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Arimoto-Blahut

Lemma 1;:

I(X;Y) = max ), ), Px (z) Py x (y|z)
Pxly yeY zeXx

0 Py )y (z[y)
Px (z)

Proof:
I(X;Y) = Sacx Saey Py @ly) Py () 10g (
Recall:
Pyy (2ly) = /PX(CE)PSj\X(ykE) /
/€ X Px («!) Py | x (yla")
and

Py (y) = > ex PX(xl)PY|X(y|5C/)




Arimoto-Blahut

I(X;Y)— > > Px(a)Pyx(ylr)

yeY xeX

0 Py |y (z]y)
Px(x)
I(X;Y) = > > Pr(y)Pxy(zly)

yey rxeX
0 Py y(zly)
Px(x)

P x
> 2 Py (y) Pxy(z|y) log (AXY( |y)>

yeY zeX Py (zly)
(using log(z) > 1 — 1)
> > Py(y)Pxy(z]y)

yeY x€X

> > Pr(y)Pxjy (ly)
yeY x€X
0




Arimoto-Blahut

Capacity is

¢ = maxmax > > Px(@) Py x(ylz)
X Px|ly yey zex

0 Py |y (z[y)
Px(z)

For fixed Py, RHS is maximized when

~ _ Px(@)Pyx(ylz)
Pxy@lY) = s e By )

For fixed Py |y, RHS is maximized when

o yey Prix (wlz) 10g(Pxy ()

Px(z) = p
X S (ezyey Py |x (ylz") 'OQ(PXW(‘”E"@/)))



Arimoto-Blahut

Combining the two means maximization when

2y Prx(wla) 109 (P (aly))

S (ezy@, Prx(yle) log(ﬁxy(x'y»)

Px(x) =

Py x (ylz)
lee)} Yl ( | ) | ( ;‘ (1:)13 (l /))
Px(x)e 2 e e

Z Pyix (y|z') log Py|x (yl=)
Z PX (CU/) e yey ZI/EX Py (a) Py | x (yl2")
r'eX

Note also that Y ,.cy Px(z) = 1.

This may be very hard to solve.



Arimoto-Blahut
Proof:

The first two statements follow immedi-
ately from our lemma

For any value of z where Pxy(z|y) = 0,
Py (x) should be set to 0 to obtain the max-
imum.

To find the maximum over the PMF Py,
let us first ignore the constraint of positiv-
ity and use a Lagrange multiplier for the

ZxPX(CC) =1

T hen

AN(Xgex Px(z) —1)} =0



Arimoto-Blahut

Equivalently

—log(Px (z))—14+> ey Py x(ylz) log (ﬁX|Y($|y))+
A=0

SO

2 zex Py x(le)log (13X|y(w|y))

2 zex Py x(le)log (13X|y(a:\y))

Px(xz) = —=
ZZBGX €

(this ensures that X is such that the sum
of the Px(xz)s is 1)

What about the constraint we did not use
for positivity?

The solution we found satisfies that.



Convergence of Arimoto-Blahut

Let PY be a PMF and let

Cx (P}}(wl),...,ng(w\Xl))

PT+1(33) — Pf," ($)
X X ey Ca (Pg((azl),...,P;((g;Wl))p;((aj/)

where

Cx (ng(xl)v R P;((I|X|))

Py|X(y\$) )

P, lo
Zyey Y|X(y|5’3> g( x/QXPX(x/)PY|X(y|ZB,)

— €

the sequence I" of I(X;Y) for X taking the
PMF P£ for I" converges to C from below



Convergence of Arimoto-Blahut
Proof:

For any given Py, we can increase mutual
information by taking

pro Py (z) Py x (ylz)
YIX — Zx’ex P;((:v’)Py|X(y|x’)

With Py,  fixed, then choose Pt by
>oyey Py x Wle) 10g(PL o ()
P (@) = —== '

S ey Y XG0P )

If we define

PL < (zly)
1
= Yex Syey Pet @) Py x (yle) log | 2028 )
PX (z)
Then I"< Jgr<r+l < gr+l <

This an upper bounded non-decreasing se-
quence, therefore it reaches a limit



Convergence of Arimoto-Blahut
Why is the limit C7

Let Py be a capacity achieving PMF
P'I"—I—l
S Py (=) Iog( X (x>)
reX ]%Y(m)

= > Px(a)

reX
( cx (P (1), oy Py (z120))) )
log
Serex ez (Py (1), oy P (312))) Pk (2)
= > Px(@) > Pyx(ylz)

xEX yey

0 Py x (y|x)
Y pex Py (@) Py x (y|z’)

— Y Px(z) Y Pyx(ylz)

rEX yey

log ( > Py (2))

r’eX

PY‘X(y/|a:/) )

P 12" 1o
. y'ey Y|X(y |5Ij ) log (Zx’/eX P;((x//)PY’X(yllx//)



Convergence of Arimoto-Blahut

By considering the K-L distance, we have
that

> zex 2yey Px(z) Py x (y|x)

ex BRI
log ( ex Px (@) Py x(ylz’) 0

SO
ooy [P
£ ries (55
> Y Px(z) ) Pyx(ylz)
reX yey

0 Py x (y|z)
Ywex Px (@) Py x (yl|z')
— Y Px(z) Y Pyx(ylr)

reX yey

log ( > Py ()

r'eX

Py x (' |2")
P 2 o Y|X
. y' ey Y|X(y |z") log (Zx”eX Pg((x//)Py|X(y/‘x//)



Convergence of Arimoto-Blahut

Hence
. P (a)
x;){PX($) Iog( PL (@) )
> C—-J"
Sum over r
> (C—J)
r=0
m P?"-I-l(x))
< Py (z)log | =
rng%;( * ( PX(x)
_ C N o [ X (@)
— x;(PX( )Iog( P)%(a:) )
Co P;;(@)
< X Pi@es (P)%(w)

C—J" > 0 and non increasing, with bounded
sum, so it goes to 0, hence J" converges
to C

In practice, cONvergence can be
very slow



Example



Other types of maximization

Interior point methods

Cutting plane algorithms
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