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1 The Concept of Finite (Lumped) Elements

Although sound can always be thought of as a wave phenomenon, it is often not possible
to solve analytically the partial differential equations that govern sound propagation. This
difficulty generally arises when the structure of the boundary conditions is complex, as in
most physiological and many mechanical systems.

In certain restricted conditions, it is possible to develop approximations that allow the
sound field to be determined with high accuracy without resorting to the partial differen-
tial equation formalism. These approximations rely on the fact that over sufficiently short
distances sound (pressure, p(z,t), and particle velocity, u(z,t)) can be treated as varying
linearly with position over the short distances:
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Figure 1: General acoustic circuit element, illustrating the terminals of the element, the
pressure p across the element, the volume velocity u through the element, and the node at
the connection of two terminals from different elements.

2 Acoustic Circuits

Acoustic circuits consist of elements that interact with each other at distinct terminals
(Fig. 1). Each element has a pressure difference p(t) across its and a volume velocity u(t)
through it, entering the element at one terminal and leaving at the other. The pressure
difference p(t) corresponds to the difference between the acoustic pressures at different points
in space. The volume velocity u(t) is the product of the particle velocity and the area
characteristic of the physical element. Use of volume velocity, rather than particle velocity,
simplifies the formulation of the conservation equations (Sec. 4) for acoustic circuits. The
rate at which work is done on an element by the rest of the circuit to which the element is
connected is the acoustic power w(t) = p(t)u(t).

3 Acoustic Elements

This section introduces three fundamental acoustic elements: the acoustic mass, the acoustic
compliance, and the acoustic resistance, and two acoustic sources: volume velocity source,
and the pressure source.
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Figure 2: The circuit representation and terminal characteristic of a volume velocity source
with intrinsic volume velocity ug.

3.1 Volume Velocity Source

A volume velocity source (Fig. 2) moves a specified volume velocity from one point in an
acoustic circuit to another independent of the pressure difference between the two points.
The circuit symbol for and terminal characteristics of a volume velocity source are shown in
Fig. 2. The pressure p across the terminals of a volume velocity source is determined by the
intrinsic volume velocity of the source ug and the rest of the network to which the volume
velocity source is connected. Note that the rate at which work is done on a volume velocity
source, w = pu = pug may be positive or negative, so that the volume velocity source may
do work on the rest of the network or have work done on it.
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Figure 3: The circuit representation and terminal characteristic of a pressure source with
intrinsic pressure pg.

3.2 Pressure Source

A pressure source (Fig. 3) imposes a specified pressure difference between two points in an
acoustic circuit independent of the volume velocity through the source. The circuit symbol
for and terminal characteristics of a pressure source are shown in Fig. 3. The volume velocity
u that flows through a pressure source is determined by the intrinsic pressure of the source
ps and the rest of the network to which the pressure source is connected. Note that the rate



at which work is done on a pressure source, w = pu = pgu may be positive or negative, so
that the pressure source may do work on the rest of the network or have work done on it.
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Figure 4: The circuit representation and terminal characteristic of an acoustic resistance
with resistance R4.

3.3 Acoustic Resistance

An acoustic resistance (Fig. 4) develops a pressure difference across its terminals that is
proportional to the volume velocity through the resistance. The circuit symbol for and
terminal characteristics of an acoustic resistance are shown in Fig. 4. The pressure p across
the terminals of an acoustic resistance is proportional to volume velocity that flows through
the resistance R4, p = R u. The rate at which work is done on an acoustic resistance is
w=pu = Rsu? = pz/RA. For a physical acoustic resistance, R4 > 0, so w > 0, i.e. an
acoustic resistance cannot do work on the rest of the network to which it is connected.

If the volume velocity through an acoustic resistance is u(t) the pressure across the
terminals of the resistance is p(t) = Rau(t). Thus the waveforms u(t) and p(t) have the
same shape, differing only in scale factor (including units) In the special case

u(t) = Ue” (1)
p(t) = Pe* = R Ue™. (2)

so that P = RoU. Zr = P/U = Ry, is said to be the acoustic impedance of the acoustic
resistance.

3.4 Acoustic Mass

An acoustic mass (Fig. 5) develops a pressure difference across its terminals that is propor-
tional to the time rate of change of volume velocity through the mass. The circuit symbol for
and terminal characteristics of an acoustic mass are shown in Fig. 5. The pressure p across
the terminals of an acoustic mass is proportional to the time rate of change of the volume
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Figure 5: The circuit representation and terminal characteristic of an acoustic mass with
mass M 4.

velocity that flows through the acoustic mass My, p(t) = M A%. The rate at which work is
done on an acoustic mass is

dE (t)

u(t) = 7

where 1

Ey(t) = 5Ma u?(t)
is the energy stored in the acoustic mass. When w(t) > 0, the rest of the circuit is causing
the energy stored in the acoustic mass to increase.

If the volume velocity through an acoustic mass is u(t) = Ue®, the pressure across the
terminals of the mass is du(t)
u

plt) = Ma=g,
so that p(t) = Pe®, where P = sM,U. Zy = P/U = sMy is said to be the acoustic
impedance of the acoustic mass. Note that unlike the impedance of an acoustic resistance,
the impedance of an acoustic mass is dependent on the value of the generalized frequency
parameter s.
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3.5 Acoustic Compliance

The volume velocity through an acoustic compliance (Fig. 6) is proportional to the time rate
of change of acoustic pressure across the compliance. The circuit symbol for and terminal
characteristics of an acoustic compliance are shown in Fig. 6. The volume velocity u through
an acoustic compliance is proportional to the time rate of change of the pressure across the
terminals of the acoustic compliance Cy, u(t) = C AZ—’t’. The rate at which work is done on
an acoustic compliance is

dp(t) _ dEc(t)
dt dt '

w(t) = p(t)u(t) = p(t) Ca
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Figure 6: The circuit representation and terminal characteristic of an acoustic compliance
with compliance C'4.

where 1
Eo(t) = 5G4 p*(t)

is the energy stored in the acoustic compliance. When w(t) > 0, the rest of the circuit is
causing the energy stored in the acoustic compliance to increase.

If the pressure across the terminals of an acoustic compliance is p(t) = Pe™, the volume
velocity through the compliance is

u(t) = C’Adp—(t) = sCy Pe™,
dt

so that u(t) = Ue™ where U = sCy P. Zc = P/U = 1/sCy4 is said to be the acoustic
impedance of the acoustic compliance. Note that unlike the impedance of an acoustic resis-
tance, the impedance of an acoustic compliance is dependent on the value of the generalized
frequency parameter s.

4 Connections of Acoustic Elements

An acoustic circuit is an interconnection of acoustic elements. The connections occur at the
terminals of the elements, which become the nodes of the circuit. The connections allow
volume velocity and pressure to be shared among elements. The precise consequences of
making these connections were first stated as laws (in the context of electrical circuits) by
Kirchoff in the nineteenth century.

4.1 KUL - Kirchoff’s Volume Velocity Law

Kirchoft’s Volume Velocity Law expresses the conservation of mass in circuit terms. For each
node in an acoustic circuit, e.g., Fig. 7, the algebraic sum of the volume velocities entering
(or leaving) the node must be zero, otherwise mass would accumulate at the node. If there
are N nodes in the circuit, N equations expressing KUL can be written, but only N — 1 of
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Figure 7: An example of the application of Kirchoff’s Volume Velocity Law. For volume
velocities with arbitrary time dependence, KUL applies to the values of u;, us and ugz at
each instant of time, u; + ugs — ug = 0. If all volume velocities have the same e time
dependence, KUL is satisfied at each instant of time if it is satisfied by the values of the
volume velocities at t = 0, Uy, Us, and Us, so that U; + Uy — U3 = 0.

these are linearly independent. As a result, KUL is satisfied automatically at the Nth node
if it is satisfied at the other (N — 1) nodes.

4.2 KPL - Kirchoff’s Pressure Law

Kirchoft’s Pressure Law expresses the conservation of work in circuit terms. For each closed
loop in an acoustic circuit, e.g., Fig. 8, the algebraic sum of the pressures encountered in
a traverse of the loop node must be zero, otherwise net work would be done during the
traverse.

pi(t)=P.e™
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Figure 8: An example of the application of Kirchoff’s Pressure Law. For pressures with
arbitrary time dependence, KPL applies to the values of p;, ps, and p3 at each instant of
time, p; + p3 — po = 0. If all pressures have the same e time dependence, KPL is satisfied
at each instant of time if it is satisfied by the values of the pressures at t = 0, P;, P,, and
PgsOthatpl—l—Pg—Pg:O.
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Figure 9: Example of an acoustic circuit consisting of a pressure source and two elements
connected in series. All pressures and volume velocities are assumed to have the same e®
time dependence.

5 Example - Elements in Series
In the circuit of Fig. 9, KUL may be expressed at nodes A and B as

Us+U = 0 Node A.
—U1+U2 =0 Node B.

Adding these two equations yields the KUL equation at Node C!
Us +Us = 0.
The above equations indicate that
—Us=U,=U,=U. (3)

Connections of elements, such as that in Fig. 9 that require that two or more elements share
a common volume velocity (ignoring sign) are said to be series connections.
In the circuit of Fig. 9, KPL may be expressed by traversing the single loop

—P5+P1+P2:0

or, equivalently,
Ps =P + P,. (4)

Recognizing that P, = U4, = UZ; and that P, = UZ,, one has

Ps = U(Z, + Zs). (5)

!This confirms, as noted above, that the KUL equation at the third node is linearly dependent on the
KUL equations at the other two nodes.



Provided Z, + Z5 # 02, U can be determined by dividing both sides of this equation by

Zl ‘l—ZQI 1

I+ 7y
This result indicates that the series connection of impedances Z; and Z, is equivalent to a

single impedance of value Z; + Zs.
Making use of Eq. 6, pressures P, and P, are readily determined

Pg (6)

Z1
PP = ———P 7
! Zy + Zy s 0
Zy
P = ——% P 8
? Zy + Zo s ®)

Equations Eq. 7 and Eq. 8 indicate that Pg, the pressure across nodes A and C, divides
across the two series-connected impedances in proportion to the value of the impedance, i.e.,

P Z
P, 7

In contrast to the series connection, in which elements share a common volume velocity,
elements share a common pressure when connected in parallel (Problem Set 3).

For both series and parallel connections of impedances across a pair of terminals, there is
an equivalent impedance that is indistinguishable when connected across the same terminals.
This concept is generalized in Sec. 6.

6 Equivalent Circuits

Rather than present methods for solving the equations that govern arbitrary acoustic net-
works, the sections below develop general techniques for analyzing an important subclass:
networks made up of sources and linear elements.

6.1 Superposition - the Effects of Multiple Sources.

The acoustic circuit elements introduced so far are of two types: sources, which specify either
the element pressure or volume velocity in terms of an intrinsic property of the source, and
(in the case of pressures and volume velocities that have an e** time dependence) impedances
for which the amplitude of the pressure and volume velocity are proportional. The equations
that govern the element pressures and volume velocities can be written so that the unknown
element pressures and volume velocities occur on the left side, with constant (integers or
impedances) factors and the intrinsic pressures and volume velocities of the sources appear
on the right. These equations are linear in terms of the unknown pressures and volume
velocities. According to the theory of linear equations, each of the unknown element pressures

2The consequences of equality will be discussed later.



and volume velocities (e.g., b;) can be expressed as a linear weighted sum of the intrinsic
pressures and volume velocities of the sources:

M N
bi=) a;Ps;+ > BUs,
j=1 k=1

In circuit theory, this result is known as the Superposition Principle. This Principle allows
circuits with multiple sources to be analyzed simply by considering the effects of each source
separately. In combination, the contributions of the sources simply add. Importantly, when
each source is considered separately, impedances are often found to be connected in series
or in parallel.
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Figure 10: Example of an acoustic circuit containing a port. It can be shown that Kirchoft’s
volume velocity law requires that u(t) = u'(t).

6.2 Equivalent Acoustic Circuits for One-Ports.

A port (Fig. 10) is a pair of terminals (or nodes) in an acoustic circuit that can be connected
to another circuit.

6.2.1 Thevenin Equivalent Circuits

If the “other” circuit is a volume velocity source of arbitrary intrinsic velocity Uy, then it
can be shown that the pressure P across the terminals of the port must satisfy

P = Pry, + ZrnUs 9)

This result was first obtained by the French telegrapher Thevenin and is usually referred to
as Thevenin’s Theorem.

In Eq. 9, P, has a non-zero value only when the sources in the acoustic circuit (other
than Up) have non-zero intrinsic values, and is said to be the “open-circuit” (i.e., when
Up = 0) pressure of the circuit to the right of the terminals. If all sources in the circuit
to the right of the terminals have zero intrinsic value, P = Zp,Uy. For this reason Zry, is
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Figure 11: An acoustic circuit for which it is possible to apply Thevenin’s Theorem.

said to be the equivalent impedance (or internal impedance) of the circuit to the right of
the terminals. This generalizes the notion of impedances equivalent to the connection of two
impedances in series or in parallel.

It can be shown that if Thevenin’s Theorem applies at a pair of terminals, the dependence
of P on Uy in the acoustic circuit of Fig. 11 is the same as for the acoustic circuit of Fig. 12.
The series connection of Zr;, and Pry, is said to be the “Thevenin Equivalent” of the acoustic
circuit to the right of the terminals in Fig. 11.
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Figure 12: The “Thevenin Equivalent” acoustic circuit at a pair of terminals.

6.2.2 Norton Equivalent Circuits

Alternatively, if the “other” circuit is a pressure source of arbitrary intrinsic pressure P,
then it can be shown that the volume velocity entering the terminal of the port must satisfy

U=-Ux+— (10)

This result was first obtained by an engineer (and M. I. T. graduate) at the Bell Telephone
Laboratories and is usually referred to as Norton’s Theorem.

It can be shown that if Norton’s Theorem applies at a pair of terminals, the dependence
of U on F, in the acoustic circuit of Fig. 13 is the same as for the acoustic circuit of Fig. 14.

10
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Figure 13: An acoustic circuit for which it is possible to apply Norton’s Theorem.

The parallel connection of Zy and Ul is said to be the “Norton Equivalent” of the acoustic
circuit to the right of the terminals in Fig. 13.

Py CD ZN N CD

Figure 14: The Norton Equivalent acoustic circuit at a pair of terminals.

In addition to simplifying the analysis of acoustic circuits, Thevenin’s Theorem can be
used to develop circuit models for imperfect sound sources (as opposed to the “ideal” volume
velocity and pressure sources introduced in Secs. 3.1 and 3.2). An imperfect (real world)
volume velocity source can be represented as an ideal volume velocity source in parallel with
an impedance. An imperfect pressure source can be represented as an ideal pressure source
in series with an impedance.

6.2.3 Thevenin - Norton Relations

In many acoustic circuits, it is possible to connect either a pressure source of arbitrary
intrinsic pressure or a volume velocity source of arbitrary intrinsic velocity at the same pair
of terminals. Such circuits satisfy both Thevenin’s Theorem and Norton’s Theorem at those
terminals. For such circuits, the Theévenin and Norton Equivalents are related:

Pry, = UnZy (11)
ZTh = ZN (12)

11



6.3 Equivalent Acoustic Circuits for Two-Ports.
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Figure 15: An acoustic circuit to which it is possible to connect two one-port circuits. In
this case the one-port circuits are volume velocity sources with arbitrary intrinsic velocities
U; and Us.

The concept of equivalent circuits can be generalized to acoustic circuits that contain
more than one port. When there are two ports in an acoustic circuit, it is necessary to
distinguish between cases in which it is possible to connect two arbitrary volume velocity
sources (e.g., Fig. 15), two arbitrary pressure sources, and one arbitrary volume velocity
source and one arbitrary pressure source. The concept of two-ports generalizes readily to N-
ports, where N > 2. Such circuits are used

e To develop simpler or abstract representations of portions of circuits.

e To define abstract elements, e.g. acoustic-mechanical transformers.

In the first case, e.g. Fig. 15, a generalization of Thevenin’s Theorem is applicable:

P, = 71U, + Z1xUs + Poc, (13)
Py = Z51Uy + ZynUs + Poc, (14)

In the second case, a generalization of Norton’s Theorem is applicable:

U =Y+ Y P — Usey (15)
Uy =Y Py + Yoo Py — Uge, (16)

When it is possible to connect an arbitrary volume velocity source at the first port and
an arbitrary pressure source at the second:

P = 511Uy + S12P + Pogs, (17)
Uy = SnUs + S22 Py — Upg, (18)

As in the case of one-ports, the terms Poc,, Poc,, Usc,, Use,, Pos,, and Upg, represent
the effects of sources within the two-port. If there are no sources in the two-port, or if the
intrinsic values of the sources in the two-port are all zero, these terms are necessarily zero.

12



In the absence of sources in the two-ports, the above relations become

Py = 71U, + Z1xUs (19)
P2 = ZQlUl + ZQQUQ (20)

In the second case, a generalization of Norton’s Theorem is applicable:

U =Y+ Y P (21)
Us =Y P+ Yoo Py (22)

When it is possible to connect an arbitrary volume velocity source at the first port and an
arbitrary pressure source at the second:

Py = 511Uy + S12Ps (23)
Uy = 991Uy + Saa Po (24)

6.3.1 Reciprocity

Acoustic circuits composed of volume velocity sources, pressure sources, and impedances
satisfy reciprocity relations that are easily expressed in terms of the two-port descriptions.
For example, in Eq. 13 and 14, Z15 = Z5;, in Eq. 15 and 16, Y5 = Y5, and in Eq. 17 and
18, 512 = —521.

In the absence of sources reciprocity ensures that, corresponding to Eq. 19 and 20,

Al b (25)
U2 U1=0 Ul Uax=0
corresponding to Eq. 21 and 22,
Yy _ % (26)
Pylp=o  Pilp=o
and corresponding to Eq. 23 and 24,
i) __h (27)
Pl Uz=0 U2 P1=0

These consequences of reciprocity can be observed in sound fields as well as in acoustic
circuits.

13



7 System Functions

When the pressures and volume velocities in an acoustic circuit all have the same exponential
time behavior, ratios of the amplitudes of pressures across node pairs, or the amplitudes
of volume velocities through elements, to the the amplitudes of the intrinsic pressures of
pressure sources or of the intrinsic velocities of volume velocity sources, are commonly called
system functions.

For example, in a one-port that contains no sources, (e.g., Fig. 11), the ratio

P
— = Zrp(s).
Ue ()
is said to be the driving point impedance system function. Similarly, in the two port of Fig.
15, the ratio
Py
- = Zgl(S).
Ul Uz=0
is said to be the transfer impedance system function for the two ports. In each case, the
notation emphasizes the dependence of the ratio on the frequency s of the source.

7.1 Acoustic Circuits

For acoustic circuits consisting of a finite number of elements, system functions take the
form of a ratio of polynomials in s, e.g.
n(s) sM 4 bysM=1 4 by

H(s)= 2% _
(s) d(s) sN+apsVN-1+-- +ay’

where K, the a;, and the b; are real numbers.
The fundamental theorem of algebra states that each of the polynomials n(s) and d(s)
may be represented as a product of factors

o (s—z)(s—2)- (s~ 2m)
B = K )G =p) (5 —pw)

The z; are said to be the zeroes of the system function H(s) and the p; are said to be the
poles of H(s). In general, these zeroes and poles are complex numbers.

The interpretation of the z; is straightforward. As s — z;, H(s) — 0. For the poles, on
the other hand, as s — z;, H(s) — oo. For these values of s it is possible to have non-zero
pressures and volume velocities in an acoustic circuit when all sources have zero value. The
poles are often called the natural frequencies of the circuit (see Sec. 8.3).

14
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Figure 16: Circuit for Example 1. Assume that all pressures and volume velocities have an
exponential (e**) time dependence.

7.2 Example 1 — Resistance-Compliance Circuit

a) Determine the input admittance system function (Y (s) = U/Ps) and the pressure transfer
ratio system function (H(s) = Pp/Ps) for the circuit of Fig. 16.

b) Identify the values of the poles and zeroes of Y (s) and H(s)

15
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Figure 17: Circuit for Example 2. Assume that all pressures and volume velocities have an
exponential (e**) time dependence.

7.3 Example 2 — Resistance-Mass-Compliance Circuit

a) Determine the input admittance system function (Y (s) = U/Ps) and the pressure transfer
ratio system function (H(s) = Pp/Ps) for the circuit of Fig. 17.

b) Identify the values of the poles and zeroes of Y (s) and H(s)

16



8 The Sinusoidal Steady State

Understanding the behavior of acoustic circuits when the intrinsic pressures and volume
velocities of sources vary sinusoidally in time is of considerable theoretical and practical im-
portance. If the circuits contain finite positive acoustic resistances, the transient pressures
and volume velocities that may be excited when the sources are first turned on eventually die
away while the sinusoidal pressures and volume velocities corresponding to the sources con-
tinue and eventually dominate the response to the sources. The importance of understanding
the response to sinusoidal sources reflects the following:

e Arbitrarily complex periodic time waveforms can be represented as an infinite “Fourier
Series”, a sum of terms each of which has a sinusiodal time dependence.® In a circuit
composed of linear elements, the response to a sum of sinusoidal waveforms is the sum
of the responses to each component separately.

e In the sinusoidal steady state, the pressures and volume velocities elicited in a circuit
by sources having sinusoidal waveforms have sinusiodal waveforms with the same fre-
quency as the sources. These can be characterized simply in terms of their relative
amplitudes and phase angles. The dependence of the relative amplitudes and phase
angles on frequency provides a complete description of the relation between the sources
and the pressures and volume velocities.

e The use of sinusoidal sources greatly simplifies the task of making measurements to
characterize the behavior of real acoustic systems. In addition to the properties men-
tioned above, use of sinusoids permits measurements to be made at any time after the
transient components of the responses have died away.

8.1 Source - Response Relations

Assume that all pressures and volume velocities in a circuit have an e time dependence,
and that when the source waveform is x(t) = Xe®, the pressure across a pair of nodes or
volume velocity through an element is y(t) = Ye*, where the system function relating Y to
X is

When s = jw, H is typically a complex quantity. In general, X and Y may be complex
as well. To emphasize this, bold symbols are used to denote complex quantities, thus

H(jw) = 3

3This result can be generalized to non-periodic waveforms, in which case the infinite series becomes an
integral.

17



In the sinusoidal steady state
z(t) = Xcos(wt)=Re [Xej”t] = Re [Xejwq
y(t) = Y cos(wt+0)=Re [yej(wtw)} — Re [Yejwt] _
Where X = X and Y = Ye?? = H(jw)X. For each value of w, H is a complex number
H(jw) = [H| /"

where
M| = /(Re[H])? + (Im [H))?
0 = arctan IH; {E}
It follows from Eq. 57 that
Y| = [H|[X]|=[H|X (28)
0 = 0y, (29)

so that
y(t) = Re [X |H]| engej”t}
= X |H|cos (wt+ 0g). (30)
This illustrates the central role played by the magnitude and angle of system functions when
s = jw.
8.1.1 Example 1 — Resistance-Compliance Circuit

The system functions for the circuit of Fig. 16 can be shown to be of the form:

_ P wo
H<S) n P_(; N wo + 8
1 S
_ U _
YO =% “rars

where wy = 1/RC. It is easy to see that as s — 0, H(s) — 1 and Y(s) ~ s/wy — 0. Similarly,
as s — 00, H(s) = wp/s — 0 and Y (s) — 1/R. These observations are consistent with a
physical understanding of the circuit of Fig. 16. As s — 0, the impedance of the compliance
becomes arbitrarily large, the impedance seen across the terminals becomes arbitrarily large,
and the pressure division ratio approaches unity. As s — oo, the impedance of the compliance
approaches 0, the impedance seen across the terminals approaches R, and and the pressure
division ratio approaches 0. When s = jw,

0% 1

H ] = =

(31)

18



where Q = w/wy is the normalized frequency. Making use of Eq. 49, 50, and 58, one has

. 1
H(jw)| = NiEa (32)
Oy = —arctan() (33)

Because s = 0 only when w = 0 and w — oo implies s — 00, these expressions confirm
the limiting behavior of H as w — 0 and as w — oo. But they also show that both
|H| and 0y decrease monotonically as w increases. In the special case w = wy, Q = 1,

H| =1/v/2=0.707... and 0 = —45°. Also,
1 jw 140

Y (jw) = — = — . 34
U) =5 o rjo ~ RI+j0 (34)
Note that Y (jw) is just H(jw) multiplied by jQ/R. Since
3 _Q e
R R
. Q. | =
Y(jw) = pH(jw)e’s
making use of Eq. 49, 50, and 57, one has
1 Q
Y(jw)| = ———m— 35
Y0l = o (39)
Oy = g — arctan (2 (36)

These expressions show that while 0y decreases monotonically as w increases, |Y| increases
monotonically as w increases. In the special case w = wy, 2 =1, [Y| = 1/(v/2R) ~ 0.707/R
and 0y = +45°. The dependence of the magnitude and angle of H and Y on € are illustrated
in Fig. 18. The system function H is said to have a lowpass characteristic because |H| — 1
as w — 0 and |H| — 0 as w — oo. Similarly Y is said to have a highpass characteristic
because |Y| — 0 asw — 0 and |Y| — 1 as w — o0.

8.1.2 Example 2 — Resistance-Mass-Compliance Circuit

The system functions for the circuit of Fig. 17 are:

2

_ Po _ “o
Hs)= 7 = $2 + awps + Wi
1 s
Y(s)= & =—
() Ps M s% + awgs + wi’

where wy = 1/VMC, Q = w/wy is the normalized frequency, and o = R/\/M/C' is the

normalized resistance.*

4The quantity Zc = \/M/C is the characteristic impedance of the circuit.
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Figure 18: Dependence of the magnitude and phase of the input admittance system function
Y (solid curves) and pressure transfer ratio system function H (dotted curves) on normalized
frequency Q = w/wy for the acoustic circuit of Fig. 16. The magnitude of the admittance
system function Y has been multiplied by R.
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It is easy to see that as s — 0, H(s) — 1 and Y (s) ~ s/M — 0. Similarly, as s — o0,
H(s)~ (wy/s)* = 0and Y(s) ~ 1/(Ms) — 0. When s = jw,

Wl 1
H(jw) = 0 = 37
(jeo) wg —w?+ jawew (1 —92) + jaQ)’ (37)

Note that although Eq. 37 bears a certain resemblance to Eq. 31, the real part of the
denominator is not constant. In particular it vanishes when € = 1, i.e., when w = wy.
Making use of Eq. 49, 50, and 58, one has

1
H(jw)[ = (38)
V(1 =022+ (002
Q
Oy = —arctanﬁ (39)
Note that when w = wp, Q@ =1, |[H| = 1/a and 05 = —90°. Also,
, 1 Jw 1 JjQ
Y(jw) = == (40)

M (w¢ — w?) + jawew " Zc (1—-92)+ jaQ)

Similar to the RC circuit, Y is just H multiplied by jQ/Zc. Making use of Eq. 49, 50, and
57, one has

1 Q
Y(jw)| = = 41
Y0l = 7 (41)
T af?
ey = 5 — arctan w (42)

Note that, when w = wy, @ =1, |[Y|=1/(aZ¢) = 1/R and 0y = 0°, so that from the point
of view of the terminals, the RMC circuit is indistinguishable from a resistance of value R.

The dependence of the magnitude and angle of H and Y on €2 are illustrated in Fig. 19.
The system function H is said to have a lowpass characteristic because |[H| — 1 as w — 0
and |H| — 0 as w — oo. On the other hand, Y is said to have a bandpass characteristic
because |Y| — 0 as w — 0 and also as w — oo, but |[Y| = 1/R > 0 when w = wy. Note
that, as w increases, both 6y and 6y decrease over a range of 180°, twice the range for the
RC circuit of Fig. 18. Also the entire decrease of these angles is largely confined to a small
range of frequencies near w = wy where |H| and |Y| exhibit sharp peaks. This pairing of
highly peaked magnitude functions and phase angles that change rapidly over nearly 180° is
characteristic of a highly-tuned resonant circuit.

8.2 Generalization

The system function notion can be applied to a wider class of systems than circuits with
a finite number of elements. These systems are generally called linear, time independent
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Figure 19: Dependence of the magnitude and phase of the input admittance system function
Y (solid curves) and pressure transfer ratio system function H (dotted curves) on normalized
frequency Q = w/wy for the acoustic circuit of Fig. 17. The magnitude of the admittance
system function Y has been multiplied by Zs. The curves have been drawn for the case
a=0.1.
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systems, and include, for example, acoustic tubes. The volume velocity transfer function for
an acoustic tube of length L that is closed at one end and open at the other is

U 1

HU) = 75 = ot

Clearly H(s) cannot be written as a ratio of polynomials in the variable s, because cos = has
an infinite number of zeroes. However

© w
H(jw) = :
kl;[l Wi — w?
where c
=2rk—
Wi s 4L
and k=1,3,....

8.3 Example - Natural Frequencies

gyt P, -
—— 10, Uc
M + Y +
P CD cC+R o MQ cP
S _ S -1 O
@ @ -

Figure 20: Circuits that have a single acoustic mass and a single acoustic compliance. In
the circuit on the left, all elements are connected in series; in that on the right all elements
are connected in parallel.

Consider the circuits of Fig. 20. When all pressures and volume velocities have an e
time dependence, the system functions for the series circuit can be shown to be

g o Po_ v
PS S2+u)g
v — U 1 S

Py Ms2+w}
where wy = 1/v/MC'. Similarly for the parallel circuit

PO 1 S

Z="2==_"
Us C’sQ+w§
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Note that the poles of all three system function are the same:
pi = Ejwo

To understand why these poles are the natural frequencies of these circuits, consider the
acoustic circuit of Fig. 21, which is identical to the circuits of Fig. 20 when the sources have
zero intrinsic value.

+ P -

e
+

M
c:__[%

Figure 21: The circuits of Fig. 20 reduce to this two element circuit when the sources have
zero intrinsic value.

For this circuit, the elements are connected both in series and in parallel. Kirchoft’s Vol-
ume Velocity Law requires that both elements have the same volume velocity, u(t). Kirchoff’s
Pressure Law requires that py; = —p¢ or

du(t)
M
dt

= —Pc <t>7
while the defining property of a compliance requires that

dpc(t) ‘

u(t) =C o

Differentiating the latter equation with respect to time yields an expression for the derivative
of volume velocity that can be substituted in the former equation:

d2pc(t)
dt?

MC +pe(t) =0,

or
d2pc (t)
dt?
Second order linear differential equations of this type have been encountered when solving
the one-dimensional acoustic wave equation in the case of sinusoidal time dependence. The
solution is readily seen to be of the form

+ wipc(t) = 0.

po(t) = Pocos (wt + 6)
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because the time derivative of this expression is

dpc

o= W sin (wt + 6)

and the second derivative is

dgpc (t)
dt?

= —wj cos (wt + 0) = —wipc(t)

This demonstrates that it is possible to have pressures and volume velocities in an acoustic
circuit with no sources provided their frequencies are the values of the poles of the system
function. In the case considered, the poles (and natural frequencies) are purely imaginary
(simplifying the algebra) so the pressures and volume velocities have a sinusoidal time depen-
dence. In the more general case, the poles would be complex, with negative real parts, and
the time dependence associated with the complex natural frequencies would be exponentially
decaying sinusoids.

9 Power and Energy

This section derives three results relevant to power and energy in acoustic circuits. Al-
though the results are obtained for the series RMC circuit of Fig. 22, they apply to arbitrary
connections resistances, masses, and compliances

+ pc(t) - % pM(t)—
O :

Ra

LO®) PO Cap (D)

|

Figure 22: Example used to analyze power and energy in acoustic circuits.

In the acoustic circuit of Fig. 22 all elements have the same volume velocity ug(t) and
Kirchoff’s Pressure Law requires

p(t) = pr(t) +pu(t) + pc(t)

The power that the volume velocity source supplies to the circuit to the right of the terminals
is thus

w(t) = p(t)us(t) = pr(t)us(t) + pam(t)us(t) + po(t)us(t)
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but since
pR<t) = RAUS(t)

dug(t)
pu(t) = My ;t
us(t) = CAdpjt(t)
w(t) = Rauj(t) + Maus(t) dugt(t) ++Capolt) dpst(t)

n dEy(t) n dEc(t)
dt dt

Since Rau%(t) is the power absorbed by the acoustic resistance wgy(t), Eys is the energy
stored in the acoustic mass, and F¢ is the energy stored in the acoustic compliance, one has
d(En(t) + Eo(t))

dt ’
that is, the power flowing into the terminals from the source is equal to the power dissipated
in the acoustic resistance plus the rate of increase of energy stored in the mass and compliance
elements.

w(t) = Raug(t)

w(t) = wy(t) +

(43)

9.1 Sinusoidal Steady State

Assume that in the sinusoidal steady state
us(t) = Uscos(wt+ ¢) =Re [Usej‘”t}
p(t) = Pcos(wt+6) =Re [Pew} .

Then
w(t) = UgP cos (wt + ¢) cos (wt + 0).

Making use of the trigonometric identity
1 1
COST COSY = 7 COS (x —y)+ 5 cos (x+y)
1 1
w(t) = §U5P cos (0 — @) + §U5P cos (2wt + 0 + ¢)
This can be readily shown to equal
1 1
w(t) = §Re [PUS] + §|P| |Ug| cos (2wt + 6 + ¢)

The average value of the second term over a period (7' = 27/w) is zero. The average value
of the power supplied to the circuit to the right of the terminals in Fig. 22 is

1

Note that since PU* = P*U the choice for defining Way in Eq. 44 is somewhat arbitrary.
The reason for this choice is explained below.
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9.2 Vector Power

The quantity
1
W = §PUS*

is called the vector power supplied to the portion of the circuit to the right of the terminals
in Fig. 22. Making use of Kirchoff’s Pressure Law

P =Pgr+Pm+ Pc

PUs" = Ra|Us|* + jwMa|Us|* — jwCa [P/,

so that

1 1 . 1 1
W = §PUS* = 51t Us|” + j2w (ZMA Us|” - ZCA |Pc|2) (45)

Since %RA |Us|2 is the average power dissipated in the acoustic resistance, iM A |Us|2 is the
average energy stored in the acoustic mass (Ey), and 1C4 |Pc|? is the average energy stored
in the acoustic compliance (E¢), one has

W = Pay + j2w ((En) — (Ec)) - (46)
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10 Arithmetic for Complex Numbers

Re

Figure 23: Representation of the complex number z as a point in the complex plane. The rep-
resentation may be described in terms of rectangular components z = a + jb, or equivalently

in polar components z = pe’?.

In what follows, a, aq, as, b, by, ba, p, p1, po 0, 61, and Oy are real numbers, z, z,, z5 are

complex numbers, with

z=pe’ =a+jb

where
p |z| = Va? + b?
0 = arctanb/a
Relz] = a=pcosh
Im[z] = b=psind.
Similarly,
Z1 = plejel = ap —|-jbl
Zy = pae?” =ay+ jbs.

10.1 Addition and Subtraction

71+ 22 = (a1+a2)—i—j(bl+b2)
z1— 22 = (a1 —az)+ j(by — bo)

10.2 Multiplication and Division

71 %25 = pipoe? 1) — (aras — bibg) + j(ai1by + ashy)
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VAT ﬂej(%—ez) _ (a1a2 + blbg) + j(agbl — albg)

Z3 P2 a3 + b3
— — —e e
z p a? 4+ b?

10.3 Complex Conjugates

The complex conjugate of z, denoted by z* has the following properties:

zt= pe =a—jb
Re[z*] = pcosf =a
Im[z"] = —psingd = —b
zz* = 0> =a’+ b
T @) )
z* a? + b?
] = =z
(21 +29)" = 7} + 7}
(2122)" = 2125
Z1\* v
& - &
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