
GREEN'S THEOREN AND I T S  APPLICATIONS 


The d i scuss ion  i n  1 1 . 1 9  - 11.27 of ,  Apostol i s  n o t  complete 

nor  e n t i r e l y  r igorous ,  a s  t h e  author  himself poin ts  out.  W e  

g ive 
n 

here  a  r igorous  treatment.  

Green's Theorem -- i n  t h e  Plane 

We a l ready know what i s  meant by saying  t h a t  a reg ion  i n  

t h e  p lane  i s  o f  Type 

. 
I o r  of  Type 11 o r  t h a t  it i s  o f  both 

types  simultaneous l y  Aposiso1 proves Green 's Theorem f o r  

a reg ion  t h a t  i s  of  both types.  Such a  region  R can be 

descr ibed  i n  two d i f f e r e n t  ways, a s  follows: 

The a u t h o r ' s  proof i s  complete and r igorous  except  f o r  one gap, 

which a r i s e s  from h i s  use of t h e  i n t u i t i v e  no t ion  of "counter-

clockwisen.  
1 



S p e c i f i c a l l y ,  what h e  does i s  t h e  fol lowing:  For t h e  f i r s t :  

p a r t  o f  t h e  proof h e  o r i e n t s  t h e  boundary C of  R as fo l lows:  

( * )  	 By i n c r e a s i n g  x ,  on t h e  curve y = @I( x ); 

By i n c r e a s i n g  y ,  on t h e  l i n e  segment x = b; 

By d e c r e a s i n g  x ,  on t h e  curve  y = $ 2  (x ): and 

By d e c r e a s i n g  y ,  on t h e  l i n e  segment x = a .  

Then i n  t h e  second p a r t  o f  t h e  p roo f ,  h e  o r i e n t s  C a s  fol lows:  

( ** )  	 By d e c r e a s i n g  y ,  on t h e  curve  x = q L ( y ) ;  


By i n c r e a s i n g  x ,  on t h e  l i n e  segment y = c; 


By i n c r e a s i n g  y ,  on t h e  curve  x = I J ~ ( Y ) ;and 


By d e c r e a s i n g  x, on t h e  l i n e  segment y = d .  


(The l a t t e r  l i n e  segment c o l l a p s e s  t o  a s i n g l e  p o i n t  i n  t h e  pre-  

c e d i  ng f i g u r e . )  

The c r u c i a l  q u e s t i o n  is:  ---- How does  one know t h e s e  - two 

o r i e n t a t i o n s  -are -t h e  -sante? 

One can  i n  f a c t  see t h a t  t h e s e  two o r i e n t a t i o n s  a r e  t h e  , 

same, by simply ana lyz ing  a b i t  more c a r e f u l l y  what one means 

by a r eg ion  o f  ~ ~ I and ~ 11. e s

S p e c i f i c a l l y ,  such a r e g i o n  can be  d e s c r i b e d  by f o u r  

monotonic f u n c t i o n s  : 



- I / A.. 


wt..ere dl and d4 are strictly 

decreasing and X 2  and d3 are 

U w *  

stzictly increasing, , 

[some o r  a l l  o f  t h e  ai  can be missing, of 
1 

course.  Here a r e  p i c t u r e s  of t y p i c a l  such regions:]  

T h e  curves a1 and a2, along wi th  t h e  l i n e  segment y = c, a r e  

used t o  d e f i n e  t h e  curve y = + 1 ( ~ ) t h a t  bounds t h e  region  on 

t h e  bottom. S imi la r ly ,  a3 and a4 and y = d d e f i n e  t h e  curve 

y = C $ ~ ( X )t h a t  bounds t h e  region  on t h e  top. 



Simi la r ly ,  t h e  inver se  funct ions t o  a1 and a3, along with 

x = a ,  combine t o  d e f i n e  t h e  curve x = Ql ( y )  t h a t  bounds t h e  

region  on t h e  l e f t ;  and t h e  inverse  funct ions  t o  ag and a d ,  

a long with x = b, d e f i n e  t h e  curve x = P2 (y). 
NOW one can choose a  d i r e c t i o n  on t h e  bounding curve C by 

simply d i r e c t i n g  each of t h e s e  e i g h t  curves a s  ind ica ted  i n  t h e  

f i g u r e ,  and check t h a t  t h i s  i s  t h e  same a s  t h e  d i r e c t i o n s  

s p e c i f i e d  i n  ( * )  and (**I  . [~ormal ly ,  one d i r e c t s  these  curves 

- a s  follows: 

i n c r e a s i n g  x  = decreas ing  y on y = al (x)  


i n c r e a s i n g  x o n y = c  


i n c r e a s i n g  x = i n c r e a s i n g  y  on y = a 2 ( x )  


i n c r e a s i n g  y o n x = b  


decreas ing  x  = i n c r e a s i n g  y  on y  = cr4 (x) 


decreas ing  x o n y = d  


decreas ing  x  = decreas ing  y on y  = a g ( x )  


decreas ing  y  

tJe make t h e  fo l lowing d e f i n i t i o n :  

Def in i t ion .  L e t  R be an open set  i n  t h e  p lane  bounded by 

a s imple  c losed  p iecewise -d i f fe ren t i ab le  curve C. W e  say t h a t  

R i s  a Green's region  i f  it i s  p o s s i b l e  t o  choose a d i r e c t i o n  

on C s o  t h a t  t h e  equat ion  

Pdx + Qdy = [I (2- 51 dxdy 
C 	 R 


,i 	 ho lds  f o r  every  cont inuously d i f f e r e n t i a b l e  v e c t o r  f i e l d  
-t P ( x , y ) r + ~ ( x , ~ ) ' jt h a t  i s  de f ined  i n  a n  open set  con ta in ing  

R and C. 



, The d i r e c t i o n  on C t h a t  makes t h i s  equat ion c o r r e c t  is  

c a l l e d  t h e  counterclockwise d i r e c t i o n ,  o r  t h e  counterclockwise 

o r i e n t a t i o n ,  of  C. 

I n  t h e s e  terms, Theorem 11.10 o f  Apostul can be r e s t a t e d  

a s  fol lows : 

Theorem 1. - L e t  R - be bounded b~ - a s imple c losed  

- - R -- - - 
- oiece-  

w i s e - d i f f e r e n t i a b l e  cs rve .  If is  of Types I and 11, then  R 

- -  i s  a Green's region.  

As t h e  fo l lowing f i g u r e  i l l u s t r a t e s ,  a lmost  any reg ion  R 

you a r e  l i k e l y  t o  draw can be shown t o  be a Green's r eg ion  by 

repea ted  a p p l i c a t i o n  o f  t h i s  theorem. In  such a case ,  t h e  

counterclockwise d i r e c t i o n  on C is  by d e f i n i t i o n  t h e  one for 

which Green's theorem holds.  For example, t h e  region  R i s  a 

Green 's  reg ion ,  and t h e  counterclockwise o r i e n t a t i o n  of  i t s  
I 

boundary C i s  a s  ind ica ted .  The f i g u r e  on t h e  r i g h t  i n d i c a t e s  

t h e  proof t h a t  it is  a Green's region;  each of  R1 and R2 

is o f  Types I and 11. 

Def in i t ion .  L e t  R be a bounded reg ion  i n  t h e  p lane  

whose boundary i s  t h e  union o f  t h e  d i s j o i n t  p iecewise-d i f fer -  

e n t i a b l e  s imple  c losed  curves C1, ..., Cn. We cal l  R a 

g e n e r a l i z e d  Green's r e g i o n  i f  i t  i s  p o s s i b l e  t o  d i r e c t  the 

curves C1, ..., Cn so t h a t  t h e  equa t ion  



ho lds  f o r  every continuously d i f f e r e n t i a b l e  vec to r  f i e l d  

~f + (23 def ined  i n  an  open se t  about R and C. 

Once aga in ,  every such region you a r e  l i k e l y  t o  draw can 

be  shown t o  be a genera l i zed  Greents region by s e v e r a l  app l i -  

c a t i o n s  of  Theorem 1. For example, t h e  region R p i c t u r e d  
generalized 

is aAGreenls reg ion  i f  its boundary i s  d i r e c t e d  as  ind ica ted .  

The proof is i n d i c a t e d  i n  t h e  figure on the r i g h t .  One a p p l i e s  

Theorem 1 t o  each of the 8 regions  p i c tu r ed  and adds the r e s u l t s  

toge ther .  

IXza 
Definition. Let C be a piecewise-differentiable curve in the plane parametrized by 

-	 the function d t )  = (x(t),y(t)). The vector T = (x' (t),y8 (t))/llgt (t) 11 is the unit tangent 

vector to C. The vector 

s = (Y' (t),-x'(t))/llsr'(t)ll 


is called the unit negative normal to C. 


If C is a simple closed curve oriented counterclockwise, then q is the "outward normal" 



@ 
-8 4 

I f f  = P i  + Qj is a continuously differentiable vector field defined in an open 

set containing C, then the integral J, ( 1 - ~ ) d sis well-defined; show that it equals the 

line integral 

ss,
@ Show that if C bounds a region R that is a Green7s region, thenqc (f-p)dS = 

[E+ %]dxdy. 

Remark. If f is the velocity of a fluid, then (f-p)dS is the area of fluid flowing 
5c 

outward through C in unit time. Thus aP/& + measures the rate of expansion 

of the fluid, per unit area. It is called the divergence off.] 

Definition. Let $ be a scalar field (continuously differentiable) defined on C. If g 

is a point of C, then $'(zc;g) is the directional derivative of $ in the direction of p. It is 
4 

equal to V$(g) -9,of course. Physicists and engineers use the (lousy) notation 2to 

denote this directional derivative. 

@ Let R be a Green's region bounded by C. Let f and g be scalar fields (with 

continuous first and second partials) in an open set about R and C. 

(a) show CQC2ds = J'J v2g dx dy 
R 

where v2g = a2g /h2  + a2g/lly2. 

(b) Show 

2 2(c) If V f = 0 = V g, show 

These equations are important in applied math and classical physics. A function f with 
2V f = 0 is said to be harmonic. Such functions arise in physics: In a region free of 

charge, electrostatic potential is harmonic; for a body in temperature equilibrium, the 

temperature function is harmonic. 



C ~ n d i t i o n s- Under which P? + 4
Q j - -  is a Gradient.  

L e t  -f = P; + p3 be a continuously d i f f e r e n t i a b l e  vector 

f i e l d  defined on an open set S i n  the plane, such that 

aP/ay = 3 4 / a #  on S, In gener t l ,  we knzw t h a t  -f need not be

a gradient on S, W e  do know t h a t  
(-. 

f w i l l  be a gradient  i f  S 

is convex (or even i f  S i s  star-convex). W e  seek t o  extend 

t h i s  r e s u l t  t o  a more general c l a s s  of  plane sets. 

Th i s  more general  c l a s s  may be informally described as 

cons i s t ing  o f  those  regions i n  the plane t h a t  have no "holesw. 

For example, t h e  region St ins ide  a simple closed curve C1 has 

no h o l e s ,  nor does t h e  region S2 obtained from t h e  plane by 

d e l e t i n g  t h e  non-negative x-axis, On t h e  o t h e r  hand, t h e  

region  S3 c o n s i s t i n g  of t h e  po in t s  i n s i d e  C2 and ou t s ide  

C3 has  a  ho le ,  and s o  does t h e  region  S4 obtained from t h e  

p lane  by d e l e t i n g  t h e  o r i g i n .  

Needless t o  say,  w e  must make t h i s  condi t ion  more p r e c i s e  

i f  w e  a r e  t o  prove a theorem about it. This t a s k  tu rns  o u t  

t o  be s u r p r i s i n g l y  d i f f i c u l t ,  
1 

W e  begin by proving some f a c t s  about t h e  geometry of t h e  

plane. 



Defin i t ion .  A s t a i r s t e p  curve C i n  t h e  p lane  i s  a curve 

t h a t  i s  made up of f i n i t e l y  many h o r i z o n t a l  and v e r t i c a l  l i n e  

segments. 
For such a  cunre C, w e  can choose a  r ec tang le  Q whose 

i n t e r i o r  con ta ins  C. Then by us ing  t h e  coordinates  of  t h e  end 

p o i n t s  of t h e  l i n e  segments of  t h e  curve C a s  p a r t i t i o n  po in t s ,  

w e  can c o n s t r u c t  a p a r t i t i o n  o f  Q such t h a t  C i s  made up 

e n t i r e l y  o f  edges o f  subrec tangles  of  t h i s  p a r t i t i o n .  s his 

process  i s  i l l u s t r a t e d  i n  t h e  fol lowing f igure :  



Theorem 2.  (The - Jordan curve theorem - f o r  s t a i r s t e p  cu rves ) .  
i - L e t  C - -  be a simple c losed  s t a i r s t e p  curve - i n  t h e  plane. -- Then the 

complement -of C -- can be w r i t t e n  -- a s  t h e  union -- of two d i s j o i n t  

open - sets. - - -  One of  t h e s e  sets i s  bounded - - -  and t h e  o t h e r  i s  

unbounded. - -  Each of  them has  C -- a s  its boundary. 

Proof. Choose a r ec tang le  Q whose i n t e r i o r  conta ins  C,  

and a p a r t i t i o n  of  Q, say  xo < x < c x and yo c yl c < ym, 1 ... n ...
such t h a t  C i s  made up of edges of  subrec tangles  of t h i s  p a r t i t i o n .  

Step 1. We begin by marking each of  t h e  rec tangles  i n  

t h e  p a r t i t i o n  + o r  - by t h e  fol lowing r u l e :  
t h  Consider t h e  r e c t a n g l e s  i n  t h e  i- "column" beginning with 

t h e  bottom one. Mark t h e  bottom one with +. I n  general ,  i f  a 

g iven  r e c t a n g l e  i s  marked wi th  + o r  -, mark t h e  one j u s t  above 

it with t h e  -same s i g n  if t h e i r  common edge does -n o t  l i e  i n  C ,  

and wi th  t h e  oppos i te  s i g n  i f  t h i s  edge -does l i e  i n  C. Repeat 

t h i s  process  f o r  each column of r ec tang les .  In  t h e  fol lowing 

f i g u r e ,  w e  have marked t h e  r ec tang les  i n  columns 1 ,3 ,  and 6 ,  

t o  i l l u s t r a t e  t h e  process .  

Note t h a t  t h e  r ec tang les  i n  t h e  bottom row a r e  always 

marked +, and s o  a r e  those  i n  t h e  f i r s t  and l a s t  columns, 
1 

(since C does n o t  touch t h e  boundary o f  Q ) .  



SteE 2.  W e  prove t h e  following: -- I f  two subrec tangles  

-- of  t h e  p a r t i t i o n  have -- an edge - i n  common, - then they have - oppos i t e  

4--s i  no i f  t h a t  edge --i s  i n  C, -and they ---have t h e  same s ign  -i f  t h a t

edge --- i s  n o t  i n  C. 

T h i s  r e s u l t  holds  by cons t ruc t ion  f o r  t h e  h o r i z o n t a l  edges. 

we rove it holds f o r  t h e  v e r t i c a l  edges, by induct ion.  

~t i s  t r u e  f o r  each of t h e  lowest v e r t i c a l  edges, those  

o f  t h e  form xix[yo,yl]. (For no such edge i s  i n  C, and t h e  

bottom r e c t a n g l e s  are a l l  marked +.) Supposing now it is t r u e  

f o r  t h e  r e c t a n g l e s  i n  row j - 1, w e  prove it t r u e  f o r  r e c t a n g l e s  

i n  row j. There a r e  16 cases  t o  cons ider  ( !  ) , of  which we 

-
i l l u s t r a t e  8: 7 

'-wj 

j - I  (1) 



(The other eight are obtained from these by changing all the signs.) 


i We know in each case, by construction, whether the two horizontal edges 

are in C, and we h o w  from the induction hypothesis whether the lower 

vectical edge is in C. Those edges that we how are in C are marked 

heavily in the figure. We seek to determine whether the upper vertical 

edge (marked " ? I 1 )  is in C or not. hTeuse the fact that C is a 

simple closed curve, which implies in particular that 

each v e r t e x  i n  C l i e s  on e x a c t l y  two edges i n  C. I n  c a s e  ( I ) ,  

t h i s  means t h a t  t h e  upper v e r t i c a l  edge i s  n o t  i n  C, f o r  

o the rwise  t h e  middle v e r t e x  would be on only one edge of  C. 

S i m i l a r l y ,  i n  c a s e s  (21, ( 3 1 ,  and ( 4 1 ,  t h e  upper v e r t i c a l  edge 

i s  n o t  i n  C, f o r  o the rwise  t h e  middle v e r t e x  would l i e  on 

t h r e e  edges o f  C. 

S i m i l a r  reasoning  shows t h a t  i n  cases  ( S ) ,  (6), and ( 7 )  
i 

t h e  upper v e r t i c a l  edge must l i e  i n  C, and i t  shows t h a t  

c a s e  (8 )  cannot  'occur.  

Thus S tep  2 i s  proved i n  t h e s e  8 cases .  The o t h e r  8 

a r e  symmetric t o  t h e s e ,  s o  t h e  same proof a p p l i e s .  

S t e p  	3 .  It fo l lows from S tep  2 t h a t  t h e  t o p  row of  

r e c t a n g l e s  i s  marked +, s i n c e  t h e  upper l e f t  and upper r i g h t  

r e c t a n g l e s  a r e  marked +, and C does n o t  touch t h e  boundary of Q. 

S tep  4. W e  d i v i d e  a l l  of  t h e  complement of C i n t o  two 

sets U and V a s  follows. I n t o  U w e  p u t  t h e  i n t e r i o r s  of a l l  

r e c t a n g l e s  marked -, and i n t o  V w e  p u t  t h e  i n t e r i o r s  of  a l l  

r e c t a n g l e s  marked +. W e  a l s o  p u t  i n t o  V a l l  p o i n t s  of  t h e  

p lane  l y i n g  o u t s i d e  and on t h e  boundary of  Q. W e  s t i l l  have 

t o  dec ide  where t o  p u t  t h e  edges and v e r t i c e s  of t h e  p a r t i t i o n  1 
I 	

t h a t  d o  n o t  l i e  i n  C. 



Consider  f i r s t  an  edge l y i n g  i n t e r i o r  t o  
i 

Q. I f  it does  

n o t  l i e  i n  t h e  curve C ,  t hen  both i t s  a d j a c e n t  r e c t a n g l e s  l i e  

i n  U o r  bo th  l i e  i n  V (by S t e p  2 ) ;  p u t  t h i s  (open) edge i n  

U o r  i n  V acca rd ing ly .  F i n a l l y ,  c o n s i d e r  a v e r t e x  v t h a t  l i e s  

i n t e r i o r  t o  9. I f  it is  n o t  on t h e  curve  C, t hen  case  (1) of  

t h e  p reced ing  e i g h t  cases ( o r  t h e  c a s e  w i t h  o p p o s i t e  s i g n s )  

ho lds .  Then a l l  f o u r  o f  t h e .  a d j a c e n t  r e c t a n g l e s  a r e  i n  U o r  

a l l  f o u r  a r e  i n  V; p u t  v i n t o  U o r  V accord ing ly .  

It i s  immediately c l e a r  from t h e  c o n s t r u c t i o n  t h a t  U and V 

a r e  open s e t s ;  any p o i n t  o f  U o r  V (whether it i s  i n t e r i o r  t o  

a s u b r e c t a n g l e ,  o r  on an  edge,  o r  is a v e r t e x )  l ies  i n  an open 

b a l l  con ta ined  e n t i r e l y  i n  U o r  V . I t  i s  a l s o  immediate t h a t  

U i s  bounded and V i s  unbounded, Furthermore,  C i s  t h e  common 

boundary o f  U and V, because  f o r  each  edge l y i n g  i n  C ,  one o f  
) 

t h e  a d j a c e n t - ' r e c t a n g l e s  i s  narlred + and t h e  o t h e r  is  marked -, 
by S t e p  2 .  

~ e f i n i t i o n .  L e t  C be  a s imple  c l o s e d  s t a i r s t e p  curve  i n  

t h e  p lane .  The bounded open s e t  U c o n s t r u c t e d  i n  t h e  p reced ing  

proof  i s  c a l l e d  t h e  i n n e r  r e g i o n  of  C ,  o r  t h e  r e g i o n  i n s i d e  C. 

It is true that U and V are connected, but the proof is dif f icul t .  

We shall  not need t h i s  fact .  

D e f i n i t i o n ,  L e t  S be  an open connected set  i n  t h e  p lane .  

Then S is  c a l l e d  s imply connected,  i f ,  f o r  e v e r y  s imple  c l o s e d  

s t a i r s t e p  cu rve  C which l ies  i n  S,  t h e  i n n e r  r e g i o n  o f  C i s  

also a s u b s e t  o f  S. 



Theorem 3 .  -I f  U --	i s  t h e  region  i n s i a e  -a s imple c losed  

s t a i r s t e p  curve C, - then U - -  i s  a Green's region. 

~ r o o f .  Choose a p a r t i t i o n  o f  a r e c t a n g l e  Q enc los ing  U 

such t h a t  C c o n s i s t s  e n t i r e l y  of  edges of  subrec tangles  of  

t h e  p a r t i t i o n .  For  each subrec tangle  Qi j  of t h i s  p a r t i t i o n  

l y i n g  i n  U, i t  is t r u e  t h a t  

i f  Ci i s  t h e  boundary of Q i j ,  t r ave r sed  i n  a c o u n t e r c l o c k ~ i s e  

d i r e c t i o n .  (For  Q i j  i s  a type 1-11 r eg ion) .  Now each edge of 

t h e  p a r t i t i o n  l y i n g  i n  C appears  i n  only one of t h e s e  curves 

C i j ,  and each edge of t h e  p a r t i t i o n  n o t  l y i n g  i n  C appears i n  

) 	 e i t h e r  none o f  t h e  C o r  it appears i n  two of  t h e  Ci j  w i th  i j '  

opposikely d i r e c t e d  arrows,  a s  ind ica ted :  

I f  w e  sum over a l l  subrec tang les  Qij i n  U,  w e  t h u s  o b t a i n  

t h e  equa t ion  

MA'+Qdy = - 2)d x d ~ e  
I U i n e  segments i n  CI 



T h e  on ly  q u e s t i o n  i s  whether t h e  d i r e c t i o n s  w e  have thus  g iven  

t o  t h e  l i n e  segments l y i n g  i n  C combine t o  g i v e  an o r i e n t a t i o n  

o f  C. That t h e y  do  i s  proved by examining t h e  p o s s i b l e  c a s e s .  

Seven o f  them are a s  fo l lows;  t h e  o t h e r  seven  a r e  o p p o s i t e  

t o  them. 
-

These diagrams show t h a t  f o r  each  v e r t e x  v o f  t h e  p a r t i t i o n  

s u c h  t h a t  v i s  on t h e  curve  C ,  v i s  t h e  i n i t i a l  p o i n t  o f  one 

o f  t h e  t w o  l i n e  segments o f  C t ouch ing  i t ,  and t h e  f i n a l  

p o i n t  o f  t h e  o t h e r .  0 

Theorem 4. - L e t  S -- be  an open --- s e t  i n  t h e  pla.ne -- such  t h a t  

e v e r y  p a i r  of p o i n t s  -o f  S --can be j o i n e d  ~ -a s t a i r s t e p  c u r v e  

-i n  S. -L e t  

be- -a vector f i e l d  -- t h a t  i s  c o n t i n u o u s l y  d i f f e r e n t i a b l e  -i n  S,  


such  that 


- on -- a l l  of S. (a) If S -is simply connected . then f is a  qradient 

S. (b) f S Ls not simply connectad, - -then f -or may not be a qradient in S.

1 



Proof. h e  proof of (b) is l e f t  a s  an exercise. We prove ( a )  here. 

Assume that  S is simply conn~cted.  

-St.= 1. WE show t h a t  

Pdx + Qdy = o 

f o r  
. 


every  s imple  -c l o s e d  s t a i r s t e p  curve C Lying i n  S. 

W e  know t h a t  t h e  r eg ion  U i n s i d e  C i s  a Green's region.-

W e  a l s o  know t h a t  t h e  region  U l i e s  e n t i r e l y  w i t h i n  S. (For 

i f  t h e r e  w e r e  a p o i n t  p o f  U t h a t  i s  no t  i n  S,  then  C 

e n c i r c l e s  a p o i n t  p not  i n  S ,  so t h a t  S has  a h o l e  a t  p. 

his c o n t r a d i c t s  t h e  Eact that S is simply connected.)  There-

f o r e  t h e  equat ion  aQ/ax = aP/ay holds on a l l  o f  ; we t he re -

f o r e  conclude t h a t  

f o r  some o r i e n t a t i o n  o f  C (and hence f o r  bo th  o r i e n t a t i o n s  o f  

S t e p  2.  W e  show t h a t  i f  

- - - -  

f o r  every  simple c losed  s t a i r s t e p  curve  i n  S, then  t h e  same 

equat ion  holds f o r  s t a i r s t e p  curve  i n  S. 



Assume C c o n s i s t s  of t h e  edges of subrectangles-

i n  a p a r t i t i o n  o f  some r e c t a n g l e  t h a t  con ta ins  C, a s  usua l .  

W e  proceed by induc t ion  on  t h e  number of v e r t i c e s  on the  

curve  C. Consider t h e  v e r t i c e s  o f  C i n  order :  

Now C cannot  have only  one ve r t ex .  I f  it has  only  two, then  


C is a p a t h  going from vo to  v and then  back t o  vo. The l i n e  
1 

i n t e g r a l  vanishes  

i n  t h i s  case .  

Now suppose t h e  theorem t r u e  f o r  curves wi th  fewer than  n ,

v e r t i c e s .  L e t  C have n v e r t i c e s .  If  C i s  a s imple curve ,  we 

a r e  through. Otherwise,  l e t  vk be t h e  first v e r t e x  i n  t h i s  

sequence t h a t  equa l s  some earlier v e r t e x  vi f o r  i < k. We 

cannot  have vk -- vkWl, f o r  then vkmlvk would n o t  be a l i n e  

segment. 

It Vk = V then t h e  curve con ta ins  t h e  l i n e  segment k-2' 

fol lowed by t h e  s a m e  l i n e  segment i n  r e v e r s e  order .  Vk-2vk-1' 
Then t h e  i n t e g r a l  from v ~ - ~to vkWland t h e  i n t e g r a l  from 



v t o  v a r e  nega t ives  of each o the r .  W e  can d e l e t e  vk-l k-1 k 

from t h e  sequence of  v e r t i c e s  wi thout  changing t h e  va lue  of 

t h e  i n t e g r a l .  We have a c losed  curve remaining with fewer 

l i n e  segments than  be fo re ,  and t h e  induc t ion  hypothesis  

a p p l i e s .  

I f  i C k-2, then  w e  can cons ide r  t h e  c losed  curve wi th  

v e r t i c e s  vi, V ~ + ~ , . . . , V  This is  a s imple c losed  curve,  s i n c e
k' 


a l l  i t s  v e r t i c e s  a r e  d i s t i n c t ,  so t h e  i n t e g r a l  around it i s  

zero ,  by S t e p  1. Therefore  t h e  va lue  o f  t h e  i n t e g r a l  

/C Pdx + Qdy is  n o t  changed i f  

.
we d e l e t e  t h i s  p a r t  of C,  i .e., 

i f  w e  d e l e t e  t h e  v e r t i c e s  vi,. .,v from t h e  sequence. Then k-1 

t h e  i n d u c t i o n  hypothes is  a p p l i e s .  

Example. In t h e  fo l lowing  case, 



t h e  f i r s t  v e r t e x  a t  which t h e  curve touches a v e r t e x  a l r e a d y  

I touched is t h e  p o i n t  q. One cons iders  t h e  s imple c losed  cross-

hatched curve,  t h e  i n t e g r a l  around which i s  zero.  ~ e l e t i n gthis 

curve ,  one has  a curve remaining c o n s i s t i n g  of  fewer l i n e  seg- 

ments. You can cont inue  t h e  process  u n t i l  you have a s imple  

c l o s e d  curve remaining. 

S tep  3 .  W e  show t h a t  i f  C1 and C2 a r e  any two s t a i r s t e p  

curves  i n  S from p t o  q, then  

IC1Pdx + Qdy = JC2 Pdx + Qdy. 

his fol lows by t h e  usua l  argument. I f  -C2 denotes  C2 wi th  

t h e  r eve r sed  d i r e c t i o n ,  t h e n  C = C1 + (-C2) i n  a c losed  s t a i r s t e p  

curve.  W e  have 

Th i s  last i n t e g r a l  vanishes ,  by S tep  2. 

S tep  4. Now w e  prove t h e  theorem. L e t  -a be a f i x e d  

p o i n t  o f  S ,  and d e f i n e  

$ (x)= J'c (g Pdx + Qdy. 

where C ( x )- is any s t a i r s t e p  curve  i n  S from -a t o  -x. There 

always exis ts  such  a s t a i r s t e p  curve (by hypo thes i s )  , and t h e  

v a l u e  o f  t h e  l i n e  i n t e g r a l  i s  independent of t h e  choice  of 

t h e  curve  (by S t e p  3). It remains t o  show t h a t  

j a$/ax = P and = Q. 



We proved t h i s  once be fo re  under t h e  assumption t h a t  C (5 )  was 

an a r b i t r a r y  piecewise smooth curve. 
I B u t  t h e  proof works j u s t  a s

w e l l  i f  we r e q u i r e  C ( 5 )  t o  be a s t a i r s t e p  curve.  To compute 

w e  f i r s t  computed W e  computed 

choosing a curve  from and i n t e -

g r a t e d  along Cl. W e  computed $(x+h,y)  by choosing t h i s  same 

curve  p l u s  t h e  s t r a i g h t  l i n e  from 

t h e  p r e s e n t  case ,  we have requ i red  t o  be a s t a i r s t e p  curve.  

Then we no te  t h a t  -	i f  C1 & 2 s t a i r s t e p  ' curve C1 + C2 --is a l s o

-a s t a i r s t e p  curve.  Therefore t h e  e a r l i e r  proof goes through with- 

o u t  change. 

Remark. I t  i s  a f a c t  t h a t  i f  two p a i r  o f  p o i n t s  o f  S can 

b e  joined by some path  i n  S, then  they  can be joined by a stair-

s t e p  path .  ( W e  s h a l l  n o t  bother  t o  prove t h i s  f a c t . )  I t  fo l lows 

i 	 t h a t  t h e  hypothes is  o f  t h e  preceding theorem i s  merely t h a t  S be 

connected and s imply connected, 

Exercises 

I. Let S 5e the punctured plane, i.?., the plane with the 

orizin deleted. Show that ths vector fields 

satisfy the condition b?/Jy = a a/ax. 
(a) Show that -f is a gradient in S. [Hint:- F i r s t  find ~(3 so that 

2 2 
~ a / ) x= x/(x c y ) .] (b) Show that q is not a gradient in S. [Hint:-
Compute f 9- dd- where C i s  the unit circle centered a t  the origin.] 



-
2. Prove the following: 


'Rreorem 5. Let C1 be a simple closed stairstep curve in the plane. 


Let b~ a simple closed stairstep curve that is contained in the inner 

C2 

region of C1. Show that the region consisting of those points that are in 

the inner region of C1 and are not on C2 nor in the inner region of C-
L 

is a generalized Green's region, bounded by C1 ard C2 . 

[Hint: Follow the pattgrn of the proof of Theorem 3.1 


3. Let q be the vector field of Exercise 1. Let C be any simple 

closed stairstep w  e  whose inner region contains Q. Show that 

JC f*dl # 0. [Hint:- Show this inequality 'holds if C is the boundary 

oE a rectangle. Then apply Theorem 5.] 

* 4 .  Even i f  t h e  r e g i o n  S i s  not simply connected,  one can 

u s u a l l y  de te rmine  whether a  g iven  v e c t o r  f i e l d  e q u a l s  a g r a d i e n t  

i f i e l d  i n  S. Here i s  one example, where t h e  r e g i o n  S i s  t h e  

punctured p l ane ,  - . 
Theorem 6.  Suppose -t h a t  -f = P i- + Qj- -is  con t inuous ly  

d i f f e r e n t i a b l e  -and

-- i n  t h e  punctured p lane .  - L e t  R - -  be  a f i x e d  r e c t a n g l e  e n c l o s i n g  

-t h e  o r i g i n ;  o r i e n t  Bd R -counte rc lockwise ;  -l e t  

A = \  	 P d x + Q d y .  
Bd R 

( a )  -I f  C -- is any s imp le  c l o s e d  s t a i r s t e p  cu rve  - n o t  touch- 

-t h e  o r i g i n ,  -t hen  

e i t h e r  e q u a l s  5 A ( i f  t h e  o r i g i n  i s  i n  t h e  i n n e r  r e g i o n  o f  C) 

O]r 0 ( o t h e r w i s e ) .  
I 



(b) - I f  A = 0, - t hen  f equa l s  - a g r a d i e n t  f i e l d  -- i n  t h e  

punctured p lane .  [Hint :  I m i t a t e  t h e  proof o f  Theorem 4 .  I 

(c) -I f  A # 0, - t h e n  - f d i f f e r s  - -  from a g r a d i e n t  f i e l d  

-a c o n s t a n t  m u l t i p l e  of--the v e c t o r  f i e l d  

That is,  t h e r e  is  a c o n s t a n t  c such t h a t  -f + c q  e q u a l s  a 

g r a d i e n t  f i e l d  i n  t h e  punctured p l ane .  ( Indeed ,  c = -~/2n.) 



S u b t r a c t i n g ,  w e  o b t a i n  

- - - -aQ (ax au -ax -) a Y = 3x au av av au -
ax J(u,v) ,

is evaluated a t  Since 2 Q/& = f we have our desired result : 

One can weaken t h e  hypo thes i s  o f  t h i s  theorem a  b i t  i f  one 

wishes .  S p e c i f i c a l l y ,  it i s  n o t  necessary  t h a t  t h e  f u n c t i o n  

f ( X I Y )  which i s  be ing  i n t e g r a t e d  be  cont inuous  i n  an e n t i r e  rec -  

t a n g l e  c o n t a i n i n g  t h e  r e g i o n  o f  i n t e g r a t i o n  S .  I t  w i l l  s u f f i c e  

i f  f ( x , y )  i s  merely cont inuous  on  some open set  c o n t a i n i n g  S 

and C. For it is a s t a n d a r d  theorem ( n o t  too- d i f f i c u l t  to  prove)  

t h a t  i n  t h i s  c a s e  one can  f i n d  a f u n c t i o n  g t h a t  is con t inuous  

i n  t h e  e n t i r e  p l a n e  and e q u a l s  f on S and C. One t h e n  a p p l i e s  

t h e  theorem t o  t h e  f u n c t i o n  g. 



I,b 
 aY aY
Q 1 i t + -61 av 2 (t)) dt= 

where the partials are emluated at P_(t). We can write this last integral 


as a fine integral over the curve D. Indeed, if we define 


i then this last integral can be written as 


NOW we apply Green's theorem to express this line integral as a 


double integral. Since T is by hypothesis a Green's region, 


this line integral equals 


It remains to compute these partials, using the chain rule. We 


have 



proof. Let R =  [c ,d l  x [c',dtl. Define 
X 


I Q(x,y) = f(t,y)dt for (x,y) in R e  Then aQ/ax = f(x,y) 
C 

on all of R, because f is continuous. We prove our theorem 


by applying Green's theorem. Let (u,v) = -@(t) be a

parametrization of the curve D, for a - < t - < b; choose the 

counterclockwise direction, so Green's theorem holds for T. 


Then -a(t) = ~(fi(t)) is a parametrization of the 

curve C. It may be constant on some Subintervals of the t- . 

axis, but that doesn't matter when we compute line integrals. 


Also, it may be countsrclock~~ise 
dr clockwise. 


We apply Green's theorem to S : 

I\ + +
f (x,y)dx dy = \ \  aa/ax ax ay = t (01+ Qj)ads.-

S S 

This sign is + if -a(t) parametrizes C in the counterclock- 

wise direction, and - otherwise. Now let us compute this line 

integral, 



Ez3 

-R e  chanqe of variables theorem 


Dieorem - -  7. (The chanqe of variables theorem) 


i -	Let S be an open set in the (x.y) plane --and let T --be an own set 

--in the (u, v) plane I houndfd the piecewise-diffe&tiable simile closed -curves 
C D ,respectively. -Let F(u,v) = (X(u.v). Y(u.v)) a transformation

(co*ti*uercrly di&ferenf ia  
--

bLs\ 
from an open set of (u,v) plane into the (x,y) plane that carries 
 T into 

carries D = Sf -and a T -onto C = 2 S. -As -a transformation of D onto C , 
4.10 b_e 

F may k constant on some segments of D, but otherwise if one-to-one. 

Assume S -and T are Green's reqions. Assume that 
---- 
f(x,y) & continuous 

-- in some rectanqle R containing S. - Then 

-Here J(u,v) = det JX,Y/~U~V . --The siqn + -if F carries

- clockwise orientation of D to the clockwise orientation of C, -- and is -

r 
ctherwise. 

b&le 1. Consider the polar coordinate transformation 

1I 
F(rIQ) = (r cos 8 ,  r sin 8) . 

1
It carries the rectangle T in the (r,Q) plane indicated in the figure into 

I 	
the wedge S in the (xIy) plane. It is constant on the left edge of Tt 

I 	
but . is one-to-one on the rest of T. Note that it canies the counterclockwise 

orientation of D = JT to the counterclockwise orientation of C = 3 S .  



An a l t e r n a t e  vers ion  o f  t h e  change of v a r i a b l e s  theorem i s  

t h e  following: 

Theorem 8 .  Assume - a l l  the  hypotheses -- of  t h e  preceding 

theorem. Assume -- a l s o  t h a t  J ( u , v )  -- does n o t  change s ign  -- on t h e  

region T.  

- I f  J ( u , v )  > 0 --- on a l l  of T, - t h e  s i g n  -- i n  t h e  change - o f  

v a r i a b l e s  formula - i s  +; while  - i f  J ( u , v )  C 0 --- on a l l  of  T, - t h e  

s i g n  - is - Therefore - i n  e i t h e r  c a s e  
- f  

Proof. We apply t h e  preceding theorem t o  t h e  func t ion  

f ( x , y )  z 1. We o b t a i n  t h e  formula 

I 

11 dx dy = t I\ J ( u , v )  du dv. 

The l e f t  s i d e  of t h i s  equat ion  is posi t . ive.  heref fore i f  

J ( u , v )  0 on a l l  o f  T, t h e  s i g n  on t h e  r i g h t  s i d e  of t h e  

formula must be +; while  i f  J ( u , v )  C 0 on a l l  o f  T, t h e  

s i g n  must be - Now we r e c a l l  t h a t  t h e  s i g n  does n o t  depend on 

t h e  p a r t i c u l a r  func t ion  being i n t e g r a t e d ,  only  on t h e  transforma- 

t i o n  involved. Then t h e  theorem i s  proved. 0 



Remark. The formula we have j u s t  proved g ives  a geometric 
! 

i n t e r p r e t a t i o n  of t h e  Jacobian determinant of a t ransformat ion .  

~f  J ( u , v )  # 0 a t  a  p a r t i c u l a r  po in t  ( u O , v O ) ,  l e t  us choose a  

small  r e c t a n g l e  T about  t h i s  po in t ,  and consider  i ts  image S 

under the  t ransformat ion .  I f  T is smal l  enough, J ( u , v )  w i l l  

be very  c l o s e  t o  J ( u o , v o )  on T, and s o  w i l l  no t  change s ign .  

Assuming S i s  a Green's region,  w e  have 

a r e a  s = / /  dx d y  = \I I J ( u , v ) ~  du dvt so  

a r e a  S - I J ( U ~ , V ~ )  I ( a r e a  T ) .  

Thus, roughly speaking, t h e  magnitude of  J ( u , v )  measures how 

much t h e  t ransformat ion  s t r e t c h e s  o r  s h r i n k s  a r e a s  a s  it c a r r i e s  

a p i e c e  of t h e  u ,  v p lane  t o  a p iece  o f  t h e  x, y plane.  And 

t h e  s i g n  o f  J ( u , v )  t e l l s  whether t h e  t ransformat ion  p rese rves  

o r i e n t a t i o n  o r  not;  i f  t h e  s i g n  i s  negat ive ,  then  t h e  transforma- 

t i o n  " f l i p s  o v e r n  t h e  r eg ion  T b e f o r e  sh r ink ing  o r  s t r e t c h i n g  it 

t o  f i t  on to  S. 



- =-7 
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AS a n  a p p l i c a t i o n  o f  t h e  change o f  v a r i a b l e s  theorem, w e  

s h a l l  v e r i f y  t h e  f i n a l  p r o p e r t y  o f  o u r  n o t i o n  o f  a r e a ,  namely, 

t h e  f a c t  t h a t  c o n g r u e n t  r e g i o n s  i n  t h e  p l a n e  have  t h e  same a r e a .  

F i r s t ,  w e  must  make p r e c i s e  what w e  mean by a "congruence ."  

2 ~ e f i n i t i o n .  A t r a n s f o r m a t i o n  h : R -> R~ o f  t h e  p l a n e  
or an isomet 

t o  i t s e l f  i s  c a l l e d  a congruence  &preserves  d i s t a n c e s  between 
A 

p o i n t s .  Tha t  is ,  -h is a congruence  i f  

fo r  e v e r y  p a i r  - a ,  - b o f  p o i n t s  i n  t h e  p l a n e .  

The f o l l o w i n g  is a p u r e l y  g e o m e t r i c  r e s u l t :  

2 Lemma 9. - If - h : R~ -> R - -  is a congruence ,  - t h e n  h - h a s  

-- t h e  form 

-or, writing vectors as column matrices, 

where - (a ,c)  and - (b,d) are -- unit  orthogonal vectors. -It follows that -
ad - M,-the Jacobian determinant of 

4
h, ec;uals +I. 

-P r o o f .  L e t  (p ,q)  d e n o t e  the p o i n t  & ( O , O )  . Def ine  

- 2 k : R -> p2 by t h e  e q u a t i o n  

I t  is e a s y  to  check  that -k is a congruence ,  s i n c e  



f o r  every p a i r  o f  po in t s  2, b.  L e t  u s  study t h e  congruence k ,  
i -

which has t h e  proper ty  t h a t  &(g)= 0. 

We f i r s t  show t h a t  -k preserves norms of  vec tors :  By 

hypothes is ,  

Ilall- = Ilk(a)- - - - OII = llk(a)ll. 

Second, we show t h a t  -k preserves  d o t  products:  By hypothesis ,  

Ilk(=)II2 -2k(a)-&(b)+ llk(b)l12- - = 1la1l2 - - 2a.b- - + llbl12.-

Because -k preserves  norms, w e  must have 

W e  now show t h a t  -k is a l i n e a r  t ransformation.  L e t  gl 
2 and g2 be the usual  u n i t  b a s i s  v e c t o r s  f o r  R ; then (x,y) = 

xg1 + yeZ ~ e t  

e = k ( e )  and e+ = k ( e ) .-3 - -1 - -2 

Then e3 and e+ a r e  a l s o  u n i t  or thogonal  v e c t o r s ,  s i n c e  -k 

p rese rves  d o t  products  and norms. Given 1 -x = (x,y), cons ider  



- 2 
i 

t h e  vec tor  k (?I) ; because e3 and g4 form a b a s i s  f o r  R ,

we have 

f o r  some s c a l a r s  a and 6, which a r e  of  course funct ions  of -x.

L e t  us compute a and B .  We have 

because i s  or thogonal  


by d e f i n i t i o n  o f  e3, 


because -k preserves  d o t  products ,  


because 3 i s  orthogonal  t o  e2. 

S i m i l a r l y ,  

P(?i) = -k ( 2 )  = -k ( x )- *k(g2)= 5 e2 = y. 

W e  conclude that f o r  a l l  p o i n t s  5 =  ( x , ~ )  of R2, 

L e t t i n g  ej = ( a , c )  and 3 = (b,d)  , w e  can  w r i t e  k o u t  in ,  

components i n  the form 

-k ( 5 )  = x(a8c)  + y ( b , d )  = ( a x  + by, c x  + d y ) .  



Thus -k is a l i n e a r  t rans format ion .  

Returning now to  ou r  o r i g i n a l  t rans format ion ,  -h ,  w e  recal l  

t h a t  

-k ( 5 )  = -h ( x )- - ( p t q ) .  

Therefore  w e  can w r i t e  o u t  -h ( 5 )  i n  components a s

-h ( ~ )= ( a x  + by + p,  cx  + dy + q ) .  

TO compute t h e  J acob ian  de t e rminan t  o f  -h, w e  no t e  t h a t  because  

e = (a,c) and = (b ,d)  are u n i t  o r thogona l  v e c t o r s ,  w e  have -3

t h e  equa t ion  

d e t  c j =  a b de t  [ , j t O r  1 0

Theorem 1 0 .  L e t  - h b e  - -  a congruence of -- the p l a n e  -- t o  it-

-s e l f ,  c a r r y i n g  r e g i o n  S.. -to r e g i o n  7. -If  b o t h  S -and T -are 

Green 's r e g i o n s ,  -t h e n  
i 

area S = area T. 



Proof .  The t r ans fo rma t ion  carries the  boundary o f  T i n  

a one-to-one f a s h i o n  o n t o  t h e  boundary o f  S ( s i n c e  d i s t i n c t  

p o i n t s  of R' a r e  c a r r i e d  by h- t o  d i s t i n c t  p o i n t s  o f  R 2 ) .  

~ h u s  t h e  hypotheses  o f  t h e  preced ing  theorem a r e  s a t i s f i e d .  

Furthermore,  I J (u ,v )  I = 1. From t h e  equa t ion  

w e  conclude t h a t  

area S = a r e a  T. 0 

EXERCISES. 

1. L e t  
I - h (x) - = A - x be an  a r b i t r a r y  l i n e a r  t r a n s f o r m a t i o n  

o f  R~ t o  i tself .  I f  S i s  a r e c t a n g l e  o f  a r e a  M, what i s  t h e  

a r e a  o f  t h e  image o f  S under t h e  t r a n s f o r m a t i o n  h?-
2.  Given t h e  t r a n s f o r m a t i o n  

\. (a)  Show t h a t  i f  (a,c) and ( b e d )  are u n i t  o r thogona l  

v e c t o r s ,  then -h is a congruence.  

(b) I f  ad - b c  = 21, show -h p r e s e r v e s  areas. Is h-
n e c e s s a r i l y  a congruence? 

3 .  A t r a n s l a t i o n  o f  R~ is a t r a n s f o r m a t i o n  o f  t h e  form 



where g is  f ixed .  A r o t a t i o n  of R~ i s  a t ransformation of 
;I 

t he  form 

-h ( 2 )  = (x cos 4 - y s i n  0 ,  x s i n  4 + y cos $ 1 ,  

where is  f ixed .  

( a )  Check t h a t  the  t ransformat ion  h - c a r r i e s  the  p o i n t  

with po la r  coordina tes  ( r , 9 )  t o  t h e  p o i n t  wi th  po la r  coordina tes  

( r ,9+$) 

(b) Show t h a t  t r a n s l a t i o n s  and r o t a t i o n s  a r e  

congruences. Conversely, show t h a t  every congruence wi th  Jacobian 

+I can be w r i t t e n  a s  t h e  composite of  a t r a n s l a t i o n  and a r o t a -

t i o n .  

( c )  Show t h a t  every congruence with Jacobian -1 can be 
i 

w r i t t e n  a s  t h e  composite of  a t r a n s l a t i o n ,  a r o t a t i o n ,  and t h e  

r e f l e c t i o n  map 

4 .  L e t  A be a square  matr ix .  Show t h a t  i f  t h e  rows of 

A a r e  orthonormal vec to r s ,  then  t h e  columns of A a r e  a l s o  

orthonormal vec to r s .  



i 

r 

3. Let S b e  the act of all ( x , ~ )  with b2x2 + a2Y2 I .  

Given f(x, y )  , expresa the integral JJ f as an integral over 
S 

2 . *.the 	unit disc u2 + v 2  1. Bvaluate when f(x,y) = x , - . 

6. 	 Let C be a circular cylinder of radiua a whome central axis 

is the x-axis. Let D be a circular cylinder of radius b 5 a 

whose central axir is the z-axia. Bxpresa the volume conmoa to the 

two cylinders am an integral in cylindrical coordinates. L ~ v a l u a t e  

when b = a - w . 1  
7 
I. 	 Transform the integral in problem 3, p .  0.26 by using the substi-

tution x = u / v ,  y = uv with u, v > 0 .  Evaluate the integral. 
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