MODEL ANSWERS TO HWK #5

1. Let f: R? — R? be the function given by f(z,y) = (2* + y* —
1,4 — 2%(x + 1)). Then we are looking for solutions to the equation

fz,y) = (0,0).

We compute the derivative of f,

. 2z 2y
The determinant is then
dry + 2xy(2 + 3z) = 2zy(4 + 3x).

Therefore the inverse matrix to the derivative of f is

_ 1 2y —2y
1 _
Df(ZE, y) o 21’y(4 + 3$) (2£B +322 2x ) ’

So we want

_ 1 2y —2y\ (22 4+ -1
1 _

B 1 4xy — 2y + 2ya3
© 2wy(4 + 3z) \&* +day® + 32%y® — 22 — 32 )

It follows that the recursion is

223 — 1+ a3 a3 + 4y2 + 3zoy? — 2 — 30
220(4 + 3x0)’ 4yo(4 + 3x0)

202 — 1+ 23 23 +4y? + 3x1yf — 2 — 31y
221(4 + 3x1)’ 4y (4 + 321)

)

(z1,91) = (T0,%0) — (

)

(z2,y2) = (z1,91) — (

2'1731—1 -1+ 563’;_1 x%—l + 4(%21—1 + 31771—1%%—1 —2 -3z,
22, 1(4 4+ 32,-1) Ayp—1(4+ 32p-1)

)

(Inayn) = (xn—lvyn—l) - (

2. We have
Df(z,y) =Vf=(fs, fy) = (—ysinzy + 322, —x sinzy + 2y).
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Let g: R? — R? be the function given by g(z,y) = (—ysinay +
3z2, —xsinxy + 2y). Then

Do) = (

The determinant of Dg(z,y) is

—y?cosxy + 62 —sinxy — Ty cos zy
—sinxy — xy cos xy —x? cosxy + 2 '

d = x*y? cos® xy — 62° cos vy — 2y* cos vy + 12z — (sin xy + zy cos zy)?

= —(62° + 2y*) cos ry + 122 — sin® zy — sin 2zy.
So the inverse of the derivative of g is

_ 1 —? cos ry+2 sinxy + xycoszxy
1 _— —
Dy(,y)™" = d <sin xy +aycoswy —y*coswy + 67

In this case
Dyg(z,y) "g(x,y)

1 ( —z2cosxy +2  sinay + zycos :Uy) (—y sin xy + 3:152)

d \sinzy + zycoszy —y?cosxy + 62 —xsinzxy + 2y

1 (=2 cosxy + 2)(—ysinzzy + y*) + (sinzy + xy cos zy)(—y?* cos zy + 6x)
d \ (sinzy + xy cos xy)(—y sin zy + 32%) + (—y? cos vy + 6x)(—z sinxy + 2y)

= (X(z,9),Y(z,y)).

Thus the recursion is given by
(z1,91) = (0, %0) — (X (0, %0), Y (20, Y0))
(22,92) = (z1,91) — (X (21, 91), Y (21, 91))

(@, Yn) = (Tn-1,Yn-1) = (X (21,51), Y (21, 91))

3. (a) The composite is differentiable at (—2,1) by Theorem 12.1 of
the notes (or Theorem 5.3 of the book).

(b)
Dg(y1,y2) = (2y1, —2y2) so that Dg(1,3) = (2,-6).
The chain rule says that

D(go f)(=2,1) = Dyg(1,3)Df(=2,1)

= (27 _6) <:? :f)
— (2,0).
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4. (a) Note the submatrix

()

formed by taking the last two columns of the derivative is an invertible
matrix (the determinant is 1 —4 = —3). The result we want is then a
consequence of the implicit function theorem.
(b) Let g: R — R? be the function g(x) = F(z, f(z)). Then g(z) =
(0,0), so that
dg1 dgs
I d —52
dz o dz
On the other hand, the chain rule says,
dgl . 8F1 dx 8F1 dfl(l‘) 4 8F1 dfg(l’)
dv — Ox dx Oy, dx Oyp dx

Oor Oy dx Oys dx
So, plugging in the point (4, —1,2), we get

0=1- (T gy 4 4 Py )

=0.

Similarly,
dgs _ OF; dz N OFy dfi(x)  OF,dfs(x)
dx Or dx  Oy; dx Oys dx
0, N OF, dfi(x) n OF, dfs(x)

Jdr Oy dx Oyy dx
So, plugging in the point (4, —1,2), we get

0=0+ 1(df;f>)(4) — 1(df2:(f))(4)-

This gives us two linear equations in two unknowns:

—a+4b= -1

a—b=0.
Adding these two equations, we get

3b = —1,
so that

b=-1/3 and a=1/3.
Hence
#;—?(4) =1/3 and df;—f)(él):—l/&



so that

Df(4) = (1/3,-1/3).
Here is a slightly more slick way of finding the derivative. The function
g is the composition of the function F' and the function

h: R — R3,
given by h(z) = (z, f(2)) = (2, /1(x), f2(x)). So
Dg(z) = D(F oh) = DF(x, f(x))Dh(x).

Note that
1
Dh= |4
&
dx
Plugging in the point x = 4, we get
1
(O> _ Dg(4) = DF(4,—1,2)Dh(4) — (1 —b o4 > a (4)
0 0 1 -1 ﬁ(‘l)
dx

Multiplying out we get the same pair of simultaneous linear equations
and we can now continue as above.

5. (a) Let F': R® — R be the function given by F(z,y,z) = 2%y* +
y323 + 2323 — 1. Note that F(x,y,z) = 0 if and only if (z,y,2) = 0.
Now

DF(2,-1,1) = 3(2*(y° + 2°), y* (" + 2%), 2(y* + 27))

(2,—-1,1)

=3(0,9,7).

As the submatrix formed by taking the last column of the derivative
is an invertible matrix (that is (21) is an invertible 1 x 1 matrix), the
result we want is then a consequence of the implicit function theorem.
(b) Define a function

g: R? — R3,
by the rule g(z,vy) = F(z,y, f(z,y). As g(z,y) = 0, we have
9y 9y
- = d —= =0.
g 0 an By 0

By the chain rule,
oy _oros  oroy orof
Jdr OxOdxr 0Oydx 0z Ox
_OF  OFOf

“or 900
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It follows that

0 o 1y o=l _

or "’ 98(2,-1,1)
Similarly

oy’ 98 (2,-1,1) 7

6. By the chain rule,
0: _ 0200 0:0y
or OxOdr 0Oyor
= 6’_;6 cosf + g—ye sin 6.
and
0z  0z0w 4 9% 0z 8y
00 0x 90 dy a0

0z
= ——Ze "sinf + —e" cosb.

ox y
It follows that

e % 2—1— % 2 =e %e cos@—i—%e "sin 6 2—|— —%e Slnﬁ—l—a—e " cos 2
or 00 ox dy ox oy
2 2
(—cosQ—l——sm@) + (—%SmH—I—%COSO)

ox y

2
) cos? 0 + sin 0) (g—;) (0082 0 + sin? 9)

5.y

7. By the chain rule,

ow  dwdu ow  dwdy

R o R M o
Now
ou _y(@*+y°) —ay(2r) _ y(y* —2°) ou _ z(2? —y°)
or (22 4 y?)? T @+ )2 and y (24?2
So,

ow_ ow _dv (x?(zﬁ ) | ayla® 92)) _

Yor 8y ~du 2 + y?)? (22 4 y?)?
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8. By the chain rule,
of _0fos  ofoy
Oor Oz Jdr Oyor
of of .

=52 cosf + a—ysme-
Similarly,
of _afor of oy
00  0x 00 Oy ol
= —%r sin 0 + %7‘ cos 6.
So,
2 2 2 ?
<%> + 7% (%) = (% cosf + g—isine) + (—g—i sin 0 + g—gcose)
02\° 02\*
B (a—) i (a_y) |
9. (a) Since

rsiny + x2° = 2eY,

this means that

2eY*
r=—7"
siny + 22
So if
f:R* —R,
is the function given by
2eY?

then the surface we are interested in is the graph of this function. Note
that

Vi=(

Using this, the equation of the tangent plane at the point (y, z) = (5,0)
is

of 8f) _2zeY*(siny + 2%) — 2e¥7 cosy 2ye’*(siny + 2*) — 263’222)
oy’ 0z’ (siny + 22)? ’ (siny + 22)? ‘

=[50+ VI(G.0) - (y = 5.2~ 0)

T
=24 (0,m) - (y - 3.2)
=247z



(b) Let g(z,vy,2) = xsiny + x2? — 2¢¥*. Then

dg 0g 0O
Vg = (a—z, a—z, a—g) = (siny + 2%, v cosy — 2ze¥*, 22z — 2ye¥?).
At the point (z,y,2) = (2, §,0), we have

™

Vg(?, E, 0) = (1, 0, —7T).
So the equation of the tangent plane at the point (z,y,2) = (2, 3,0) is

(1,0, ~m)(x = 2.y = 5.2) = 0,

that is
r—2—mz=0.
10. If f(x,y,2) = T2* — 122 — 5y? — z, then
Vf =14z — 12,-10y, —1),
so that a normal to the tangent plane is
Vf(2,1,-1)=(16,-10,-1).
If g(x,y,2) = zyz?%, then
Vg = (y2%, 2%, 2zy2),
so that a normal to the tangent plane is
Vg=(1,2,—4).
We check that these two vectors are orthogonal:
(16,—10,—1)-(1,2,-4) =16 —20+4 =0,

so that the two tangent planes are indeed orthogonal.
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