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6.641, Electromagnetic Fields, Forces, and Motion
Prof. Markus Zahn
Lecture 17: Transient Waves on Transmission Lines

I. Wave Equation (Loss Less)
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Negative z directed waves: Let B=1t +§ =
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II. Solution for current i(z,t)
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-z Solution: B = t+§, @:1 B_1
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III. Transmission Line Transient Waves
A. Transients on Infinitely Long Transmission Lines

1. Initial Conditions

z>0, t>0 :t+5>0 :>V_(t+£j=0
C c
t-250 if t>2 to allow V+(t—EJ¢O
C C C

With v[na “0= v(zt) =V+(t—%j

i(z,t) =Y0V+(t—§j = - - Z,
2. Traveling Wave Solution with Source Resistance Rq
v(z=0,t) = V(t) =V, (t)

v(z=0,t) = ZOZ+ORS V(t) = V. (t)

i(z=0,t) = YoV, (t) =

+

6.641, Electromagnetic Fields, Forces, and Motion Lecture 17
Prof. Markus Zahn Page 4 of 20



@ ® (0t

+ +
= /L =1 - 1
ClO R -JEc= T vin O Zo
} »Z Gz =)

: 2V,

viz,t) :T;z:T'_"t
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+ + + z
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: >z z=0

0

(a) A semi-infinite transmission line excited by a voltage source at z = 0. (b) To the source, the
transmission line looks like a resistor Z; equal to the characteristic impedance. (c) The spatial distribution

of the voltage v(z,t) at various times for a staircase pulse of V(t). (d} If the valtage source is applied to
the transmission line through a series resistance R the voltage across the line at z = 0 is given by the

voltage divider relation.
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B. Reflections from Resistive Terminations

1. Reflection Coefficient

Zn C

z=|
viz=1t =V, +V_=i{z=1tR =R Yy [V, - V_]
n="Y-=Ff-%

AV, wave incident upon the end of a transmission line with a load resistor R, is reflected as a V_ wave.

at z=Il:v(Lt) =V, (t-lc)+ V_(t+lc)

— ()R,

%N{W@—ﬂ—%ﬁ+Wﬂ

V_(t+l/c) R, - Z,

r = =
LUV (t-le) T RL+Z,

Special Cases

i) R .=Z,=TI_=0 (matched line)

ii) R =0=T, =-1 (short circuited line)

If Rge<Zy,, -1<I_ <0
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iii) R. =0 =TI =+1 (open circuited line)

If R, >Z, , 0<T, <1
2. Step Voltage
At z=0:v(z=0,t) +i(0,t)Rs =V,
V,(2=0,t)+V (z=0,t)+ YR [V, (z=0,t) -V (z=0,t) | =,

ZyV, R,-Z
\Vj = =TV = =00 1 -1 %o
(2=01) =TV (z=0) TZy+R. TR +Z,

" t=0
Vo — Zg. ¢ T =l g Ry
z=10 Zi=:|
= Yo (V, - V.) Re =Yg (Vo V)
o »
+ +
+
Vo t—r Zy Ve + Ve Ve + Ve R,
- o
z=0 zZ=]|
£y Rs - Zg RL- 2y
= 1] - -= Ve
RS + ZO RS + ZO RL+ ZO
L — L — L
Iy I's ry

(a) A dc voltage V is switched onto a resistively loaded transmission line through a source resistance Rg

(b} The equivalent circuits at z = 0 and z = | allow us to calculate the reflected voltage wave amplitudes in
terms of the incident waves.
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a. Matched Line: R =2, I'' =0; Rg =7, Ty, =0

r, =0:V[t+§j=0

V. (z=0,t) = %, In steady state after time T =é

t=0
+ ——
z=10 zZ=1
vzt op 2,8 oy
A A
Uﬂ V., YﬂVD YI:IV+
Z — 2 — .
| » 7 | » 7
ct | ct I

(a) A dc voltage is switched onto a transmission line with load resistance

R_ through a source resistance Rs = Z; matched to the line. (b) Regardless of the
load resistance, half the source voltage propagates down the line towards the
load. If the load is also matched to the line (R = Z;), there are no reflections
and the steady state of v(z, t=T) = Vy/2, i(z, t=T) = YyVy/2 is reached for t=T.
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b. Short circuited line: R, =0, T, = -1,R; =2, T =0
I =-1=V, =-V.. When V, (t—z) and V_ (t+5j overlap
o o
in space, v(zt)=0. For t>2T =2l/c, v(z,t)=0,

i(z,t) = Vy/Zo

@ v(z, t) =V, + V. i(z, ) = Yo(V, - V.)
A A
T<t<2T d=tsel
YoVo |-
<
Vo v, YoVo | — | YoVy
2 [T g 2
«— |
(. .
I-e(t-T) I’z I-c(t-T) 7
V. YoV
Short circuited line, R, = 0, (v(z, t = 2T) = 0, i(z, t=2T) = Y,Vp)
vz, t) =V, + V_ i(z, £) = YoV, - V.)
A A
T<t<2T T<t<2T
Vo |-
Vo bl YoVo b YoVo
2| v, pr 2 YoV |
<V
: i : [
- » | ~z
I-c(t-T) z I-c(t-T)

Open circuited line, Ry ==, (v(2, t = 2T) = V,, i(z, t=22T) = 0)

(c) If the line is short circuited (R_= 0), then I'_ = -1 so that the V, and V. waves cancel for the voltage but add

for the current wherever they overlap in space. Since the source end is matched, no further reflections arise at

z = 0 so the steady state is reached for t 2 2T. (d) If the line is open circuited (R, = =) so that ', = +1, the V. and V_
waves add for the voltage but cancel for the current.

c. Open circuited line: R, =, Il =+1,R, =Z,, I =0
I =+1=V, =+V_

For t>2T =2l/c, v(z,t)=V,, i(zt)=0
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3. Approach to the dc Steady State (neither end matched)

Rs + 24 R +2Z,
z=1: V_(t+lj=r|_v+[t_lj, rl_:M
c c R.+2Z,
at z=1:

V+n =Ty VO +1 Vf(n—l)

Vi) = T Vino
V+n =TIy VO +T I V+(n—1) = V+n - 1—‘LV+(n—1) =T VO

Particular Solution: V. . = constant

+n

ToVo

Constant (1-T,I')=T,V, = Constant = —2—
1-T I,

Homogeneous Solution: V., -T' I\V, 4 =0
Try a solution of the form: V,_ = A"
A(M" -t =0 =TT

FOVO n
= — A, T
i-r.r, ()

+Nn

Initial Condition:

oV,
V., =TV, = %+A(FSFL):>A = -
“istL

rOVO
1-T. T,

I'yV
\V} :&[1_1“1“ ”}
+n 1_F5FL ( sL)
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~(n-1) = rLV+(n—1) =V, =TIV

+n

Vo (1+T, )TV,
Vn :V+n +V—n = V+n (1+FL): 0(1_1-‘LI)ﬁ e [1_(FSFL)n:|
st L

RL n
R i)
RL+Rs 0 ( s L)
. R
n—oo RL+RS
t=0
) o
\':__ e | 3%
_0 : ZU(C.!T=|J’C - lzﬂ
3
viz=1,1t) I N
rz
A 0 |
EXY,
5 Vo
Steady State
Vo
| | | | | }t
T aT 5T 7T aT 11T
n=1 n=2 n=3 n=4 n=>5

The load voltage as a function of time when Rg = 0 and R = 3Z;so that ' = % (solid) and with R = % Zys0

that sl = % (dashed). The dc steady state is the same as if the transmission line were considered a pair of perfectly
conducting wires in a circuit,

Yo (1T, )TV, [1 —(rsly )”}
In :YOI:Vm_V—n]:YO(l_FL)VJrn = 1-T.1
s L

Vo[ 1-(rr )| /(RU+R,)

6.641, Electromagnetic Fields, Forces, and Motion

Lecture 17
Prof. Markus Zahn

Page 11 of 20




a. Special Case: R, =0,R, =37,

R-Z, 2 1 1
e s b
L 0

e

c. Special Case: R, =0, R = (open circuit)
FSFL = _1

o tr Vo1 = Vo (1))

n

0 n even

2V, n odd
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@

viz =1, t)
A
Open circuited line (R, = e, Rg = 0)

2Vo - I
T 3T 5T 7T 9T t
ifz=11)
A ;
Short circuited line (R, =0, Rg = 0) ~4—— Quasi-static inductive
approximation
8Vo/Zy - .
Transmission L7 d

6Vo/Zo L line response ;,

P i t=U
’ I
wat A I,
T

/!/ UD = Zg, T = Ifc
/ ol 1
e -« Depth w
2Vl o - e |
/f
//
#1
!J'
- i | i | 1 | I | L%t
T 3T 5T iT aT

The (a) open circuit voltage and (b} short circuit current at the z = | end of

the transmission line for Rg = 0. No dc steady state is reached because the system
is lossless. If the short circuited transmission line is modeled as an inductor in the
quasi-static limit, a step voltage input results in a linearly increasing current {shown
dashed). The exact transmission line response is the solid staircase waveform.
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d. Special Case: R, =0, R =0 (Short circuit)

Vo n ,
I = [1—(1‘S r) } Indeterminate
R, +Rg
IQ—S—l 2
re —Rs=% _ % _( _EJ _( _&]
Rs +Zg Ris_‘_l Zg Zy
Zy
I, = %~_[1 ﬁ]
L+Zo Zg

Q
o
2
+ <
)
0]
1
|
VR
[EY
|
N
—_
o)
NI_
o'l +
o)
n
S—
3
| I

Approximates Inductor

di Y/
Vg = (L)=— =i="Lt
o = )dt LI
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e. Special Case: R =« (Open Circuit) , R finite

rL=1=V, =V [1-T¢"|

al—

S |—
\\
#
|
|

bt

L 4

Al

The open circuit voltage at z=I for a step voltage applied at t=0 through a source resistance Rg
for various values of T/1, which is the ratio of propagation time T=I/c to quasi-static charging time
T=RcCl. The dashed curve shows the exponential rise obtained by a circuit analysis assuming the
open circuited transmission line is a capacitor.

Approximate transmission line as capacitor being charged though resistor Rg

v(t)= Vo (1-e)
T =RgCl

C. Reflections from Arbitrary Terminations

IL(t) = Yg [Va(t - I/C) - V_(t + 1/c)]

Vi (t) = V. (t - I/c) + V_(t + I/c)
I (t)

+ +

+ +
Zy v(z=l, t) 2V.(t - I/c) () [] V()

A transmission line with an (a) arbitrary load at the z=| end can be analyzed from the equivalent circuit
in (b). Since V, is known, calculation of the load current or voltage yields the reflected wave V_.

Lecture 17
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Eliminate V_ (t +£j =2V, (t —3 =V () +1 (t)Z,

V_(t+éj:VL(t)—V+(t—£j

a. Capacitor C. atz=I, Rg=Z; =V, :%

dv,
d

E>T V() =ve(t), L(t)=C

zocLG:%wC —2V, =V, t>T
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+
v(t) Zy € o]
z=0 z=|
M)
Vo——
B — 8

@ . i(z=I, t)

Mo o (ETHIZC)
VO!"ZD = ZO =T
N Z iy
t
T
+ +
2V velt
w(z=1, ) iy G
(ETHI(Z,0
. [1et™@D] —
0

viz=l, £)

S(ETIZHL
Voe t>T

‘ Zo it
T . " +
2V, L wie)
i(z=1, 1) -
z=I

v o"Zn)[ i e_{‘t—T}ZDﬂ'LL]
=T

VAR,

T

(a) A step voltage is applied to transmission lines loaded at z=| with a capacitor C_ or inductor L. The load voltage and current

are calculated from the (b) resistive-capacitive or (c) resistive-inductive equivalent circuits at z = | to yield exponential waveforms
with respective time constants T = Z;C_ and T = L/Z; as the solutions approach the dc steady state. The waveforms begin after the
initial V; wave arrives at z = | after a time T = I/c. There are no further reflections as the source end is matched.

oy 1 etz

Lecture 17
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o W Vo) Lt
dt  Z,

b. Inductor L, at z=|I

L,_(jj—l't-+iLZO=2V+:Vo t>T

i = ﬁ(1 - e‘(t‘T)Zo/LL) t>T
0

v =L, d—'; — Ve Db s T

IV. Linear Constant Coefficient Difference Equations

A

n
lac00 0OO0O0O0 - - - -]*%
cacbObDOOO0OO0 - - - -
0Ocac O0OO0O0 - - - -
Dl‘l = det IO Ol ? al Cl c? ol o| - B - - n
_l T 1 1 1 1 1 1 | "
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A

n-1 >

ac0O0 00 - - — - - —| 4
cacO0OOO0-- - - - -
0Ocac OO0 - - - - - -
0 O0cacO0-- - - - -
=allllll n-l
_IIII LI | _"
< n-2 >
[a c 00 00 - - - - - -] 4
cacOO0O0-- - - - -
Ocac 00 -- - - - -

Dn = aDn—l - C2 Dn—2

D,-aD,,+c*D,, =0
D, = A\"

A[x” —ant 4 ¢? k”‘z] =
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Let a._ coso
2cC

A= c[cos 0+ [cos2 0-— 1}1/2}

C {cos 0+ [— sin® 6]1/2}

c[cos6 £ jsino ]

Il
(@]
(0]

D, =a’-c* =c? [Alej29 + Aze*jze]
A 4+ pe - @
C
el
oA -
17 2jsineg
a0
27 2jsing
A e 1+ A, e (—) -1
C
D, = oS [l ] ¢"sin[(n+1)6]
: 2jsin® sino

Check: D, = cSN20 _ 5 coso :K(ij =a

sing 2€

. 2
Dzzczﬂzczvcosze—l}:cz 4l 2] _q1|=g2-¢
sin®

6.641, Electromagnetic Fields, Forces, and Motion
Prof. Markus Zahn

Lecture 17
Page 20 of 20




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.5
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo false
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 300
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects true
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /Description <<
    /JPN <FEFF3053306e8a2d5b9a306f300130d330b830cd30b9658766f8306e8868793a304a3088307353705237306b90693057305f00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /FRA <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [300 300]
  /PageSize [612.000 792.000]
>> setpagedevice


