MODEL ANSWERS TO HWK #12
(18.022 FALL 2010)

(1) (i) V x F = (2by — 2y)i + (2y — 2ay)k = 0. Hence a = b = 1.
(i) fo = v? so f =ay* + g(y,2). f, = 22y + g, = 22y + 2yz, so g = y*2 + h(z). Now,
o=y +h =9y*+2% and h = % Therefore f = xy? + vz + §
(iii) For conservative F', [, F -ds = f(b) — f(a) for the end points a and b of C. So the

surface defined by f(z,y, z) = ¢ for some constant ¢ will do. Therefore $y2~l—y22+23—3 =c
for some constant.

(2) Parameterize the surface by X(z,y) = (z,v,y), where the range of x and y are the rectangle
[0,1] x [0,2]. Then X, x X, = (0,~1,1). So [[,F-dS = [ [ 2* + y*dzdy = 2.

(3) F is smooth everywhere except those three points. By Green’s theorem, fC2(P0) F - ds+
fcl(Pl) F.ds= j;Ce(Po) F' - ds, hence fcl(Pl) F-ds=1—(—2) = 3. Similarly, since sz(Po) F-
ds + §01(P2)F ds = 9§Clo(Po) F - ds, hence fcl(PZ)F -ds =3 —1=2. Now, fCG(PQ)F ds =
§01(P1) F.ds+ fCl(PQ) F - ds, and we get fCG(P2) F-ds=3+2=5.

(4) (6.3.16) V x F' = 0 gives us 6xysin (zz)+5 = —azxysin (xz)+b, —ayzsin (zz) = 6yz sin (x2).
Hence a = —6,b = 5.

(5) (7.1.4)

(a) X, x X; = (—s?cost, —s%sint, 2s%). Hence, (-1,0,-2).
(b) By (a), =(z —1) =2(2+1) =0, or x + 2z = —1.
(c) 2>+ y*—2*=0.

Al j k
(6) (7.1.20) The normal vector field is N(s,t) = | cosf  sinf 0 | = (sinf, —cosf,r). The
—rsinf rcosf 1

surface area will be

2mn pl 1 arcsinh(1)
/ / \/Sin2 0 + cos? 0 + r2drdf = 27m/ V14 r2dr = 27m/ cosh?t dt
0 0 0 0

arcsinh(1)
= 7m/ (1 + cosh2t)dt = mn(arcsinhl + v/2).
0
(7) (7.2.13
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(8) (7.2.17) The unit normal vectors to the top (k), bottom (—k), and side (3 (zi+yj)) surfaces

2
of the cylinder are perpendicular to the vector field F(x,y, z) = —yi + xj being integrated,
so [[(F-dS=0.
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(9) (7.3.11) The boundary of S is the circle y = 1, 2% + 2% = 9, which also bounds the flat disc
y = 1,22 + 22 < 9. For this disc, the rightward-pointing normal is j, so we only need to
calculate the second component of V x F, which will be 5.

//VxF - dS = fF dS—//VXF -dS = //5d5=57r33:457r.
oS

(10) (7.3.13)
(a) sm(2t) = 2(cost)(sint), so x(t) = (cost,sint,sin(2t)) lies on the surface z = 2xy.

(b) The closed curve above is the boundary of the surface z = 2xy, z*> + y? < 1, which in

turn is parametrized by X(r,t) = (rcost,rsint, 2T costsint), with 0 < ¢t < 27 and

0 <7 < 1. The normal vector field is N(r t) = a_ x X = (=2r?sint, —2r% cost,r).

Also, the curl of the vector field F(z,y,z) = (y° + cosx,siny + 2%,2) is V x F =
(—2z,—1,—3y?). Then,

%F-ds://VxF-dS:
c S
3T

2m 1
= / / (—4r?costsint, —1, — 3r’sint) - (=2r*sint, —2r® cost,r)drdt = ... = I

(11) (7.3.16) Let D be the solid unit cube and B its bottom square. Then by Gauss’ theorem,
[f[,V -FdV = [[, F-dS = [[,F-dS+ [[,F-dS. The we have

//SF.dS:///D(2xze$2—|—3—7y26)dv_//BF -

1 , 1 1 1 1l o
:/ 2xexd:c/ zdz—|—3—/ ydy/ 7z6dz—|—/ / 2dxdy =4 + —.
0 0 0 0 0o Jo 2
(12) (7.3.18)

(a) The boundary of D is the union of S; (with normal pointed outward) and S5 (with
normal pointad inward):

///V-FdV:// F-dS—// F-dS=7a+b—5a—b=2.
D S7 Ss

(b) If F = V x G, we use Gauss’ theorem followed by Stokes’ theorem. Note that 0D is
already a surface without boundary, so 9(0D) is the empty set:

// V-VdeV:/ VxF-dS:/ F-ds=0.
D oD 8(aD)
(13) (7.3.19)

(a) At points of S, we have
0 20 2y 22, vy z. 2@*+yP+2?) 2

af Vo (22 y 2, 2@ +y ) _2

n a

a?’ a?’ a? a a a a3

// as = // 15 = 2 < dma® = 7.
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) We have V- (Vf) =V - (%, 2, %) = il

2)p

/// vfdv_z// Lav =2 // L sinpdpdpdf = ma.

) The three flat quarter circles that are part of D do not contribute anything to [ sV [
ndS. For example on the bottom quarter circle, V f(z,y,0) = (i’ﬁ, 2 0) and the unit
normal is —k, so [[, .. Vf.(=k)dS = 0. The cases of the other two are similar.

WE HOPE YOU ENJOYED 18.022,

AND GOOD LUCK ON THE FINAL!!!
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