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6.641, Electromagnetic Fields, Forces, and Motion 
Prof. Markus Zahn 

Lecture 18: Waves and Instabilities In Elastic Media 

I. Transverse Motions of Wires Under Tension 

Force per unit length (nt m) 

2 T x  + ∆x − T x∂ ξ ( ) ( )
m x = z z + F∆ ∆x 

∂t2 ∆x ext 

2∂ ξ  ∂Tzm
2 
= + Fext

∂t ∂x 

⎡ξ (x + ∆  x) − ξ  (x) ⎤ 
Tz = T sin  θ ≈  T tan  θ ≈  T ⎢ ⎥ 

⎢ ∆x ⎥⎣ ⎦ 

∂ξ
≈ T 

∂x 

2 2∂ ξ  ∂ ξ  
m = T + F 

∂t2 ∂x2 ext 
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II. Transverse Motions of Membranes 
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2∂ ξ  ⎡ ∂ξ ⎛ ∆y ⎞ ∂ξ ⎛ ∆y ⎞⎤σ ∆ ∆  x y = S ∆x  x, y  + , t  − x, y  − , tm 
∂t2 ⎢

⎣∂y ⎜⎝ 2 ⎟
⎠ ∂y ⎜⎝ 2 ⎟

⎠
⎥
⎦ 

membrane mass per 
unit area (kg m2 ) 

⎡ ∂ξ ⎛ ∆x ⎞ ∂ξ ⎛ ∆x ⎞⎤+ ∆y ⎢ ⎜x + , y, t  ⎟ − ⎜x − ⎟⎥S ,y, t  
⎣∂x ⎝ 2 ⎠ ∂x ⎝ 2 ⎠⎦ 

  membrane tension(newtons/m) 

+T ∆ ∆  x yz

external force per unit area (newtons/m2) 

2 ⎛ 2 2 ⎞∂ ξ  ∂ ξ ∂ ξ  
σm = S ⎜ + ⎟ + Tz

∂t2 
⎝
⎜ ∂x2 ∂y2 

⎠
⎟ 
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III. Non-Dispersive Waves on a String (Fext = 0) 

A. Dispersion Equation 

m 
∂2ξ T ∂2ξ 

= 
∂t2 m ∂x2 

Tv = s m 

2 2∂ ξ
= v2 ∂ ξ  

(wave equation)
∂t2 s 

∂x2 

j t kx  ξ = Re ⎡⎢ξ
� e (ω −  ) ⎤

⎥⎣ ⎦ 

2 � 2 2 � 2 2 2−ω ξ = − k vs ξ ⇒ ω = k vs ⇒ ω = ± k v  s 
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B. Driven and Transient Responses 

( l, t ) d d ( j d )ξ −  = ξ  sin ω t = Re − ξ  ejωdt 

ωdk = ± 

vs


⎡⎛ −
jωd x + j

ωd x ⎞ ⎤ 
ξ (  )  x, t = Re ⎢

⎢
⎜
⎜
ξ� 1 e vs + ξ  � 

2 e vs ⎟
⎟
ejωdt ⎥

⎥ 
⎢⎣⎝ ⎠ ⎦⎥ 

� � j tω � �⎡ ξ  + ξ  )e d ⎤ 
1ξ (  )  0, t = 0 = Re ⎢⎣( 1 2 ⎥⎦

⇒ ξ  = − ξ  2 

jω l 
−

jωd l ⎛ jω l ⎞d d 

� � vs � vs � ⎜ vs − ωj d l / v  s ⎟ξ −  = − ξ  = ξ  2 e − e( l, t ) j d 1 e + ξ  e = ξ1 ⎜ ⎟ 
⎝ ⎠ 

ω l 
= 2 jξ� 1 sin  d 

vs 

− ξd = 2j  sin  
ω 

v
d l � 

1 
� 
1 

ξd 

ω l
j ξ ⇒ ξ  = − 


s 2 sin  d


vs


⎛ − ωj x  ωd ⎞j x  
ωdx ⎞

ξ� ( ) = −  
ξd 

ωd l 
⎜
⎜
e vs

d 

− e s ⎟
⎟
= 

+ξd ⎜
⎛
+x v 2 jsin ⎟ 

2sin ⎝ ⎠ 2 sin 
ωd l ⎝ vs ⎠ 

vs vs 

jsin 
ωdx 

ξdvs= 
ωd l 

sin 
vs 
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⎡ ω x ⎤ ω x 
⎢ sin d 

⎥ ξd sin d 

ξ x, t = Re ⎡ξ x e j t  ⎤ = Re ⎢j ξ e t ⎥ = − sin ω t 

⎢ sin ⎥ sin 
⎣ vs ⎦ vs 

( ) ⎣ 
� ( )  ωd 

⎦ ⎢ ω 
v

d

s

l d 
jωd 

⎥ ωd

v
l
s 

d 

ωd l
Resonance: sin = 0


vs


ωd l 
= nπ  , n=1, 2, 3, …. 

vs 
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IV. Cut-off or Evanescent Waves 

2 2∂ ξ  ∂ ξ  
m = T + F 

∂ 2t 
ext

∂ 2x 

ext F = ( I )× iB zi = - xI i  
N 

⎛ 
⎜ ∂ 

× ⎜ 
⎜ ∂ 
⎝ 

y 

b 

B 

z 

⎞ 
⎟

ξ ⎟ 
⎟
⎠ 

yi i iz 

= −Ib ξ 

m 
2 

2t 

∂ ξ  

∂ 
= 

T 
m 

2 

2x 

∂ ξ  

∂ 
−

I 
m 
ξb 

∂ ξ  

∂ 

2 

2t 
= 2 

sv 
∂ ξ  

∂ 

2 

2x 
− ω  ξ  2 

c ; 2 
sv = 

T 
, 

m 
ω 2 

c = 
Ib 
m 

ξ =  ⎡ξ⎢⎣ 
�Re ( )ω −  ⎤

⎥⎦ 
j t  kx  e 
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2 2 2 2+ω = + k vs + ωc ⇒ k = ± ω − ω2 2 
c s/  v  

( )  0, t = 0, ( )  l, t = ξ sin ωdtξ ξ − d 

k = ± k , ω > ω  ( k = r d c r 

k = ± j ω < ωc (k ,  di ki 

ω > ω  d c

sin xkrξ =  − ξd sin ωdt sin k lr 

ω < ωd c 

sinh xkiξ = − ξ  d l 
sin ωdt sinh ki 

)ω  − ω2 2 
d c s/  v  

)=  ω  − ω2 2 
c d s/  v  
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2 2 2 2ω − ω  ⎛nπ ⎞ ⎡ ⎛nπ ⎞ ⎤ 
= π ⇒  =  ⇒ ω = ⎢ω  +  v ⎥resonance ( rk l  n  ) 

vs
2 

c 
⎜
⎝ l ⎟⎠ ⎢⎣ 

c
2 

⎜
⎝ l ⎟⎠ 

s
2 

⎥⎦ 

1 
2 
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V. Absolute or Non convective Instability 
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Fext = + Ib  ξ 

2 2 

m 
∂ ξ  T ∂ ξ  Ibξ 

= +

∂t2 m ∂x2 m


2 2∂ ξ  ∂ ξ  T Ib 
= v 2 + ω  2 , v 2 = , ω 2 = 

∂t2 s 
∂x2 c s m c m 

j t kx  ξ = Re ⎡⎢⎣
ξ� e (ω −  ) ⎤

⎥⎦ 

2 2 2 2 2 2 2 2−ω = − k v  + ω ⇒ ω = k v  − ω s c s c 

ξ −l, t) ξTake undriven spring= ( = 0, (0, t) = 0 

j tξ =  Re ⎡ξ� ( )x e ω ⎤
⎣ ⎦ 

ξ� ( ) = ξ  1 e− jkx + ξ  2 
+ jkxx e 

2 2 
c 

s 

K 
v 

ω + ω  
= 
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ξ� (x = 0) = 0 = ξ1 + ξ  2 

� jkl − jkl jkl − jkl ξ (x = −l) = 0 = ξ e + ξ  e = ξ (e − e )1 2 1 

= 2 jξ1 sinkl  

nπ 
= 

l 

nπ
ω =2 ⎛  ⎞  

⎜  ⎟
nπ 2 

− ωc
2,   if ⎛  ⎞

⎜  ⎟ < ω  ωc, = ± j ωil⎝ ⎠l ⎝ ⎠  

ωi tNegative imaginary roots are absolutely unstable: ∼ e 

k l  
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VI. Electric Field Levitation of Membrane 

2 2∂ ξ  ∂ ξ  eσ = S − σ  + Tm 2 2 mg  z
∂t ∂x


−V

E = i 

d − ξ  z 

2 

Tz
e = (Tzj  

a − Tzj  
b ) nj = Tzz  

a = 
1 εo Ez

2 = 
1 εo 

⎛
⎜ 

V 
− ξ

⎞
⎟2 2 ⎝d ⎠ 

⎛ ⎞
2 

1 ε0 V
2 ⎜ 1 ⎟ 

= ⎜2 ξ ⎟2 d ⎜
⎝ 
1 − ( d )

⎟

⎠ 

≈
1 εo V

2 

(1 2+ 
2 d2 

2 2 ε V2 ε V2∂ ξ  ∂ ξ  1 o oσ = S − σ  +  + ξ
m 
∂t2 ∂x2 mg  2 d2 d3


Equilibrium: ξ = 0 ⇒ σmg = 
2
1 εo

d2

V2 

)ξ 
d 
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2 2 2∂ ξ  S ∂ ξ  εo V
Perturbations : σ = + ξm 2 2 3∂t σm ∂x d σm 

2 S εoV
2 

2vs = ,
3 

= ωcσm d σm 

ξ = Re ⎡⎢⎣
ξ� ej t kx  (ω −  ) ⎤

⎥⎦ 

2 2 2−ω = − k v  + ω 2 
s c 

0, t ξ −  ) nπ
ξ ( )  = ( l, t = 0 ⇒ k = 

l 

2 ⎛nπ ⎞
2

2ω = ⎜ vs ⎟ − ω  c

⎝ l ⎠


2 εo V
2 ⎛nπ ⎞

2 εo V
2 εo V

2 ⎛nπ ⎞
2 

Stable if: ω =  <  v ⇒ = <c 3 ⎜ l s ⎟ 3 2 3 ⎜ l ⎟σmd ⎝ ⎠ σmd vs d s  ⎝ ⎠ 

=First Unstable mode: n 1

ε V2 π 2 
o	 ⎛ ⎞ 
< ⎜ ⎟ 
3 ld S  ⎝ ⎠����	���
 

π 2
⎛ ⎞  

2 ⎜ ⎟ Sd
2σ g π	 lm ⎛ ⎞ 	 ⎝ ⎠< ⎜ ⎟ ⇒ σ  m < 
dS ⎝ ⎠l	 2g 
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