (y) = fX|X2% WY) ‘Qy 2| fory € <4, 1) (and 0 elsewhere)
4 1
- (1 *5)
(140
It is then straightforward to calculate £ (Y|X > %)
1 14
E(Y|X2 ) - [ ¥ <1+y—%) dy
2 1 7
4 1
= 7/1 y+y2dy
4
4 (y? 2 3\ !
=7 (2 ’ 3y2> !,
y=1
101
= — ~0.601



