FOURTH HOMEWORK

Feel free to work with others, but the final write-up should be entirely
your own and based on your own understanding.
1. (10 pts) (i) Where is the function f: R — R, given by

0 x is rational
f(x)z{ L

1 x is irrational,

continuous?
(ii) Where is the function g: R — R, given by

g(z) =

x  x is rational
2x x is irrational,

continuous?
2. (10 pts) If f: R® — R™ is any function, then

fP) = (f1(P), fo(P), ..., fm(P)) = fi(P)ér+ fa(P)éa+- - -+ fim(P)ém,

where fi: R" — R, fo: R" — R, ..., f,: R" — R are functions.
(i) Show that if f is continuous, then so are fi, fo,..., fim.

(ii) Show that if fi, fa,..., f,, are continuous, then so is f.

3. (10 pts) Let f: R?> — R be the function given f(z,y) = |zy|.

(a) Show directly that f is differentiable at (0,0).

(b) Show that the partial derivatives are not continuous in any neigh-
bourhood of the origin.

4. (10 pts) Find a function f: R* — R such that

of
= 322y —zysi d
. x Yy —xysin(xy)+cos(zy) an 7

. (10 pts) (2.3.21).
. (10 pts) (2.3.25).
. (10 pts) (2.3.30).
-+ ( ) ( )

- ( ( )

= 223y—2? sin(zy)+3y>.

10 pts) (2.3.31).

10 pts) (2.3.33

10 (10 pts) (2.3.51).

Just for fun: (i) Let a > 0 be a real number and let x be a real
number. How does one define a*? You may use the fact that if

ar < ax <as...,
1



is an increasing sequence of numbers which are bounded from above
(that is, there is a real number M such that a; < M), then the limit
lim,, .o a,, exists.

(ii) Let @ > 0 be a real number. Show that the function f: R — R
given by f(z) = a” is continuous.

(iii) Let ay, as, . . ., a, be non-negative real numbers and let xq, xa, ..., =,
be non-negative real numbers whose sum is one. Show that

n n

.
| |ai’ < E ;0.
i=1 i=1
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