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6.641, Electromagnetic Fields, Forces, and Motion 
Prof. Markus Zahn 

Lecture 19: Waves and Instabilities in the Presence of Motion 

I. Galilean Transformation 

' ξ = ξ  

x = x' + Ut  ' 
∂ ξ (x, t ) ∂ ξ ∂t ∂ ξ ∂  x 

z = z' ⇒ = + 
' '∂t ∂t ∂Nt ∂x ∂Nt' 

t = t' 1 U 

∂ξ ∂ξ ∂ξ 
= + U 

∂t' ∂t ∂x 

2 2 2 2∂ ξ  ∂ ∂ξ  ∂ ⎤ ∂ ∂ ∂ξ ⎤ ∂ ξ  ∂ ξ  2 ∂ ξ⎡ ξ ⎡ ξ 
= ⎢ + U ⎥ + U ⎢ + U ⎥ = 

2 
+ 2U  + U

2∂t'2 ∂t ⎣ ∂t ∂x ⎦ ∂x ⎣ ∂t ∂x ⎦ ∂t ∂ ∂  x t ∂x 

⎛ ∂ ∂ ⎞
2 

= ⎜ +U ⎟ ξ 
⎝ ∂t ∂x ⎠ 
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∂ξ (x, t )
=
∂ξ ∂x 

+
∂ξ ∂t 

∂x' ∂x ∂N	x' ∂t ∂Nx
' 

1 0 

2 2∂ξ ∂ξ ∂ ξ ∂ ξ 
= ⇒ = 

∂x' ∂x ∂x'2  ∂x2 

2 ' 2 ' ∂ ξ  ∂ ξ  ' m = T + F 
∂t'2 ∂x'2 ext 

2 2⎛ ∂ ∂ ⎞ ∂ ξ  
m ⎜ + U	 ⎟ ξ = T

2 
+ Fext

⎝ ∂t ∂x ⎠ ∂x 

II. Fast and Slow Non Dispersive waves  (Fext = 0) 

j t kx  ξ (x, t ) = Re ⎡⎢⎣
ξ� e (ω −  ) ⎤

⎥⎦ 

2 2⎛ ∂ ∂ ⎞ 2 ∂ ξ  2
⎜ + U ⎟	 ξ =  vs ; vs = 
⎝ ∂t ∂x ⎠ ∂x2 

( kU)2 = +  k2 vs
2+ ω −  

ω = k U( ± vs ) 

ω (U v∓ s )k = 
± s vsU v  (U ∓ ) 

ω(U v∓ s )= 
U2 − v 2 

s 

= η ± γ  

ωU ωv
η =  , γ = s 

U2 − v 2 U2 − v 2 
s s 

T 
m 
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Supersonic Boundary Conditions (U > vs ) : ξ (0, t  ) = 0 

∂ξ (  )  0, t  = ∆0 cos ωdt ∂	x 

( )  ⎢⎣ 
j (ω −ηx) γ ⎥⎦

ξ x, t = Re ⎡A e dt sin x ⎤ 

=
∆0 cos (ω  −t ηx) γsin x 
γ d 
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III. Evanescence and Oscillation with Convection  

(ω − kU)2 = k2 vs
2 + ω  c

2 

2 2 2 2 2 2ω − 2kU ω +  k U = k v + ω  s c 

2 2  2  2 2( − ) − 2kUω + ω − ω  =k U v  0s c 

2 2 2  2 2 2 2U ω − (U − v ) ω − ω  )ω ±  4 U  4 (s c 
k = 

2 2 2(U − v )s 

= η ± γ  

2 2  2 2 2ω v + (U − vs ) ωωU s c 
η =  

2 2
, γ =  

2 2U v  s U− ( − vs ) 

If U > vs , γ real   (Propagation without decay) 

U < vs , γ can be imaginary 
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IV. Convective Instability or Wave Amplification 

(ω − kU)2 = k2 vs
2 − ω  c

2 

ω =  kU  ± k2 vs
2 − ω  c

2 

2 2 2 2 2 2ω ± ω  U U − (U − v ) (ω  + ω  c )s 
k = 

U2 − vs
2 

k = η ±  γj 

ωU (U2 − v 2 ) ωc
2 − ω  2v 2 

s s 
η =  , γ =  

U2 − vs
2 U2 − vs

2 

2 2(U − v )
k complex  (γ real  ) if  ω2 < 

2

s 
ωc

2 

vs 
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