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6.641, Electromagnetic Fields, Forces, and Motion
Prof. Markus Zahn
Lecture 15: Force Densities, Stress Tensors, and Forces

I. Maxwell Stress Tensor

A. Notation
Fo=Ver, t,=Tgixt T iyt T, iz
F,=Ver, t,=T, ix+ T, iy+ T, iz
F,=vVer, t,=T, +T,iy+T,i
Txx Trxy Xz
T=|T, TL ..
sz sz Tzz

fo=[FdV=[v.rdv=¢ tr, -nda=¢ [T,n, +T,n, +T,n, |da
\ S S

B. EQS Stress Tensor

FopE-L1E.Eve+V|iE-EZ,
f 2 2 op

= v (sE)E- L(E-E)ve e v[1E-EZ)]
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C. MQS Stress Tensor
FeJixB-tH.-Avp+v|ip P AH.H
2 2" op

=(vxﬁ)x(pﬁ)—%ﬁ-ﬁvu+v[%pg—“ﬁ-ﬁj
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T ox 2 0x, ox, ox, (2" op
d d G 1 G o (1
= % (uHH,) - H, - (uH,) - £ < H H, - ZHH, 2 1o

ax].( ) axj(PL ) \26Xi 2T ek, ax 2 ap

\____\f____} YT -~
= 0 (1
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_ 0 o (1 d
F'_(?_Xj( |J)_§[E“HK Kk —P HKHKJ

0 1 0 0
2 |uHH, - =5, I o
oX. {M (] 2 8l_'lHKHK (“‘ p GPIJ} OX. Th

_ 1 0
Tij = HHiHj - EsinKHK {H - P%j

II. Air-Gap Magnetic Machines

configurations in which a force or torque om a rigid "rotor" results
ting with spatially periodic excitations on a rigid

the force or torque can be represented in terms of the
surfaces 51: (a) planar geometry or devel-

Fig. 4.2.1. Typical "air-gap"
from spatially periodic sources interac
"srator." Because of the periodicity,
electric or magnetic stress acting at the air-gap
oped model; (b) planar or cylindrical beam; (c) cylindrical rotor.

Courtesy of MIT Press. Used with permission.
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A. Generalized Description

v (}tatorf D ; # //
p X / /&—) 3} S Fd
d 4+ e e — = S i ———
F T~ X W\— N
Ks = Re[Ks eKZ]iy
Mo
4 ﬁ*sz — K, _ Re[K; ekz]iy
B pE o , g
| — o1 Vv -
i /(rotor)/ !
/=_ ............ P P Depth w

B.C.: Hp(x=A) =K°
Hy (x=0) =-K,

f, =

f =

z

2n/k

<j.>sznxdzdy =w f poH,H,
S 0

2n/k

dz=w [ p,HH.dz
0

&

force on a wavelength

x=0

o(2,t) = Re[A ], bz, ) = Re[5e ]

k 2n/k 3 1 s 3 1 o
5 ! a(z,t)b(z,t)dz = ERe [AB }— ERe [A B}
anu_o o
- EoRe [HZHX }
Zﬂ:Wuo St
o Re [—Ker }
—cothkd  ——— |3
_— sinhkd || %s
0 1 ~
- cothkd || X,
sinh kd
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~ L~ ~s 15 K
A = +jk = —H ==
7 +IKY = % K ik
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LT Tk

~Ss

uoH. = pok | —%— + 4 coth kd]

sinh kd

B _RS Rr
=k | — K othkd
Mo S sinhkd Gk ° ]

~* ~p +Jl"t J( R*IZS K~
Re [—K A }: _Re | HHo r K K coth kd
r XMO [ K {Sinh kd+ r'r }]

=Re [_uojﬁjkz /sinh kd}

— W _ Mo

w Re | K K_| (f h length
i’ < Snhkd e[] . S} (force on each wavelength)

B. Synchronous Interaction

Fig. 4.3.1. Rotor and stator reference
frames z' and z.

Courtesy of MIT Press. Used with permission.
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Ks = K(S) sin |:(1)st - k2:| = Re |:_J K(S)ej(u)st—kz)]
< =K sin[at-k(Z-5)]; z'=z-Ut
=K} sin[(o, +kU)t-k(z-3)]

= Re |:_J KB ej(m,+ku)tejk5:|

= —jKS e

_J |<:;e.'|k5 ej(“’r +kU)t

f,=- % smMTokd Rej(-iKg) e (jKpe?) e |

_ T Ho S|er s -ikS (0 -op-kU)t
=-——02 _K°KiRe | je’e
k sinhkd °° [J }

For time average force = o, = o, + kU (synchronous condition)

Usually o, =0 = o, =kU

fy=_TW_ Mo ksk sinks
() k sinhkd ° °

Table 4,3.1. Basic configurations illustrating classes of electromechanical
interactions and devices. MQS and EQS systems respectively in
left and right columnms.

by
sources impased on f _|l
moving member i d
y : | |‘
' F— generaior=e— motgor —
i I 2m/k ! i 2wk

. currents (potentials) con-
stroined on both windings
{electrodes)

Jd

Courtesy of MIT Press. Used with permission.
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Electrostatic Machine

X . i~ .
A @ = Re[V eTkZ]
d ——
€p
<—2nk—= @' = Re[V, e7kZ]
0 ®O—>
y z +++ ——-
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X sinhkd

Re [J-vsvj}

V, = V; cos (ot - kz)

V. = -V; cos(ot-k(z'-35));z' =z - Ut
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IV. Derivation of the Korteweg-Helmholtz Force Density for Incompressible Media from

the Quasistatic Poynting’s Theorem

A. Poynting’s Theorem

VxE=_@
ot
VxH=J +@
ot
V-5=pf
V.B=0

V+(ExH) =H-(V<E)-E-(VxH)
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B. Power In Quasistatic Electric Circuits

The circuit power into an N terminal network
N .
> .. UL equals the electromagnetic power flow

into the surface surrounding the network,
_qLExﬁ-d?,

Far away from the circuit elements
VxE=0=E=-VO

Vxﬁ=jf :>V'jf =0
Pin=—c£>(E><H)-da
=+i>(V<D><H)-da

=£V~<V<D><H) dv
0

V.(Vq)xﬁ)=ﬁov/(‘vq>)_vq).(VXﬁ)
= —jf.vq>=_v.(jf q))
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= —JV-(Jf (D)dV
= —@ij)'&
s

Jr -da

H_J

_Ik

N
= Z Vi I
k=1

N
=2V

k=1

0

C. Electroquasistatics (EQS)
Ohmic Media: J'=6E'=J -p,v=J =cE+p, Vv

D=¢(x,y,2z)E

=13 s = e v 2)E v e [offf av e fp Eevay
V2 \ \

1 sf/xy, E
iZS(erfZ)%[ o) Jav = jé{ zﬂ)wf/z‘i‘] '

e o 1
_I 2 E[e(x, y,z)] v

6.641, Electromagnetic Fields, Forces, and Motion Lecture 15
Prof. Markus Zahn Page 10 of 17



Theorem: —j dv = j dV+.[V (av)dv
Conservation of mass: a =p mass density

—[pdv=0=[Ldv+[v.(pv)dV

ot

<l
I
o

Incompressible:| -2 = 22 + (V-V)p =0 = Ve

jdv j dV+jv (sv)dv 0

0

%y (ev —)=%+(V.V)g+gv/5=o

SV, = Jat{ (x,Y,2 ‘Ewdv +j ‘E‘ dv + j[pr——‘E‘ Va} -vdv
- v,

H_/

Energy Stored (Wg) Rate Power Force Density
Dissipated Pe
N )

N
Work Rate = Mechanical Power

il

=p.E —%‘ E ‘2 ve (force per unit volume)
nt/m?3
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=jF_dv
\

—p —hi

force (nts)

D. Magnetoquasistatics

H- Sl oy 2)H] = 1(%,y,2) el 06y 2)H]
1 0
TRk, 2)5{5 K (% y’z)‘H‘
7u/(x,y,z) H _
"% o W'l "oy 2)H
—|2
_—ch n(xy,2)H LE—M‘H‘
ot 2 1 7Y, Z
%iud =0=L+(vev)u=0 (V.v=0)
-2 [n(xy,2)A] = 2] 2utoy ) |- 2 e
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o1 o
; Vk Ik = IE{EH(X/ YIZ)‘H‘ :| dV + Pdissipated

\Y

~
Energy density Wy

+IV{IXE_%HZ vu} dv
\

Fu = force density

— _/
~—

Mechanical Power

WM = J.%H(X,Y,Z)‘ﬁ‘z dV’ Pdissipated = IEI.jf dv =IE"jf 'dVv = J.G‘E"z dv
\% v v
-

/)

YT

Total Magnetic Energy

F, = JxB —%Hz Vi force density

V. Compressible Media

A. Electroquasistatics (EQS)

Ohmic media: J'=cE'

Polarization dependent on mass density (p) alone, electrically linear

Jve(ExH)av = §ExH-da=-F 1, = -[E- L [e()E] av

Vv S
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= T ZZhve(pv (Conservation of mass)

=_£V{%2—§‘Er ‘} dV+jpv v{ Hzag} dv
1 ogeip— - — [ T1 1
=—<355§paa—§‘E‘2v-n da+jv { {2 g;‘ ‘ } E‘E‘Zg—svp} dv

SVL = i%{%a(p)\éﬂ dV+lc‘E‘2 dv

5P o ven da

v o E- 3B ve e V[ S0 226 ] av
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o€
a_pr =Ve electric energy
1 _2 —2 o
W, = -[58 p)‘E‘ dV,  Puosed = G‘E‘ dv (power dissipated)
\%
Fe = Pe E- —‘E‘ ve + V{l og ‘E‘ } force density
@pl a‘c"E‘vnda_O because as S — «, |E da—0
Z Vk Ik = % + Pdissipated + J‘EE .V dV
k V
H_J

Mechanical Power

B. Magnetoquasistatics (MQS)

MQS Galilean Transformation: J'=J;, E'=E+vxB

—‘\[[E'—VXB}-deV

= [E"-3 dv =[E"+3 av
v

\"

d|55|pated

Jr+(vxB) = <Jr+(Bxv) = - (JxB)-v
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dt ot
on(p) _oulP)op . o o (p¥)=0
ot op ot ot

—i(jfxﬁ)-v dv

P) gy = —S\Hfz—;‘v-(ﬂ) dv

=_<£%pg_:l‘ﬁ‘2v,ﬁ da+jV-{ E Z_‘P)l‘ w H 8va} dv

6.641, Electromagnetic Fields, Forces, and Motion Lecture 15
Prof. Markus Zahn Page 16 of 17



where

0
8_ng =Vu magnetic energy

1 —
ii )‘H‘ dv, P

dissipated j E
\

Fu = Jr xB ——‘H‘ v + V[ ‘H‘ J force density

1 —2 — —
?Epg—ﬁ‘Hrv-n da=0

oW, = =
; Vk Ik = a_tM + Pdissipated + JFM ev dVv
H_J

Mechanical Power

C. Conclusions

Force densities

EQS: FE=pr——\E\ V8+V[1 GE‘EH

MQS: Fm—JfXB——‘H‘ Vi +v[ “‘Ew
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