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6.641, Electromagnetic Fields, Forces, and Motion
Prof. Markus Zahn
Lecture 14: Fields and Moving Media

I. Galilean Time and Space Transformations
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Two inertial coordinate systems in relative motion.
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(a) A surface described by y=E£(x,t) has an elevation above the x-z plane which is the same whether
viewed from the moving (primed) frame or the fixed frame (£'=£); (b) £ is independent of position so
that only the first term makes a contribution to a& /at'; () £ is Independent of time and only the second

term makes a contribution to ag /at".
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II. Transformations for MQS Systems

V'xH'=J;
v-B=0 V'.B'=0
Ve =0 v'J=0
VXE=—£ V'xE'z_a_Elz_a_El_
ot ot' ot
E=HO(H+M) E'=p0(ﬁ'+ﬁ')
Useful vector identity:
vx(axb)= (E-V)E—(5-v)5+5(v-5)—5(v-5)
Take a = v, (Constant Vector), @ b=B'"
0 0
Vi(@x8) = By - [@v)E - (v -
v is constant
Gauss’ Law

Vx(v><B')= —(V-V)E'

VB =By (yxB) = V(B vxB) - - 2B
E

A

5-8

=3

E =+ VB

=

qE'=f'

Note: f = g(E+vxB)
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III. Moving Media MQS Problem
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A pair of parallel perfectly conducting plates are short-circuited by a moving perfectly conducting bar.
Because of the magnetic field B, a voltage v is induced which can be computed either by integrating the
induction equation around the fixed loop C' that passes through the bar or by integrating the induction
equation around a loop C that expands in area as the bar moves to the right. The electric field transformation
E'= E+VxB guarantees that both integrations will give the same resuit.

Moving Contour C

— I d - =
E'edl=-—|B.nda
{ at}
d
- —|-Bh
dt[ éj

B and n in opposite directions

v=-8h35 - ghv
dt
Stationary Contour C’

JE-d
y

Eﬁd =0

_d
dt

uu_,

E'=0=E+VxB in moving perfect conductor

-v+(vx€) h=0

y

v=-BhV
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IV. Transformations for EQS Systems

VxE=0
V'B—Pf
V'jf— %
ot
vxH=73+22
ot
D-eE+p
VxE'=0
V-5'=p;
T 9 p¢
veli= - ~(v-v)e;
VXﬁl=jf+—D'+(V°V)5'

V(i Ve )= 3+ pr v LD
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H'=H-vxD'

=3 -pv (Note: V.if'=v-3f—v-(pf3) %0
=V-jf —(V-V)pf - Ps -V)

5-F

V. Moving Line Charge Representation Problem
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In moving frame: H=0=H-vxD=0

AV =V coulﬁ = AV amperes=1=2V
m s
Ho= Lo 2V
2nr nr
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Differential Equations Transformations Boundary Conditions
VxH=1J; H'=H nx (H*-H®) =K,
. — r: . - I- —
Magnetic Field || * 7" B'=B n-(B-BY=0
System V-Jp=0 I =1l n-(J#- .lf‘h) +V Ky =0
VxE='% E=F+vxB nx{Ea—El’}=\’n(B“-Bh]
B =p,(H+ M) M'=M
VxE=0 E'=FE nx(E*-EPy=0
= r= h by =
Electric Field || ¥ XD~ Pr D'=D n-(D*-DY) =g,
System P'= Py
9y . do
Vl'*:-ﬁl Ve=Je-ppy n "(-Ira'-]fb)'i'vg‘l\l‘ :Vn(PT_-':l_ Pj'b}' WF
VxH=1I; +%—? H=H-vxD |1x(||"‘-H'-")=K,-+'¢'nnx[nx(D“-D'-"}]
D=g,E+P P' =P
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VI. Faraday’s Disk (Homopolar Generator)

Stationary contour
of integration of
Faraday's law

if Lf ir Rr Lr

+ + -

v Ry Vr G(ﬂif
- +

{a) A conducting disk rotating in an axial magnetic field is called a homaopolar generator. (b} In addition
to Ohmic and inductive voltages there is a speed voltage contribution proportional to the speed of the

disk and the magnetic field.

po Ni
BO Osf
T=o(E+vxB)mE=L VxBoE =t orB,
c 2nodr

H_}
_Vr
2 Ro
i i R oB
v, = |E dr = r - orB, |[dr = —— In=-% - —2(R? -R?
' '1[ ’ Ri(chdr 0] nocd R, 2 ( 0 ')
=iR, - Gwi
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Representative Numbers: copper (c ~6x107 Siemen/m), d=1mm

®»=3600rpm =120xrad/s
R, =10cm, R, =1cm, B, = 1tesla

) rirx(jxg)rdrdq)dz
R

$=0 z=0 r=

— RO
=-i. By iz | rdr
R\
-i_ B
= rZO(RZ_Ri2)|Z
= —G if ir Tz
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Self-Excited DC Homopolar Generator

A

u—> co

Ve

A =

“«—u—>

L=Le+ L,
R=R¢+ R,

A homopolar generator can be self-excited where the
generated rotor current is fed back to the field winding
to generate its own magnetic field.

I(t) — Io e—[R—Gm]t/L

Go>R Self-Excited
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VIII. Self-Excited AC Homopolar Generator

A

Y

LS

iz
Re Le Ry Le R, L
i
Gufiz - i1)
+
L=2L+L,
Re L Re Le R, Lr R = 2Rf+ R,
iz
" Goliz + i)
+

Cross-connecting two homopolar generators can result in self-excited two-phase alternating currents.
Two independent field windings are required where on one machine the fluxes add while on the other
they subtract.

di . .
L—1+(R —Gco)l1 +Goi, =0
dt
di, . :
L=2+(R-Go)i,-Goi, =0
dt
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i, =Le*, i, = Le

(Ls+R -Go)I, +Gol, =0
-Gol, +(Ls+R - Gw)I, =0
(Ls +R - Go)" +(Go)’ =0

Ls+R - Go = £jGo

(R —GO)) .Go

S =— + 11—
L JL

L _ -Go = 4]

L, (Ls+R-Go)
Self Excited: Go > R

Oscillation frequency: o, =Im(s)=Go/L
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IX. Self-Excited Periodic Motor Speed Reversals

GENERATOR
MOTOR
H— o i L —w oo
4
» I = :_f
fm
L] )] -
9 i L L+
— Vf
< -
v}
l >
Vs
Ify= —
f Rim Rfm ~
A—
bl = Lfm
— Motor
i Rrm Lrm
+
- Rerm+ ng"‘Rrg
T \
Rrg Lrg - Generator
+
_ Ggugi

Cross-connecting a homopolar generator and motor can result in spontaneous periodic speed reversals of the
motar's shaft.

ﬂ_'_(R_Gg(Dg)i_GmmmIf
dt L L
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¥
R-Gyo5) [(R-Gy0,) (G,L) |”
2L a 2L JL
Self-excitation: G, o, >R

Oscillations if s has an imaginary part:

2 2
(Gn 1) | (R—Gg cogj

JL 2L

X. DC Commutator Machines
Quasi-One Dimensional Description

A. Electrical Equations

Field magnetic
axis

ve +0'f

Two-pole, commutator machine.

L Armature
magnetic axis
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Armature
Fielr.‘l axis axis

EN NNl

""""""" :,*| Idealized field flux
: density distribution
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|
|
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Armature flux
I density distribution
>
L/ ) \/
V¥ | commutator

I segments
. A .
Brush -L

Ba

Developed views of two-pole commutator machine showing flux
distributions and armature connections.

_ d = -
gSE- | = ——jB-nda
C dt s
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1. Field Winding

o
-

s+
B CEEE SR ©)

o

(j)E-a=—vf + f LdI=—vf +i: R;
C

winding S

Resistance of field winding

J
(&)

% = [Benda=Lj
S

. di
Ve +ie Ry = - fd_,;
di. .
v, =L, d_tf +i: R,
2. Armature Winding
A 4 A
I ia
QT Va +_ .0
a T .-~ b
S
Illustration of the contour for finding an armature voltage equation.
The contour is completed on the armature, where it follows one of the
two conducting paths joining the brushes in figure on page 16.
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Reminder: f = q(E+Vx§) =qE'
E'=E+vxB

Take Stationary Contour through armature winding

v, =0iR, +La%+Gmif (Gi, =INR(By,),,)
B. Mechanical Equations

F=1,1B =i, : B,f=FA,I=11lIB

T=fR=iIB,RN=Giji,

d’*e .
JF = T = G|f |a
C. Linear Amplifier
1) Open Circuit

Vi =V, i, =0=1i = V,/R,

fr'a

v, =GoV,/R,

2) Resistively Loaded Armature (DC Generator)

v,=-i,R_ =i R, +GoV,/R,
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-GoV,
=1
*"R,(R,+R,)

GoV,R,
V. = ———
@ Rf(Ra+RL)

D. DC Motors

1) Shunt Excitation: v, = v, = v,

vV, =i, R, =i,R, + Goi,

[ -V i =£(Rf_Gm)
' f’ ’ f Ra
2
T_Gufua=G[iJ (R = Go)
Rf Ra

if Ry
—r
—ANW
+
Vi L
_ Electromechanical coupling
< (magnetic field)
ia Ra La
—
AWV
+ +
Va Gish = Gifo
.

Viscous (linear)
damper

Coulomb
damper

ZO 'l;, l Ot

Equivalent circuit of the commutater machine in figure on page 15.
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2) Series: i, =i, =

a

ii (Rf +R, +Go) = v,
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XI. Self-Excited Machines

if R
Ly f
(a) g
Vf
o
It

—_— y

o )

+

Vi

o

If
® T
2 W
Rf
Vf
o
O
+ =
Vit

Methods of self-exciting a dc motor: (a) shunt excitation; (b) series excitation.
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Field magnetic
axis

Field
winding

Gwig

Two-pole commutator machine. (a) Geometry. (b) Equivalent circuit.

Armature
magnetic axis

6.641, Electromagnetic Fields, Forces, and Motion

Prof. Markus Zahn

Lecture 14
Page 22 of 26



@ f
+
Vi L¢
Ra La
NN T
)

+
Vg () Guig

W L¢

+
Va C) Goif

Equivalent circuit models for shunt and series self-excited generators.
(a) Open-circuit shunt. (b) Series with load resistor.
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Configuration for obtaining a.c. power from two identical generators.
(a) Wiring configuration. (b) Equivalent circuit description.
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Rfm

™,
+ Ifm
——AAA—D0000 —
+ +
Vam C) Gm Om lfm
) B e
Rig
™,
Lig
Rag Lag — Generator
— AN —T0000 —
+
C) Ggtigi
rd

Equivalent circuit description to obtain spontaneous electrical and
mechanical oscillations.
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——t—t—t—t+—t+—+—t+—t+—+—+—+t+—+———+ : —>
o« —p
1/2 sec
i2
i
1ﬂﬂma¢
N Al ; —
«——» t
O 2 sec

(a) Two-phase currents obtained from a pair of coupled d.c. machines rotating
at a speed of 1790 rev/min. (b) Alternating current and speed for the coupled
motor-generator combination with If = 0.15 A and generator shaft speed of

1620 rev/min.
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