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6.641, Electromagnetic Fields, Forces, and Motion

Prof. Markus Zahn

Lecture 11: Solutions to Laplace’s Equation In Polar and Spherical

Coordinates

I. Solution’s to Laplace’s Equation in Polar Coordinates [ai = oj
z

A. Product Solution

Multiply through

F(¢) d [ dR] R(r) d°F R
—lr—1+ =0 r

rodr( dr r’ d¢’ by ROF(0)
r d[ de 1 d?F _
— ||+ = =0
R drl dr F d¢?
-
m? -m?

surface of
constant r, ¢

\

Courtesy of MIT Press. Used with permission.
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Haus / Melcher Figure 5.7.1 Polar coordinate system.
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B. m=0 Solutions (Zero Separation Constant Solutions)

dR

r—=C = R=ClIlnr+D
dr

2

d—i=0 = F=A¢+B

do

Potential of line charge

O(r,9)=R(r)F(¢)=A, +A,0+AjInr+ApInr

- yp=_];j2®,; 1

T oor *r o
__lov _ Vg
r oo ar

C. m=0 Solutions (Non-Zero Separation Constant Solutions)

d [rd—RJ—m2R= 0

Try R = Ar"
ri[nﬁ(rq -m2Ar" =0
dr

Pr"-mr"=0 = n=+m

R(r)=A,rm +A,rm™
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F=A;sinm¢+ A,cosmo
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@ (r, ¢)=R(r)F(¢) =[A;sinm¢ + A,cos m¢] [A3rm + A4r'm]
= Asinmor™ + Bsinm¢r™ + Ccos mor™ + D cos mor™
WA
) ¥ =rsing
’ >
X = I COS X
D. Selected Solutions y
d(y=d)=V, Voy
m=1 d dOly)= e
‘L __fo Y
_ L &y T d
@ (r, ¢) = Arsin ¢ = Ay 0 l Dly=0)= 0
®(r, ¢) = Cr cos ¢ = Cx =
i . My
@(r,¢)=m = Line : 0
dipole oriented in y ) 1 1\ -
direction ,( d ol
it
D o \"y
cos :
o (r, ¢)= —2+ Line
()= 220 = N
dipole oriented in x . . —
direction L X
d
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@ = Ar? sin 2¢ = 2Ar? sinp cos ¢ = 2Axy
Generally m an integer if @ (¢ = 0)= @ (¢ = 2n)

E. Grounded Cylinder in a Uniform y Directed Electric Field

O,

X

d(r=R,( )=0

=

BT — _ b - .
E=Egiy = 3y Iy = ®=-Egy = -Egr sind

lim
Lo iy = [sin ¢ ir + cos i ]

<D={—E0r+é}sin¢ r-R
r

®(r=R,¢)=0 = —EOR+§=0 = A=ER?

R?
<D=—E0[r——jsin¢ r=R
r

0
ob; 100; oF:
— i+ =i + i
or " raop * Sz *

=EOH1+R—22}sin¢ir—{1—§}cos¢i¢} r>R
r r

0
[ (r =R, ¢) =&, |:Er (r =R, ¢)_ E. (I’/‘/R,, ¢):| = 280E0 sin ¢

E=—vq>=—{
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: 0 r<a
(1+%) x "
dr _ _E. ________?__ cote / = {an(:i—}}coscb r=a
rd¢ " . —>
{1—;;—] 0 r<a
E=—VV= 2 2 o
:(‘;r_ +‘;1—] sin¢: const Eﬂ [':.t + _r"z'_ }Cos¢ir _':1 _rT:lsin¢|@] r>a

——T—— ——-4.25

V/(Eqa)

275

4.25

Egiy = Eqli, cosg — i, sing)

Figure 4-8 Steady-state field and equipotential lines about a (a) perfectly conducting
or (b) perfectly insulating cylinder in a uniform electric field.

Courtesy of Krieger Publishing. Used with permission.

II. Solutions to Laplace’s Equation in Spherical Coordinates [ai = oj

A. Product Solution

0
2
Vzcl>=i2i(r26£}+—21_ i(sinealjj+—2 _12 62=0
re or or r‘sin @ o0 08 r<sin“ 0 Jd¢
®(r,8)=R(r)o(8)
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r’sin ® do

®(6)i[r2dR]+ R i(

Multiply through
. de) _ )
smG—j—O r
by

a° R (6 ()

1 d(,dR 1 d . de
——1r + - —|sin 6 — 0
R dr dr ®sin 6 db6 de

/)
~

-n(n+1)

d[zdR
dr

r d—r]—n(n+1) R=0

Try R = Ar°

Ap(p+1)¥ -n(n+1)A° =0 = p=n,-(n+1)
R(r)= Ar" +Br ™Y

%( in B?j_ej +n(n+1)sinee = 0 [Legendre’s Equation]

In 6.641, only responsible for n=1 solution

= ©(6)=cos8

® = Ar cos 8 = Az is potential of uniform z directed electric field
o=05 cos S is potential of point electric dipole
r

Grounded Sphere in a Uniform z Directed Electric Field

z=rcos®

: T 0 10 N P
Vz=|z=V(rcose)=|r5(rcose)+|eF£(rcose)=lrcose—lesme
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@ (r=R8)=0
- - = o S —
E=Eyi; = Ey [cos i; - sindiy] = - ﬁ iz
o2
limd = _ —
e Eqz = -Egrcose
r>R
®(r,0)=-ErcosB+ ALZSB
®(r=R,8)=0= (—EOR+—2]cose = A =ER’
3
®(r,8) —Eo[r——zjcose r>R
Ez_VQ):_ 62; +la£ie
or " roe
3 _ 3 _
=E, KlJrzr—ljiJcose . —{l—F:—3jsinie 0 :‘
o, (r=R,0)=¢gE (r=R,08)=3gE;, cosB
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0 r<R
V= 2
; r R
EOR(E—r_l’ Jcos@ r=R

rD r<R

E=—VV= 3 3
1&;[:1 + 2R ) cosoi, — (1~ By singig)  r>R
r r

(1+ 2R

= _..._.__.rz cotf

3
n—-fr}

dr
rdf

-— Er
=,

R
L =+ 2 (E)2sin?6 = const

e S e LR

———1-—-—-06
———]— - ~——t-——b———-0.25

el EE M U 74 W R | | Y DR S - ——— 025 EoR

———1-—- Tm—sfe—= O

- ——-—-— 1.0

—_—— -t ——- 1.7%

—————— L - ——— 2.75

Egi, = Egli,cosf —igsinf)

Courtesy of Krieger Publishing. Used with permission.
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