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6.013/ESD.013J — Electromagnetics and Applications Fall 2005 

Problem Set 4 - Solutions 

Prof. Markus Zahn MIT OpenCourseWare 

Problem 4.1 

A 

By Gauss’ law, � D = � (εE) = ρ = 0 for a < r < b. In cylindrical coordinates, · · 
1 ∂ 

� (εE) = (rεEr) = 0,· 
r ∂r

so 

1 ∂ ∂ A(t)
(rεEr) = 0 = (rεEr) = 0 = Er(r) = . 

r ∂r
⇒ 

∂r
⇒ 

r 

A(t) only depends on time and not on radius. 

B 
� b � b A(t) 

�
b
� 

v(t) = Er(r) dr = dr = A(t) ln , 
r aa a 

so 

v(t) v(t)
A(t) = �

b
� = ⇒ Er(r) = 

r ln
�

b
� . 

ln a a 

C 

Resistance R = V/i, 

σv(t)
J = σE = Jr = σEr = ⇒ 

r ln
�

b
� 

a


� �
b
�


σv(t) 2πlσv(t) v ln ai = Jr da = �2πrl = = R = = 
r ln

�
b ln

�
b
� ⇒ 

i 2πlσ 
a a 

Capacitance C = Q/V. By Gauss’ law boundary condition, the surface charge density is 

+)σs = 
�
εEr(r = a +) − εEr(r = a −)

� 
= εEr(r = a = 

εv(t) 
��

b a ln a 

2πalεv(t) 2πlε 
Q = 2πalσs = �

b
� = C = �

b
�⇒ 

lna ln a a 

D 

By Ampere’s law, � × H = 0. In cylindrical coordinates, 

1 ∂ ∂Hφ 1 ∂ ∂Hφ 
� × H = 

r ∂r
(rHφ)êz − 

∂z 
êr = 0 =⇒ 

r ∂r ∂z 
(rHφ) = 0, = 0 

1 ∂ ∂ A(t)
(rHφ) = 0 = (rHφ) = 0 = Hφ(r) = 

r ∂r
⇒ 

∂r
⇒ 

r 

1 
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E 

Use Ampere’s law: 
�	

A(t) I(t) I(t)
H ds = I = 2πr = I(t) = A(t) = = H(r, t) = êφ· ⇒ 

r 
⇒ 

2π 
⇒ 

2πr 

F 

Inductance L = Φ/I 

� � b I(t) µI(t)l 
�

b
� 

µl 
�

b
� 

Φ = B dS = l µ dr = ln = L = ln · 
a 2πr 2πr a 

⇒ 
2π a 

S 

G 
�

b
�

ln 2πlε ε 
RC = a = , the same RC as parallel plates. 

2πlσ	 ln
�

b
� 

σ
a 

H 

LC = 
µl 

�
b
� 

2πlε 
= µεl2 , the same LC as parallel plates of depth l. ln 

2π a ln
�

b
� 

a 

The speed of light in the material is cm = 1/
√

µε, so LC = l2/c2 .m

Problem 4.2 

A 
∂ρ 

� J + = 0 = � J = 0 in DC steady state. ·	
∂t 

⇒ ·

∂Jx


� J = = Jx = J0 constant. · 
∂x 

⇒

J0


σ(x)E(x) = J0 = E(x) = 
σ0ex/s 

⇒ 
� s � s �s


E(x) dx = 
σ

J0

0 
e −x/s dx = − J

σ
0

0 

s
e −x/s 

�

�
� = V0


0 0 0


J0s V0σ0


σ0 
(1 − e −1) = V0 = ⇒ J0 = 

s(1 − e−1) 

V0
E(x) =

(1 − e−1)sex/s 

V0 V0 s(1 − e−1)
R = = = 

i J0lD lDσ0 

B 
dE −εV0e

−x/s 

ρf = ε = 
dx (1 − e−1)s2


εV0

σf (x = 0) = εE(x = 0) =

(1 − e−1)s 

σf (x = s) = −εE(x = s) =
(e 

−
−
εV

1)
0 

s 

2 
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C 
� s −εV0e

−x/s −εV0 
� s 

−x/s dx 
−ldεV0

Qv = ld dx = ld e = 
(1 − e−1)s2 (1 − e−1)s2 s0 0


εV0

Qs(x = 0) =

(1 − e−1)s
ld 

Qs(x = s) = 
−εV0 

ld 
(e − 1)s 

Qtotal = Qv + Qs(x = 0) + Qs(x = s) = 
−ldεV0 

+ 
εV0 

ld + 
−εV0 

ld = 0 
s (1 − e−1)s (e − 1)s 

Problem 4.3 

A 
x ε 

−t/τ , τ =

s σ


ρf (t) = ρ0 e 

B 

� E = = = Ex = ρ0 
∂Ex ρf (t) x2 

e −t/τ + C(t)· 
∂x ε 

⇒ 
2εs 

� s 2s s 
−t/τ Ex dx = ρ0 e −t/τ + C(t)s = 0 = C(t) = −ρ0 e 

6ε 
⇒ 

6ε0 

2 � 
2 � 

2

x

εs 
e −t/τ + ρ0 

6

s

ε
e −t/τ = ρ0 

2

1 

εs 
−t/τ 2 − s

3 
e xEx = ρ0 

C 

σf (x = 0) = εE(x = 0) = −ρ0 
s 

−t/τ e 
6


σf (x = s) = −εE(x = s) = −ρ0 
3 

s 
−t/τ
e 

D 
i(t) ∂Ex σs 

−t/τ 1 s 
−t/τ 

A 
= σEx(x = s) + ε 

∂t 
(x = s) = ρ0 

3ε
e −

τ
ρ0 

3 
e = 0 

Problem 4.4 

A 
∂2Φ ∂2Φ �2Φ(x, y) = 
∂x2 

+ 
∂y2 

= 0, Φ = X(x)Y (y)


d2X(x) d2Y (y)
→ Y (y) 
dx2 

+ X(x) 
dy2 

= 0


1 d2X(x) 1 d2Y (y)

Rearranging + = 0→ 

X(x) dx2 Y (y) dy2 
� �� � � �� � 

function of x only function of y only 

3 
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The only way the two terms can add to zero for every x and y value is if 

1 d2X(x) 1 d2Y (y) 

X(x) dx2 
= k2 ,

Y (y) dy2 
= −k2 

B 

For k2 = 0, we have 

d2X(x) d2Y (y) 
= 0, and = 0 

dx2 dy2 

Therefore, 

X(x) = ax + b 
Y (y) = cy + d 

= ⇒ Φ = Axy + Bx + Cy + D, 

Φ = X(x)Y (y) , and a, b, c, d, A, B, C, D are arbitrary constants.where we have used 

Boundary Conditions: 

⎧ 

0; x = 0 (1)⎨ 

Φ(x, y) = 0; y = 0 (2)

⎩ 

V0; xy = ab (3)


Φ(x, y) = Axy + Bx + Cy + D (we know Φ(x, y) is of this form) 

Boundary condition (1) Φ(x = 0, y) = 0 = Cy + D = 0. This has to hold for every value of y. This⇒ 
means that C = 0 and D = 0 . 
Boundary condition (2) Φ(x, y = 0) = 0 = Bx + D = 0. We already know that D = 0, so Bx = 0.⇒ 
This has to hold for every value of x, so B = 0 . 
Boundary condition (3) Φ(x, y) such that xy = ab = V0. We know D = 0, C = 0, B = 0, so Φ(x, y) = Axy 
on the boundary xy = ab. 

V0
Φ(x, y) = Aab = V0 = A = ⇒ 

ab 
→ V0

Φ(x, y) = xy 
ab

D 
0 

ẑ = 
∂Φ 

∂z 

∂Φ ∂Φ V0 V0
E1 = =−�Φ −

∂x 
x̂ −

∂y 
ŷ −

� 
y x̂ − x ŷ−

ab ab 

We use the boundary condition n̂ [E1 − E2] = σs on the x = 0 plane and the normal n̂ = x̂.· 

0 ε0V0
E2]x̂ [ε1E1 − ε2· 

E2]

σs = ⇒ σs = +ε1E1,x = −= y 
ab 

b/c perfect conductor 

On the y = 0 plane, n̂ = ŷ and 

0 ε0V0 
ŷ [ε1E1 − ε2· x = σs = − 

ab 
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E

dy x 1 2 1 2 

dx y 
= ⇒ y dy = x dx = ⇒ 

2
y =

2 
= x + C 

1 2 2 2 2 2 2C = 
2
(y0 − x0) = ⇒ y − x = (y0 − x0) 

F 
1 1 

= +k2 and = −k2 
d2X(x) d2Y (y)X(x) dx2 Y (y) dy2 

The solution is 

X(x) = Aekx + Be−kx 

Y (y) = C sin(ky) + D cos(ky) 

where A, , B, C, and D are arbitrary constants. 

Φ(x, y) = X(x)Y (y) = [a sin(ky) + b cos(ky)]e kx + [c sin(ky) + d cos(ky)]e −kx 

where a, b, c, and d are arbitrary constants. 

G 

Φ1(x, y) = [a1 sin(ky) + b1 cos(ky)]e kx + [c1 sin(ky) + d1 cos(ky)]e −kx 

Φ2(x, y) = [a2 sin(ky) + b2 cos(ky)]e −kx + [c2 sin(ky) + d2 cos(ky)]e kx 

Region (1) is for x ≥ 0 and Region (2) is for x ≤ 0. 
Boundary Conditions: 

(1) Φ1(x, y) = 0; x → ∞ 
(2) Φ2(x, y) = 0; x → −∞ 
(3) Φ1(x, y) x=0 = Φ2(x, y) x=0 = V0 sin(ay)| |

Boundary condition (1) = ⇒ no ekx terms for Φ1(x, y) because they blow up as x → ∞, so 

Φ1(x, y) = [c1 sin(ky) + d1 cos(ky)]e −kx . 

Boundary condition (2) = no e−kx terms for Φ2(x, y) because they blow up ⇒ as x → −∞, so 

Φ2(x, y) = [c2 sin(ky) + d2 cos(ky)]e kx . 

Boundary condition (3) = ⇒ 

c1 sin(ky) + d1 cos(ky) = c2 sin(ky) + d2 cos(ky) = V0 sin(ay). 

Clearly c1 = c2 and d1 = d2 because sine and cosine are independent (you can’t make a sine equal a cosine 
for all y). That said, 

c1 = c2 = V0, d1 = d2 = 0, k = a 

Φ1 = V0 sin(ay)e −ax; x ≥ 0


Φ2 = V0 sin(ay)e ax; x ≤ 0


5 
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H 
0 

∂Φ ∂Φ ∂Φ 
E1 = −�Φ = −

∂x 
x̂ + −

∂y 
�
−�∂x 

ŷ + � ẑ 

E1 = aV0 sin(ay)e −ax x̂ − aV0 cos(ay)e −ax ŷ

E2 = −aV0 sin(ay)e ax x̂− aV0 cos(ay)e ax ŷ

To find the surface charge we need to use the condition n̂ [ε1E1 − ε2E2] = σs at x = 0, where n̂ = x̂ = · ⇒
ε1E1,x|x=0 − ε2E2,x|x=0 = σs. 

E1,x|x=0 = aV0 sin(ay), E2,x|x=0 = −aV0 sin(ay) 

σs = aV0 sin(ay)(ε1 + ε2) 

For x > 0, 

E1 = aV0e 
−ax[sin(ay) x̂− cos(ay) ŷ] 

dy cos(ay) sin(ay) 

dx 
= −

sin(ay)
= − cot(ay) = ⇒ dx = −

cos(ay)
dy 

Let u = cos(ay) so that du = −a sin(ay) dy : 

1 du 1 1 
dx = + = x = + ln(u) + C = + ln(cos(ay)) + C 

a u 
⇒ 

a a 

1 
C = x0 − ln(cos(ay0)) 

a 

1 
� 

cos(ay)
� 

(x − x0) = + ln 
a cos(ay0) 
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