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6.013/ESD.013J — Electromagnetics and Applications Fall 2005

Problem Set 6 - Solutions
Prof. Markus Zahn MIT OpenCourseWare

Problem 6.1
A
8(Jf 'Jf)/at = 2Jf . 8Jf/8t

Ay /ot = ewlE
Noting that E - J; = 0wy, /0t, we have that

8 8wk 8wk 8 Jf . Jf Jf ~Jf me . Jf . an

—(Jr - Jp) = 2e0? L s 8 — = = S 21

Bt( r - J) =28, ot ot ot < 2ew? Wk 2ew? 2¢%n SICC @p = e
B

Jf:pv:nqv<:>V:J—f

ngq
C
. Js 2 1
wy, = m']f f — m(nq|v|) — —mn|v|2

2¢%n 2¢°n 2

Therefore wy, is the kinetic energy of the plasma charges.

D
0 2 S 2 B wp -
E(Jf Jp) =ew, B = jwuly = cw B <= Jy = —j:paE. (1)
Maxwell’s equations in complex form are:
VxE =—jouH (2 VxE =—jouH
A =3 + jwek R w2 . R 1 - (_ﬁ)“
V xH Ji + jweE  (3) &VXH:—j—psE—i—jwsE@ VXI:I Jjwe(1—-—=%)E
V.ecE =0 w V-¢cE =0
V-uH =0 V.uH =o0.
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E
Using (2) and (3) we have

1 . A 1 . PN N 1 A P .
Vg(ExH*):E(H*-VxE—E-VxH*):§[H*-(—jwuH)—E-(J;—jwaE*)]
I RON 1 - 1a =
= 2jw | -p/H]? - —€¢|E|? ) - =E - J;
o (JHIEEP - qelB) - 5B
~ 1~ =«
<:>V-S+2jw<wEM>:—§E-J}‘
where
&_ 1o ae Lo L a0
SZEEXH,and <wEM>=Z,u|H| —ZE|E| (4)

L s 1y (e o (L

SO
V S + 2jw((wer) + (wy)) =0,
where
1 wzzv &2
(w) = Z€§|E| : (5)
F
From (4) and (5):
fwear) + () = Sl — L 1 Lo
w w = — — = ez
EM k 4,M 1 1552

1 . 1 .
= (wpm) + (W) = Z,M|H|2 - ZE(W)|E|27
where

e(w)=¢ (1—3—’2)

which is the result we found in Problem 5.3b.

Problem 6.2
A

Since neither &, u nor the excitation depend on z,y, we can set 8% = 8% = 0 and then:
9 Xy ozl 0B,  0H
VXxE=—-—pH<+= |0 0 Z|=-—uyH, < =—u—=2 (1)
ot E 0 OZ ot 0z ot



6.013, Fall 2005

Problem Set 6

9 x 3z OH OE,
VxH=_—cE< |0 0 Z|=_cRE,) Y= ¢ (2)
ot o H. G| o RE ot
Yy
2 9°H,
2(1) = PE () St Sy o .
9 |50 02 | t=0 (3
= 6(2)8 [ 00 } (2)p(2) 7
202 = 2 (4 OHy,\ _ _9%°E, z |e(z) Oz
7z ( BE (E(Z) 0z D20t
B
USng Nnow E(Z) = 5a6+a2 and ‘U(Z) = ‘uaef‘lz we get:
0% H, d 1\ oH, OH,
0’H, €'(z) 0H, 0*H,
2 T e(z) 9z E(Z)'M(Z)W =0
82Hy Eaae+az aHy +az —az 82Hy
922 geeter 9z Eal ' la 12
0?H, 0H, 9*H,
922 - Dz — Ealla 8—t2 =0 (4)

Therefore § = a and v = g4 /4q.

C
Trying now the solution H = Re [flyej <wt+m>y} we get

4) = ("'“)2}?{1} - O‘(""i)ﬁy - Ea/‘a(jwyﬁy =0
— (k* —ak + wzaaua)fly =0

a+ /a2 —dwe, g a— /a2 —4wie g

— K1

D

Boundary Conditions:

. . 0 .. .
e@2=0:2x[H(z=0")-Hz=0 =K<= -H,(:=0") =K, (6)

.@z:d;zx[ﬂj;,—/d*f'—oﬂ(z:d*)]:o@ﬁy(z:d*)zo (7)

E
The general solution is of the form
Hy = Hie™* + ]?Ige'“zz,
so applying the boundary conditions we get

(6) —— —(Hl"f'ﬁz):Ko <:>f{1+ﬁ2=—K0

(7) — ﬁle'ﬂd + IA{2€K2d =0 <= ﬁg = —ffle('ﬂi'm)d
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Together, these give

—Ko

2 _ (ki—ke2)d] _ 2 S
Hl[l e\t 2 ]_ KOéHl_l_e(KlfﬁQ)d

and
& Ky (kv —r2)d _ Ky - —Ko
H2 - +1 _ e(ﬁl—ﬁg)de - +e—(f€1—}€2)d _ 1 - 1 _ e—(ﬁl—ﬁg)d,
where k1 — ko = /a2 — dw2e, 1, = A from (5).
F
Therefore
R enlz el{QZ
Hy = — [1 — o(ri—r2)d + 1_ e—(ﬁl—mg)d] Ko,
and from (2)
OH .
8;’ = —jwe(2)E,
- -1 Kyefi1? Koefi2? B Ko K16A2/2 HQefAz/Q Caz)2
= B =  jwegeto? [1 — elri—nr2)d + 1-— e(’fl"?)d] 0 jweq {1 — eAd + 1—ead|©
Problem 6.3
A
k|* = wleopo = ki + k2 = wleouo <= k. = £4/w?eop0 — k2 (1)
B
VXH—jw€0E<:>$’8 —28 :ju}E()E
0z dy
Y [T —Hy,.. .
E= —ik,) — 2(—jk J(kyy+kzz) _ k., — 2k J(kyyt+k:z) 0
= T [¥(—jk-) — 2(—jky)] e oo, k=2 y)e , 2>
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- Ty U (ke —kn 2 Hy N (ke y—ks 2
B= e [9(jk=) — 2(—jky)] eI P k=) = w—so(ykz + 2k eI vy TRz Ly <,
C
Boundary conditions at z = 0: R R
. . H . H -
e By(z=0")=Ey(:=07) = ke ¥ = e by — Hy=—H  (2)
WEeo WEeo
.EQE(Z=0+)—EOE(Z=0_) :&Oe—]kyy @Eoﬁky—&'o 1(—/€U)—5'0 = Hy—H, = ﬂ (3)
0 weg

From (2) and (3), we have that

~ ~ w&o
Hy=—H = =2
2 1 2ky
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D
For the fields to be evanescent in z, k, must be imaginary, so from (1)
k
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Problem 6.4

A

The TM reflection coefficient is
1; cos @; — n; cos 6,

- 1; cos 0; + n; cos O’
so for no reflection:
R =0 <= n;cosb; = n cosby

Since p1 = pe = u, we have

N = / , and g = 4 /

Together, these 1rnp1y
ez cosl; = /g1 cos by. (1)

From Snell’s law:
n; sin 6; = n; sin 6;.

Since p1 = p2 = p, n; = \/e1pp and ng = \/E21,
VErsinb; = \/easinb,. (2)

From (1) - (2),

\/€1€98in6; cos; = \/e1e9sinb; cosf; —> sin 20; = sin 26,

0; = 6; (cannot satisfy (1), (2)) _ o

:>{29i — 7 —26, = |lith=5 G
B
From (2),

JETsing; = \/gsm(g _9i) = JEcost; = tanf; =|tanfp =/ =2.|  (4)

€1

Note: Physical explanation for zero reflection: Physically, the transmitted wave excites dipoles inside the
transmission medium into oscillation. These dipoles cannot radiate along their axis of oscillation, which lies,
due to (3), in the direction of the reflected beam. Therefore the reflected beam cannot be excited and thus
total transmission occurs.
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82’/J

radiating dipoles

Figure 1: Dipole radiation. (Image by MIT OpenCourseWare.)

C
From (2) we see that for total internal reflection we must have:
. €1 . . €2
sinf; >1 =— ,/—sinf#; >1 = |sinf,. =,/ —. (5)
) €1

For the critical angle to exist:

sinf, <1 = /g3 < /g1 <= ns < nj.

Figure 2: Refraction. (Image by MIT OpenCourseWare.)

From the small triangle:
0+2(5—0:) =

But from (3):

m
9325—9,5

Hence,

0+20p=nm — 0 =m—20pR. (6)
For ny = 1 and ny = 1.45, we get tanfg = 1.45 —> 0p ~ 0.317 = 55.8° ~% g~ 7 —2.0.317 = 0.387 =
68.4° and then 6; = /2 — 0 = 0.197 = 34.2°.
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E

Clearly for TM light, the transmitted power equals the incident one. For TE light, the reflection coefficient
is (using pu1 = p2 = p)

_ mgcosB; —micosty  mjcos; —mnycosfy  cos55.8° —1.45 cos 34.2°
n 14 cos 6; + n; cos 6, " njcosl; +npcosfy  cosB55.8° 4 1.45 cos 34.2°

= —0.3618

at the input surface and —R = 0.3618 at the output. Therefore the reflected power at each surface is
|R|? =0.131

and thus the transmitted power is
1 —|R> = 0.869.

In total, the transmitted power from both surfaces

S;/S; = (1 —|RI*)? = 0.755 = 75.5%.
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