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6.641, Electromagnetic Fields, Forces, and Motion
Prof. Markus Zahn
Lecture 7: Polarization and Conduction

I. Experimental Observation

A. Fixed Voltage - Switch Closed (v = V,)

77/ RN

>
X

As an insulating material enters a free-space capacitor at constant voltage
more charge flows onto the electrodes; i.e. as x increases, i increases.

B. Fixed Charge - Switch open (i=0)
As an insulating material enters a free space capacitor at constant charge,

the voltage decreases; i.e. as x increases, v decreases.

II. Dipole Model of Polarization

A. Polarization Vector P =Np =Nqd (p = qd dipole moment)
N dipoles/Volume (P is dipole density) ‘LT +q
-q
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Mo field

Electric field E

g

PCIN s
4 ™ Lr===J : +q :

r A E . F = gE
{ @ y I @ \ —le q
1 % J
\ ’
b / TN d  Torque =dx gE
o _‘_f =pxE
' -c—-——Gj-q
F=—gE
p=gd
Electronic polarization Orientation and ionic polarization
(a} (b}

Figure 3-1 An electric dipole consists of two charges of Fquai n;mg:_mude_ but opposite
sign, separated by a small vector distance d. (a) Elt_:ctrun_lc Rnlanzaqun arises when'the
average motion of the electron cloud about its nucleus is slightly d:splat..:ed. &) C?r:en-
tation polarization arises when an asymmetric polar molecule tends to line up with an
applied electric field. If the spacing d also changes, the molecule has ionic polarization.

Courtesy of Krieger Publishing. Used with permission.

Slirfaca S d-da > 0 Positive charge leaves
v
d-da < 0 Positive charge enters
v
Volume V
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Qinsidev = _CﬁqNa' a= Ipp dv
S

paired charge or
equivalently
polarization
charge density

Queiev = ~$P+da = —fV -PdV = fpp dv (Divergence Theorem)
\ Vv

S

B. Gauss’ Law

V.<8°E):ptotal =p, *+Pp =Py _V.P

unpaired charge
density; also
called free charge
density
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v.D=p, = §b-da=[p,dV = n:[B.-D:]- o,
S \%

VeP=p, = §Peda=-[pdV =[PP - o,
S \%

V-(So E): Pyt P = CﬁSOE-E: I(pu +pp)dV = 5-80 |:Ea —Eb:| = o, + O,
\

S

D. Polarization Current Density

[Amount of Charge passing through

AQ =qNdV =qNd.da=P-da
surface area element da]
di, = % = % da [Current passing through surface
area element da]
=1J,.da
polarization current density
= oP
J, = —
Pt

Ampere’s law:

o

VXH:ju +jp+80
ot

= P oE
=+—+¢, —
ot ot
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III. Equipotential Sphere in a Uniform Electric Field

i
T E = Egi; = Eg[ir cosh - issing]

lim® (r,0) = -E,r cos 0 [® =-E,z=-E,rcos0]

®(r=R,0)=0

R3
®(r,0)=-E, {r - r—z} cos 0

This solution is composed of the superposition of a uniform electric field
plus the field due to a point electric dipole at the center of the sphere:

p cos® ; _ 3
D yore = P with p = 4ne E R

This dipole is due to the surface charge distribution on the sphere.

3
= gk, {1 + ZE
r

:|COS@

r=R

= 3¢g,E, cosH
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IV. Artificial Dielectric

E=Y, 6,=¢E=2Y
d d
€A
=c A="——vV
q= o, d
c_-a_¢A
v d

T 2Rj"+: LA L L ._: Figure 6.6.1 (a) Plane parallel
d ® ® & @ & ® 0 ypacitor with region between
l ® o050 0 00 electrodes occupied by a dielectric.
(b) Artificial dielectric composed of
— _ J cubic array of perfectly conducting

spheres having radius R and spacing

(b) s.

Courtesy of Hermann A. Haus and James R. Melcher. Used with permission.

For spherical array of non-interacting spheres (s >> R)

P=4ng R*E i.=P, =Np, =4rg, R°E N

N=%3

_ R3 _ _ R3

P=¢|4n|—]| |E= ¢ E =4 —
0[ n[sj:l WE 0 {We E(SJJ

H_J

vy, (electric susceptibility)

o

D=¢g E+P=¢[l+y, ]JE=¢E

g, (relative dielectric constant)

R 3
e=¢ ¢, =so[1+we]=so{1+4n[gj ]
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V. Demonstration: Artificial Dielectric

Figure 6.6.2 From the microscopic
point of view, the increase in
capacitance results because the

7 dipoles adjacent to the electrode

‘ induce image charges on the

T
o
b |
-

electrode in addition to those from
{7 | the unpaired charges on the opposite
H—n—fL\/—M{ electrode.
/‘ balanced
m | 5 amplifier
‘_,.—"

° amp

05cC,

step-up

Figure 6.6.3 Demonstration in which change in capacitance is used to measure the
equivalent dielectric constant of an artificial dielectric.

Courtesy of Hermann A. Haus and James R. Melcher. Used with permission.
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s Figure 6.6.4 Balanced amplifiers

- C, of oscilloscope, balancing

CN \/ o, capacitors, and demonstration

capacitor shown in Figure 6.6.4

C, comprise the elements in the bridge
. circuit. The driving voltage comes

from the transformer, while v, is

the oscilloscope voltage.

Courtesy of Hermann A. Haus and James R. Melcher. Used with permission.

£=¥ o, =cE=EY
q: SA=—V:>C:ﬂ=ﬁ
v d
Al = © AC V| = 22
RS
(e-g,)A (RYA
A = =4 — —_
C d TE, R

R=1.87 cm, s=8 cm, A= (0.4)> m?, d=0.15m

o =2n(250 Hz), Rs=100 kQ, V=566 volts peak
AC=1.5 pf

Vo = 0 ACR_|V|

=(2n) (250) (1.5 x 10*?) (10°) 566 = 0.135 volts  peak
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VI.

Plasma Conduction Model (Classical)

V. = - Vp

m =qE-myv.yv - =
+dt q+ +V++ n+
V. - - Vp

m —=-qE-mvyv —-—
T dt q- T n

p,=nkT, p_ =nkT

k=1.38 x 10" joules/°K Boltzmann Constant

London Model of Superconductivity [T - 0,v, — 0]

dv. - dv- -
m =q.,E m_ ——=-q.E
I - dt 9
l=q,nv, , l=-qnv
4. d - dv. a.E) qz2n -
2 &fanv)man Grean B aln g
+ . +
o, €
4l d . dv (-a.E) q2n -
Gt g v)=can Ge=an o= E
2
®,_ €
q2n q2n
co,f = = mi = = (o, = plasma frequency)
+ m, € - m_¢

For electrons: q.=1.6 x 10™*° Coulombs, m.=9.1 x 10™* kg

n.=10/m®, ¢ = ¢, ~ 8.854x107*? farads/m

2
®, = [*—1= ~5.6x10" rad/s
- m_¢g

()]
-2

f, = -2~ 9x10" Hz
T

6.641, Electromagnetic Fields, Forces, and Motion
Prof. Markus Zahn

Lecture 7
Page 9 of 27



B. Drift-Diffusion Conduction [Neglect inertia]

0
_+ V(in kT — —
m+%\z=q+E—m+v+V+— ( - ):>V+= q+ E - kT Vrh
t n+ m+v+ m+V+n+
0
v/ - — v(n kT — a -
midv - qE-mvyv - (n ):V _ 9 g kT oo
t n m v m v n
p— p— 2 pa—
Jo=q,n, v = 9., E qkT vn,
m+v+ m+v+
p— p— 2 pa—
J=-qn v = 9N E + qkT vn_
m7V7 m7V
p+ = q+ n+ ! p_ = —CI, n
J.=p,n E-D,Vp,
J =—p pE-DVp
b= ' D, = kT
m,v, m, v,
e / D= kT
mv_ m v
charge mobilities Molecular
Diffusion

Coefficients

D. _D _kT _ thermal voltage (25 mV @ T~300°K)
M, H_ q
-

Einstein’s Relation
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C. Drift-Diffusion Conduction Equilibrium (1 =] = o)

J.=0=p p E-DVp =—p p VO-D Vp

J=0=-p pu E-DVp_=p_ pu VO -D_Vp_

Vo = D Vp, = _kTV(|np+)
p.Ky q
VO = va, = k_TV(|np7)
p_H_ q
p.=p e—q(b/kT
Boltzmann Distributions
p.=—p e+q(b/kT
p,(@=0)=—p (®=0)=p, [Potential is zero when system is charge neutral]

V) = P = _—(p+ * pf) = ﬁl:e—qcb/kT — e*qd’/kT] = Zﬁsinhﬂ
€ € € € KT
(Poisson-Boltzmann Equation)

Small Potential Approximation: % <<1

gnh@zﬂ
kT kT
VZQ_M(D:O
ekT

V2o _L(iz =0; L,= /;’:2 Debye Length
d o
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D. Case Studies

1. Planar Sheet

D(x=0) = Vg

Y

do_o
dx* LS

=0 = ®=Ae'" 1A e

Ve x>0
B.C. (D(X — ioo) =0
= ®(x) =
CD(X = 0) = V0 Vo e+X/Ld x<0
LO()
Vo
Voe" /Ly Vee /Ly

L 4
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If charge density gradients small, then vp, negligible = p,

ﬁe’”Ld x>0
Ld
__do _
X dx
iex/Ld x<0
Ld
—%e'xﬂd x>0
I‘d
—_ SdEX j—
P dx
—%e”“d x <0
I‘d
o, (x=0)=¢[E, (x=0,)-E, (x=0)]= Ziv"
d
Point Charge (Debye Shielding)
D
VP - — = 2
2 d ro
Ld = F(I‘(D)—E= 0

0

1 ofem S 2
2

()= 2 e/t

4rer

IJ=3 +1 =(p,m,—p n)E=p,(n, +n )E=oE

j=

o = ohmic conductivity

cE (Ohm’s Law)
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F. pn Junction Diode

P=MNg - 1 n=Np
n =n_|2 - + = n_lz
Nﬂ. - + ND
f f f > X
-Xp 0 +XN
X
A PO N
=Xp » X
Xn
-qNa QNpXn = qNaxp
(Charge neutrality)
Ex
=X T X
£ = +aNo(x-xo)
E
£y = “NAX )
E
_ gNp(x-xq)? +dy
Sin T
—— > x
'XP xn
2 MaM
(hP - %A(X'FXP} +Pp d‘l‘l = ¢'F — kTT |n[#
2 1
Dp
= =y, a0 kT
D = Na =nje /KT n NDkTﬂue :
LN —D
_ kT Na ®n= —g-INn;
q M
1/2
(E_E) Np (Pn-Dp) (E_E)(& }('5I:'n"'1:'r:n:|I
o (Na+Ng) e (Na+Ng)

1/2
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2¢g 2¢g
2
= ANo X, (X, + X ):—qNDX” 1+ Mo
2¢ P 2¢ N,
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VII. Relationship Between Resistance and Capacitance In Uniform Media Described
by c¢ando.

Perfectly conducting
electrode
£0c o /

) =)
pa (S 7 &
Mathematical

ks
charge qy }x T - line L
i
+ W

Mathematical
surface S

§5.3@ & §E-da
c=%_5  _ _5
v J'E. s on s
L L
E._ ._
s s _ I s

[E-ds ¢ $E-da
RC=_L__ L &
c qSE- a @E .ds c
S L
Check:
. | €A
Parallel Plate Electrodes: R=—, C=2_=RC=¢
c A I o
_..—-———--.._‘_‘_:‘- _ _ _ _ _ _
U E,z |
4 L . N S
! f Qu
Area A
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Coaxial

+
i v
Depth |
In b
R =2 /a|, C=2Lb8|:>RC_A
nG In A
Concentric Spherical
11
R, R 4ne
R=_— 2 =% RC = €
L, C T 1 - C 4
Rl RZ
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VIII. Change Relaxation in Uniform Conductors

Figure 7.7.1 Within a material having
uniform conductivity and permittivity,
initially there is a uniform charge density
pu in a spherical region, having radius

a. In the surrounding region the charge
density is given to be initially zero and
found to be always zero. Within the
spherical region, the charge density is found
o to decay exponentially while retaining its
uniform distribution.

Courtesy of Hermann A. Haus and James R. Melcher. Used with permission.

Figure 7.7.2 The region between
plane parallel electrodes is filled by
a semi-insulating liquid. With the
T E 0o e application of a constant potential
: (6 G- 0 L difference, a metal particle resting
' I'O T on the lower plate makes upward
— - excursions into the fluid. [See

| footnote 1.]

Courtesy of Hermann A. Haus and James R. Melcher. Used with permission.
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Mathematical
Surface S

Lo
i Eﬁ\\

+
o o
+
\+++/
N /
e,

I 44 C A~ qu__d
c_f]- a=c<i>E- a=08 _d_tq

9,30 g-at-0pet (-5

Partially Uniformly Charged Sphere

o =poe T r=¢fo
E, ;e_uf

| dmeR,? _0

4‘ITEUR22

— 29 1r

=0 41reR22
| | > r

R] Rz

Figure 3-21 An initial volume charge distribution within an Ohmic conductor decays
exponentially towards zero with relaxation time 7 =¢/o and appears as a surface
charge at an interface of discontinuity. Initially uncharged regions are always un-
charged with the charge transported through by the current.

Courtesy of Krieger Publishing. Used with permission.
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Po r<R

4
pu(tzo)z QT=§TER13PO
0 r>R,
po (t)= [ poe¥e r<R, (t. = €/0)
0 r>R,
~t/1e ~t/te
ppre * _Qre 5 0<r<R,
3¢ 4neR,
E (rt)=
eft/te
31—57 R1<r<R2
Q
_— R
drg,r? ro
o, (r=R,)=¢E (r=R, )-¢ E (r=R,)
— Q —t/1e
_4nR22(1_et )

X. Self-Excited Water Dynamos

A. DC High Voltage Generation (Self-Excited)

Pipette

! E
E/\ /\
+ +

£

~
Q—0-
4 N

respective rings.

+O Ring
+

Q i n drops/sec

As the drops form near the rings, image charges are induced on the surface of the
water. When the drops are completely formed (and insulated from one another) they
carry a net charge, the sign of which is determined by the sign of the charge on the

6.641, Electromagnetic Fields, Forces, and Motion
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*
n drops/sec_ ® n drops/ sec

. o A Y.

' P
]
¢ o ~ s

T )

TC) ==C o, 1‘ L 0

—nC ;v —nC; v,

From Electromagnetic Field Theory: A Problem Solving Approach, by Markus Zahn, 1987. Used with permission.

Water drops fall into the cans through cross-connected wire loops. A potential

difference of more than 20 kV b cans is sp ly generated by the
motion of the drops. For optimum operation the drops should form nearer to the
rings than shown. This is accomplished by increasing the flow rate.

Courtesy of Herbert Woodson and James Melcher. Used with permission. Woodson, Herbert H., and James R. Melcher.
Electromechanical Dynamics, Part 2: Fields, Forces, and Maotion. Malabar, FL: Kreiger Publishing Company, 1968. ISBN: 9780894644597.
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—nCiv1=Cdd% v, =V, e -nCV, =CsV,
= =
—nCivz—C% v2=\72eSt —nCi\A/2=Cs\A/1
nG 1|9,
Cs
=0
nC
1 — |\
Cs | LV2
Det =0
2
nC, nC
ng =1:>s=_£ @ root blows up
Cs C
NGy
eC

Any perturbation grows exponentially with time

B. AC High Voltage Self - Excited Generation

- + -
C C c
Cf [ :I.: CT) (%] — CT) L% i_
—nC v -nC; vy ~nC;v] r
=
dv S
-nCv, = d_t2 ; v, =V, e*
dv S .
—nCivz—Cd—t3 v, =V, e"
dv S
-nC,v, =C dtl v, =V, e*
nC Cs 0]V
0 nC Cs||V, =0
|Cs 0 nC ||V,
G J T
Y~
det =0

From Electromagnetic Field Theory: A Problem Solving Approach, by Markus Zahn, 1987. Used with permission.
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Im 1+3;
2

| Re
UD

4

1-3j
2

(NG +(Csf =0=s= [”chj(-n%

s, = nC,/C (exponentially decaying solution)

1++/3j

1 U3 _ 1
( ) 4 2

Sy3=—— [1 J_r\/§j] (blows up exponentially because s, >0 ; but also

oscillates at frequency Simag # 0)

XI. Conservation of Charge Boundary Condition

Vel +6p“ =0
at
= =— d
(i‘)Ju-da+a£pudV=0
ﬁ.[ia—ib

+ic =0
dt

su

 I—
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XII. Maxwell’s Capacitor

Area A v
N [ i ]
v(t) E'I o o /] et X =0
bI € op T E(®
. [ ]
it)

at
e, ()="" e 12
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B. Step Voltage: v (t)= Vv u(t) v(t)
v
t
dv .
Then gt V §(t) (an impulse)
At t=0
ga\dE, ¢ dv g
—— i=2_— =2 V3 (t
[ b J dt bdt b ( )
Integrate from t=0. to t=0.
t=0 t=0 0.
+ E + +
[ (aa+ﬁjd adt—[ . Ean = [ % vs(t)dt =2 v
0. b ) dt b -0 o D b
E.(t=0)=0
e, + 22 E (t=0,)=2VoE (t=0)= 2V
@ @ * @ * e,b+eg a
Fort >0, V-9
dt
g,a\dE c,a oy
2 | e 2 E (t)= v
[Sa+bjdt+(ca+b . (1) 5
E, (t) = o, V P gb+ega
ob+o,a o.b+o,a
o, V g,V € c
E,(t=0)=—2° = —b =V b b
: ) o,b+o,a gb+ga L,ab +ga ob+ cba}
o, V g V
E (t) = b 1 ~t/t b ~t/t
() cab+cba( )+sab+sbae
\ a
E (t)=—-E,(t)=
b( ) b a( )b
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1l
m
o
—~~
([
SN—
7\
m
o
+
™
O‘O’
)
Ne—
[
m
o
o<

C. Sinusoidal Steady State: v (t) = Re[\? ej«»t}
E,(t)=Re [Ea ej““J
E, (t) =Re |:Eb ej“t]
Conservation of Charge Interfacial Boundary Condition

o, E, (t) -0, E, (t) + %[851 E,(t)-&E, (t)] =0

Ea[ca +ija]—|§b[0b +jm8b]= 0

E.b+E,a=V
Eb=!_Eaa
b b

~ A

E,[o, +jmaa]—{%— E;)a][csb +jwe, =0

Ea[ca +jog, +§(cb +j(08b):l=%[cb +jog, |=0

E. Eo v

jog, +0, jog,+o, [b(c, +jog,)+a(c, +jos,)]

GOsu = gaEa - SbEb

(g,0, - €,0,)V
[b(c, +joe,)+a(c, +jog,)]
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D. Equivalent Circuit (Electrode Area A)

I= (c. +ija)EaA = (o +jm8b)|§bA

_ Vv
R R,

a

R,C,jo+1 R,C,jo+l

R, = a , R, = b
c, A o, A
Ca=gaA, Cb=8bA
a b

v(t)
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