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6.013/ESD.013J — Electromagnetics and Applications
Problem Set 4 - Solutions

Fall 2005

MIT OpenCourseWare

Problem 4.1
A

By Gauss’ law, V-D =V - (¢E) = p =0 for a < r < b. In cylindrical coordinates,

V. (cE) = %%(TEET) —0,

SO

10 0 A(t)

;EOA&ET) =0 = E(T&ET) =0 — ET(T) — .

A(t) only depends on time and not on radius.

B
b b
v(t):/ E,(r) dr:/ @dr:A(mn (Z)
-y~ - 3
C
Resistance R = V/i,
Ik = =k = Jfﬁ((?)
gt Oy 2 v
Z_f(]rda—rln<2)2 = ln(g) :>R_z_

Capacitance C' = @/V. By Gauss’ law boundary condition, the surface charge density is

os=[eE(r=a")—eE.(r=a")] =cE.(r=a%) =

Q = 2ralo, — 27ralz—:12(t) o 2771:‘
aln () In ()
D
By Ampere’s law, V x H = 0. In cylindrical coordinates,
10 . OHy . 10 B
VxH= ;E(TH(z))ez — WGT =0 = ;a(TH(;s) = O,
10 B 0 B _A(t)

aln(
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E

Use Ampere’s law:

?{H-ds:l == QWTAit) =1I(t) = A(t) @ — H(r t):@éd)

F
Inductance L = ®/I

b
1(t) wl(t)l b ul b
o= (| B-dS=1 —=dr = Inl-) = L=—1In{-
fsf S /a u?wr " 27r . a 27 . a

= E, the same RC as parallel plates.
o

l b\ 2ul
o=Emum(2 ng = pel?, the same LC as parallel plates of depth [.
2r = \a/ In(2)

The speed of light in the material is ¢,,, = 1/,/p€, so LC = 1?/c2,.

Problem 4.2
A

0
V~J+£=O — V -J =0 in DC steady state.

0J,
ox

o(x)E(x)=Jy = E(x)=

vV.J=

= J, = Jy constant.
Jo

erw/s

/ E(x) dx = / ﬁe*“’/s de = — @e*”ﬁ/s =W
0 o 90 00

0
J()S 1 ‘/00'0

0% =V = J, =070

o0 (1=e™) 0 0 s(I1—e1)

W
(1 —e1)sexr/s
Vo Vo o s(l—et)

R = — = =
1 JQZD ZDO'O

E(x) =

dE  —eVpe @/*
= T e )
Vo
(1—e1)s
—eV
(e—1)s

of(x=0)=ecE(x=0) =

of(x=5)=—cE(x=s)=
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C
—eVpe /s B —Vh s —ays . —ldeVh
ld/ A—c 152 ld7(1—6*1)52/0 e dm—is
Vo
Q=0 = 7= I,
&V
s = = ld
Qs(w =) (e—1)s
—ldeVy Vo eVo
otal = v s\ = s\ = = ld ld =
Quotal = Qu + Q2 =0) + Qulz = 5) s +(1—e—1)s +(e—1)s 0
Problem 4.3
A
~t/r £
pr(t) = et = =
o
B
2
v E:aEx_pf(t) — Er—poie t/T+O(t)
ox €
k B, dx = po—e "+ C(t)s =0 = C(t) = —pg—e /7
0
x? 1 52
E. = v —t/T 2 —t/T _ - —tT 2 _ 2
» T P05s¢ trog.e P0oes” * 3
C
of(r=0)=ecE(x=0) = —p06e_t/7
of(r=s)=—cE(x=3s)= —pogeft/q'
D
i(t) B OB, ~ _ os o 1 s
1 =o0FE,(x=35)+¢ y (:C—s)—p03€e —poge =0
Problem 4.4
A
V20(x )—62—@+a2—¢—0 d=X(2)Y(y)
YY) = 8$2 ayg ] - Yy
d*X () d*Y (y)
~ v x@ Y o
2 2
Rearranging — L 4 X(@) L &Y(y) =0

X(@) i | Y(y) d?

function of « only  function of y only
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The only way the two terms can add to zero for every x and y value is if

1 d*X(x) _ 2 1 d*Y(y) 9
X(z) dx2 Y(y) dy?
B
For k? = 0, we have
d*X (x) d*Y (y)
I 0, and 0 =0
Therefore,

{ X(z) =aztb — &= Axy+ Bx+Cy+ D,

Y(y) =cy+d
where we have used |® = X (2)Y (y) |, and a,b,¢,d, A, B,C, D are arbitrary constants.

C

Boundary Conditions:

0; =0 (1)
O(zy)=q 0 y=0 (2
Vo; zy=ab (3)

O(x,y) = Axy + Bx + Cy + D (we know ®(z,y) is of this form)

Boundary condition (1) ®(x = 0,y) =0 = Cy+ D = 0. This has to hold for every value of y. This
means that’C:O‘and’D:O‘.
Boundary condition (2) ®(z,y = 0) =0 = Bz + D = 0. We already know that D = 0, so Bx = 0.

This has to hold for every value of x, so .

Boundary condition (3) ®(x,y) such that zy = ab = V. We know D =0, C =0, B =0, so ®(z,y) = Azy
on the boundary zy = ab.

_ _ W W
O(z,y) =Aab=V) = A= b — | ®(z,y) = abxy
D
0
0P 0P 0 Vo Vo
E:— @:—7,‘—7,‘— 7 = —— X — — v
! v or 8yy Z)%/ ab? T @Y
We use the boundary condition i - [E; — E3] = o on the z = 0 plane and the normal i = X.
. 0 eoVo
X - [€1E1—62E§T =05 —> 03:+61E17I:—Wy
| S ——

b/c perfect conductor

On the y = 0 plane, i =y and

0 £V
- [e1E1 — o] = — zbox:as
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E
dfyzf = ydy=xdr = —y° = 2 +C
de y 2 2
1
C=505—20) = v* —2" = (v — ()
F
1 1
— = 4k?and ———— = —?
X(x)dzd);gx) Y y dzl;;gy)

The solution is

X(x) = Ae*®  Be
Y (y) = C'sin(ky) + D cos(ky)

where A, , B, C, and D are arbitrary constants.
®(z,y) = X(2)Y (y) = [asin(ky) + bcos(ky)]e* + [csin(ky) + d cos(ky)]e™*®

where a, b, ¢, and d are arbitrary constants.

G

@ (z,y) = [a sin(ky) + by cos(ky)]e*® + [c1 sin(ky) + dy cos(ky)]e™*®
Dy (z,y) = [ag sin(ky) + by cos(ky))e ™™ + [co sin(ky) + do cos(ky)]e®

Region (1) is for z > 0 and Region (2) is for z < 0.
Boundary Conditions:

(1) Pi(2,y) =052 — o0
(2)  Pa(z,y) =0;2 — —o0
(3)  P1(7,y)]a=0 = P2(x,y)|z=0 = Vo sin(ay)

Boundary condition (1) = no e*® terms for ®;(z,y) because they blow up as x — oo, so
@4 (x,y) = [c1 sin(ky) + dy cos(ky)le™

Boundary condition (2) = no e ** terms for ®,(x,y) because they blow up as * — —oo0, s0
®y(z,y) = [casin(ky) + do cos(ky))e®

Boundary condition (3) =
¢y sin(ky) + dy cos(ky) = casin(ky) + da cos(ky) = Vy sin(ay).

Clearly ¢; = ¢o and dy = dy because sine and cosine are independent (you can’t make a sine equal a cosine
for all ). That said,

c1 = co =V, dy =dy =0, k=a

Oy = Vpsin(ay)e™*; x>0
Oy = Vpsin(ay)e®™; =<0
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E =-V&= (—‘%)i+ (—a@>y+ 2,

E; = aVpsin(ay)e™** % — aVj cos(ay)e™ " §

axr g

E; = —aVpsin(ay)e®™ X — aVp cos(ay)e™ §

To find the surface charge we need to use the condition @i - [e1Ey — e9Es] = 05 at = 0, where h = X =
€1E1 z]a=0 — €2F2 4 |p=0 = 0.

El,:}c

=0 = aVy sin(ay), Es yle=0 = —aVp sin(ay)

’ os = aVpsin(ay)(e1 + €2) ‘

For x > 0,
E; = aVpe *[sin(ay) X — cos(ay) ¥]

dy cos(ay)
dz sin(ay) cot(ay) = da

_ sin(ay) 4
cos(ay)
Let u = cos(ay) so that du = —asin(ay) dy :

1d 1 1
dr=+-"2 — 2 =+>In(u) + C =+ In(cos(ay)) + C
a u a a

C=xy— 1 In(cos(ayo))
a

(2~ 20) = +~1n (Cos(ay))

a cos(ayo)
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