MIT OpenCourseWare
http://ocw.mit.edu

18.102 Introduction to Functional Analysis
Spring 2009

For information about citing these materials or our Terms of Use, visit: http://ocw.mit.edu/terms.



http://ocw.mit.edu/terms
http://ocw.mit.edu

PROBLEM SET 4 FOR 18.102, SPRING 2009
DUE 11AM TUESDAY 10 MAR.

RICHARD MELROSE

Just to compensate for last week, I will make this problem set too short and
easy!
1. PROBLEM 4.1
Let H be a normed space in which the norm satisfies the parallelogram law:
(1) llu+ol* + [Ju = ol = 2(]|ul|* + [Jv]|*) ¥ u, v € H.

Show that the norm comes from a positive definite sesquilinear (i.e. Hermitian)
inner product. Big Hint:- Try

1
(2) (w,v) = 5 (Ju+ol” = flu—ol* +iu+ v = iflu - awvl)!

2. PROBLEM 4.2

Let H be a finite dimensional (pre)Hilbert space. So, by definition H has a basis
{v;}_;, meaning that any element of H can be written

(1) v = ZC,L"U,L'

and there is no dependence relation between the v;’s — the presentation of v = 0 in
the form (1) is unique. Show that H has an orthonormal basis, {e;}?_; satisfying
(es,€5) = 0;; (=11if ¢ = j and 0 otherwise). Check that for the orthonormal basis
the coefficients in (1) are ¢; = (v, ¢;) and that the map

(2) T:H>vr— ((v,e;)) e C"
is a linear isomorphism with the properties
(3) (u,v) = Z(Tu)i(Tv)i, lullgr = || Tul|cn ¥V u,v € H.

7

Why is a finite dimensional preHilbert space a Hilbert space?
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