14.30 PROBLEM SET 5 - SUGGESTED ANSWERS

TA: Tonja Bowen Bishop

Problem 1
The joint pdf of X and Y will be equal to the product of the marginal
pdfs, since X and Y are independent.

fxy(xy) = fx(2)fr(y)

= —e 2

The transformation into polar coordinates is
? = X*+4Y?

Y
tanf = —
X
with inverse transformations
X = rcosf
Y = rsinf

This yeilds the following matrix of partial derivatives.
|:COS 0 —rsin 9}
sinf  rcosf
The determinant of this matrix, the Jacobian, is
J = cosf(rcosf)—sinf (—rsinf)
= rcos?0+rsin®0
= r (0052 0 + sin? 9) =r
The transformations are unique, so we can use the 1-step method without
modification.

1,2

1 _
fro (r,0) :r%e 2

where r lies within [0, co] and 6 lies within [0, 271]. Because the ranges are
not dependent and the joint pdf is separable, r and 6 are also independent.

Problem 2
a. For a single random variable: P (X; < 115) = P (@ < 11?7_“)

Notice that Z; = @ is distributed standard normal (Z; ~ N (0,1)) so:
1
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P(X;<115) =P (Zi < 113;%;”) = P (Z; <1). Using the Table you can

find that this probability is approximately equal to: 0.8413. By indepen-
dence: P (X; <115, X9 <115, X3 <115, Xy < 115) =
P (X1 <115) P (X3 < 115) P (X3 < 115) P (X4 < 115) = 0.8413* = 0.500 96.
- 2
b, X,=Xl,+Xi~N <Z?:1 whis i () U%) = N (100,22) =

N (100, <%)2>, so: X4~ N (100, (1—25)2) Thus: Z = YEEI)OO is a stan-
2

dard normal random variable: P (74 < 115) =P (76%1)00 < 11(51_;51)00> =
P(Z <2)=0.9772.

. P(\Yn—u|§5):P<%%Si < (%)>:P(——§@§Z§s@>:

0.95. From the table we know that: P (Z < 1.96) ~ 0.975 and using the sym-
metry of the normal distribution this implies that P (—1.96 < Z < 1.96) ~

0.95, so 3@ = 1.96 = n = (1.96-3)? = 34.574. We want the smallest
integer and it is ng = 35.

Problem 3
a. The number of heads (H) in 10 independent flips of a fair coin is dis-

tributed Binomial (10,3). P(O<H <4) = i (}) (0.5 (0.5)'°7F =
k=0 (k)lg()bl)o - 10 10 10 10

=(05)" [(o) + (Y) + (2) + (5) + (4)] = % = 0.37695

b. Since H is binomial we can calculate its mean and variance: E [H] =
10-(0.5) = 5,Var[H] = 10- (0.5) (1 — 0.5) = 2.5. The approximation re-
lies on the assumption that H is distributed similar to a normal random

variable, so: 5;E[§}] = 5% ~ 7 ~ N (0,1). Therefore: P(0 < H <4) =

0—E[H] H—E[H] 4-E[H] \ 5 o - -
V/Var[H] - /Var[H] = VVarlH] ) — P( <Z< P(-3.162 < Z < —0.632) =

~1
V25 = \/T_5> o
P(Z <3.162) — P(Z < 0.632) ~ 0.999 — 0.736 = 0.263 . Thus the approxi-
mation is not very accurate for n = 10.

_ 0—E[H] H—E[H] _ 40—E[H] \  p (=50 —10
¢ NOWP(OSHS4O)_P(\/VaT[H} = \/Var[H] = \/V(I'I‘[H]) _P< =Zs= )

P(-10<Z<-2)=P(Z<10)—P(Z <2)~1-0.977 = 0.023, which is
quite close to the exact probability.

d. Exact calculation: P(H =6) = (120) (%)6 (1- 2—10)100_6 = 0.15.
Approximation: as n — oo,p — 0,(np) — A the binomial distribution
converges to the Poisson distribution with parameter A. Since here np =
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5 we can approximate the distribution with a Poisson distribution where
—A1\6 — .

A =05 P(H=40) ~ ¢ g!)‘ = £ 65!56 = 0.146. Clearly, this is a good

approximation.

Problem 4 ( -
””;:: . As

always, sorry about the typo (I omitted the negative sign).
a. Because X7 and X5 are independent, the joint pdf is again the
product of the marginal pdfs:

First of all, to have valid pdfs, we must use fx, (z) =

Ixixs (x1,22) = fx; (21) fx, (22)
1 _(z1-n7)? 1 _ (w9—ug)?
— 20% 20%

Vamar Varos
_ b ()

2mo109

b. We will use Y7 for Y. We start with the transformations

Y1 = Xi+Xo
Yo = X1—Xo

which will yeild the following inverse transformations:

N L Nith
2
Y1 - Y5
X2: 122

Then the matrix of partial derivatives is

| — |
N[0~
| NI
[N
—_

So the Jacobian is | (3) () — (3) (3)] = 4
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The transformation is unique, so we can use the 1-step method without
modification.

2
1 Ho
1 2 o1 ) > 1
fY1Y2 (ylqu) = ST € <__>

2mo109 2
2 2
+ —

B 1 6_20%105 <U§(y1 Y2 M1) +02(y1 y2 —M2> )

dro109

2 2

_ 1 *20%03 <%(yf+2y1y2+y§*4ulyl*4M1y2+4u§)+%(y%72y1yz+y§f4u2y1+4u2yz+4u§)>

dro109

(03+03) (w1~ (r1 +12) 2+ (w2 —(n1—12)?)
1 n 802052

— e 172 X

dro109

_ 2y1y2—2p1Y2—211Y1 +202Y] *2M292+2u%*2u% _ T2y1y2+2p1Y2+20191 204291 +2u2y2*2u%*2u%
802 802
e 1 2

To get the pdf of Y, we must integrate over Ys.

(f’%“f%)((yl*(u1+u2))2+(y27(u1fuz))z)

00 1 - 59202
fr () = / 1 13 x

oo Ao 09
_2y1y2—2p1Y2—2H1Y] +2u2y1—2u2y2+2u%—2u§ _ T2y1Y2+2p1Y2+211Y1 —212Y1 +2u2y2—2u%—2u§
802 802
e 1 2 dyo
(a%+o%)(y1—(m+uz))2 0o (a%%—n%)(w—(m—w))z
1 - 80202 / - 80303
= — ¢ 192 e 192 X
dro109 oo
_ 2y1y2—2p1Y2—211Y1+202Y1 *2u2y2+2u%*2u§ _ 2y1y2+2p1y2+201Y1 —2K2Y1 +2u2y272u%*2u§
852 852
e 1 2 dyo
which has no closed form, in general. By other methods, it can be proved
- o 05). w thi if w o1 =09 =o0.
that YN (uy + f19,0% 4+ 03). We can show this here if we let
1 (202)(y1—(H1+M2))2 00 (202)(y2—(u1—u2))2
_ - 1 - I
fy (yl) = 4 5 [ 8o [ 8o X
o o
_2y1y2—2p1Y2—2H1Y] +2u2y1—2u2y2+2u%—2u§ _ T2y1Y2+2p1Y2+201Y1 —212Y1 +2u2y2—2u%—2u§
(&} 802 802 dy2
2 2
1 _lug? (1 (20)eGaom) p
= —e 4o —e 8o y2
ﬁQU — 00 ﬁQU
1 i=(mm)?
frg —e 402

o 1 (20%) (ya—(11—12))?
_ — .
because fioo NG 8 dyo is a standard normal, and must
integrate to 1.
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c. E(Y)=FE (X1 + X2) = pq + po, since X; and Xy are independent,

normally distributed randome variables. Similarly, V (V) =V (X7 + X3) =
02 4+ 02 (since X; and X3 are independent, their covariance is zero).

Problem 5
a. X is distributed x? with p degrees of freedom, so its pdf is
1 P <
f#) = e s
I ()22
A gamma distribution for a random variable Y is of the form
1 a—1 Y
- g
You can see that if we let o = § and § = 2, X has a gamma distribution.
b. We learned in class that the square of a standard normal ran-
dom variable has a 2 distribution with one degree of freedom. Thus
(%)2 Nx%l). In addition, we learned that the sum of two independent

x? variables will also have a x? distribution, with degrees of freedom equal
to the sum of the degrees of freedom of initial random variables. Because
Y and X are independent, Y2 and X will also be independent, and we can

apply this property to conclude that (3?’—;“i)2 +X ~X%p 1)

c. If p = 4, we use the fourth row of the table given in class, and look
for the column corresponding to o = 0.05. We can see that A = 9.488.



