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6.013/ESD.013J — Electromagnetics and Applications Fall 2005 

Problem Set 10 - Solutions 

Prof. Markus Zahn MIT OpenCourseWare 

Problem 10.1 
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Figure 1: MHD machine in magnetic circuit. (Image by MIT OpenCourseWare.) 
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Figure 2: Resistance model. (Image by MIT OpenCourseWare.) 
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Figure 3: Circuit model. (Image by MIT OpenCourseWare.) 

dif 
+ if (RL + Ri) − voc = 0Lf 

dt 

dif µ0NaV0 
+ if RL + Ri − = 0Lf 

dt s 

Unstable if 

µ0NaV0 s 
RL + Ri − 

s
< 0 =⇒ V0 = 

µ0Na
(RL + Ri) 

Problem 10.2 
dif 1 

+ if (Rr + Rf − Gω) + if dt = 0(Lr + Lf ) 
dt C


d2if 
+

[Rr + Rf − Gω] dif 
+

1 
if = 0


dt2 (Lr + Lf ) dt (Lf + Lr)C
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s 2 +
[Rr + Rf − Gω] 

s +
1 

= 0 
(Lr + Lf ) (Lr + Lf )C 

� �2
[Rr + Rf − Gω] [Rr + Rf − Gω] 1 

s = − 
2(Lf + Lr) 

± 
2(Lf + Lr) 

−
(Lr + Lf )C 

A 

Self excites if Gω > Rf + Rr = ω > (Rf + Rr)/G. ⇒ 

B 

4(Lf + Lr)
C > = dc self excited 

(Rf + Rr − Gω)2 
⇒


4(Lf + Lr)

C < = ac self excited 

(Rf + Rr − Gω)2 
⇒ 

� �2
1 Rr + Rf − Gω 

ω0 = 
(Lr + Lf )C 

− 
2(Lr + Lf ) 

Problem 10.3 
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Figure 4: Commutator machine equivalent circuit. (Image by MIT OpenCourseWare.) 

Shunt 
DC steady state - No voltage drop across inductance 
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V0 V0 − Gθi˙ f 
1 −

Rf

if =
 , ia = =


Rf Ra Ra


1 1 Gθ̇  
it = if + ia = V0 + 1 −

Rf Ra Rf 
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2GV Gθ̇ 
T l = Gif ia = 0 1 −

RfRa Rf 
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Figure 5: Circuit configuration with shunt load resistor. (Image by MIT OpenCourseWare.) 

Shunt 

it = if + ia


(if + ia)RL + Gθi˙ f + La 

dia

+ Raia = 0 

dt


dif

+ Rf if = 0(if + ia)RL + Lf 

dt


(RL + Ra)Ia + [RL + Gθ̇]If + sLaIa = 0


RLIa + (RL + sLf + Rf )If = 0


Ia (RL + Rf + sLf ) (RL + Gθ̇)


If 

= − 
RL 

= −
(RL + Ra + Las)


= (RL + Rf + Lfs)(RL + Ra + Las) = RL(RL + Gθ̇)⇒ 

[Lf (RL + Ra) + La(RL + Rf )] RL(Ra + Rf ) + RfRa − RLGθ̇  
= s 2 + s + = 0⇒ 

LaLf LaLf 

s 2 + bs + c = 0⇐⇒
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La(RL + Rf ) + Lf (RL + Ra)
b = 

LaLf


RL(Ra + Rf ) + RfRa − RLGθ̇ 

c = 

LaLf


−b ±
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Figure 6: Circuit configuration with load resistor in series. (Image by MIT OpenCourseWare.) 

dif
(Lf + La) + (Rf + Ra)if + RLif + Gθi˙ f = 0 

dt 

s(Lf + La) + (Rf + Ra + RL + Gθ̇) = 0 

Rf + Ra + RL + Gθ̇  
= s = ⇒ − 

Lf + La 

θ̇  
Rf + Ra + RL 

for self excited < − 
G 
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