Theory of Parallel Hardware April 26, 2004

M assachusetts I nstitute of Technology 6.896
Charles Leiserson, Michael Bender, Bradley Kuszmaul Handout 17
Solution Set 8
Due: In class on Wednesday, April 14. Starred problems are optional.

Problem 7-1.

(@) Draw an electrical schematic (transistor-level circuit) for a 2-input NOR gate.

Solution: To draw an electrical schematic for a 2-input NOR gate:
IfAorBisl— XisO
IfAandB are0— Xis1

ANORB | X
0 0 1
0 1 0
1 0 0
1 1 0

Figure1: Truth table for NOR gate
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Figure 2: Electric schematic for NOR gate

(b) Draw aCMOS layout of a 2-input NOR gate.

Solution:
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Figure 3: CMOS layout for NOR gate

(c) Draw an electrical schematic for a gate that computes FF = (A + B+ C) - D.

Solution: SeeFigure 4.

Problem 7-2. * Consider a bounded-degree routing network with n inputs and n. outputs, where each input contains
1 packet. Show that if each of the n packets chooses an output destination randomly and independently, then the
congestionis Q(lgn/lglgn).

Solution: We will show that with very high probability there exists a destination to which Q(lgn/1glgn) packets
want to go. Since there are only O(1) edges going into that destination, the congestion on at least one has to be
Q(lgn/lglgn). Since this happens whp, the expected congestion is also Q(Ig n/ 1glgn) (there’s alower bound of 1
inall cases).

LetT = (1/2)1gn/lglgn. Let E; = the event that there are less than T packets that want to go to destination i. We
wantPr[E1 N...NE,] < 2-n"" We can write:

Pr[ﬂEi] = Pi[BE | Exn...NE,]-Pr[Eyn...NE,

...:iﬁlpr [Ei|ﬂEj]

Jj>i

(proof below)
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Figure 4: electrical schematic for agate that computes F = (A + B + C)- D

It remains to show that Pr(E; | (., Ej] < 1 - Q(T~T). Weanalyze E;. Thisis the event that at least 7' packets
want to go to destination ;. Thisis at |east the probability that exactly T packets want to go to destination i. There are
(;ﬁ) choicesfor the T' packets. The probability that one such T'-subset of the packets decidesto go to ¢, and the others
decideto go somewhere elsg, is at least (%)T (1- %)"_T. Thisis precisely the probability if we had no conditioning.
Conditioning that not many elements go to other destinations can only increase the probability that more packets go
to 4. So our probability is:
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