18.01 Calculus
Exam 5 at 2:00pm sharp
Tuesday, November 29, 2005

Jason Starr
Fall 2005

Inverse Substitutions

Let a be a positive real number. For antidifferentiating a rational expression F'(x,y(z))/G(z,y(z))
where y(z) is one of Va2 — 22, v/x2 — a? or V22 + a2, use either an inverse trigonometric, inverse
hyperbolic or inverse rational substitution. Altogether, there are 9 possibilities.

H y(z) H Va2 — 1(2) ‘ Va2 — a(? ) ‘ Va? + (1(2 ) H
x = asin(f x = asec(f r = atan(f
9 <0< r/9 0<O<m/2, x>0, 9 <
—T/2<0 <7/ {W/2<9§7T, x <0 T2 <0 <mf2
acos(f) i_g EZEEZ%i a;: >< %’ asec(d)
a cos(0)do asec(f) tan(6)do asec*(0)do
sin~(z/a) cos™H(a/x) tan~1(z/a)
Hyper. subst. xr = atanh(t) r = { i_z Zgzigi;: :;><%’ x = asinh(?)
Range of ¢ —00 <t< o0 t>0 —00 <t < o0
y(t) asech(t) . asinh(t) a cosh(t)
dx asech?(t) { jg :Elﬁégfli: :; >< %’ a cosh(t)dt
t %ln((a+x)/(a—x)) In((|z] + Va2 — a?)/a) In((z + Va2 + a?)/a)
Rat’l. Subst. |z =a(z?—1)/(1+2%) |z = { tzg i ;%gz;: Zz%’ r=a(z*—1)/(22)
Range of z z>0 z>1 z>0
y(z) a(22)/(1 + 2%) 2a(22 — D/(2) a(l + 2)/(22)
dx a(4z)/(1 + 22)%dz { i—zg; - 3%;;332 ZZ%’ a(l+22)/(22%)dz
P Via+z)/(a—2) (|z| + Va? —a?)/a (x 4+ V22 +a?)/a

To go between the 3 substitutions, use,

z:etandz:tan(€+z).
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It is worth noting, another common choice for the rational substitutions is to use,
z—1 1+w
w = , 2= ——.
z+1 1 —w
Then to go between the 3 substitutions, use,
w = — tanh (E) and w = tan <€> .
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This gives the grid,
T I T VGET: ERYSET
L : _ 2 a1+ w?)/(1 —w?), x>0, _ 9
Rat’l. Subst. |  x=a(2w)/(1+ w?) { —a(l 4+ w?)/(1 —w?), z <0 r =a(2w)/(1 — w?)
Range of w -1 <w<l1 0<w<l1 —l<w<l1
y(w) ol — ) /(L + ) aCu) /(1 — ) a1+ )/ — )
o, 919 —a(4w)/(1 — w*)*dw, x>0, 9 o
dx 2a(1 — w?) /(1 4+ w*)*dw { Fa(aw) /(1 — wdw, <0 2a(1 +w?)/(1 —w?)dz
w z/(a+ Va®— 2?) +/(Jz] —a)/(|z] + a) z/(a+Va?+ z?)




