Lecture 14

April 6,th 2004

Extending interior Schauder estimates to flat boundary part

Theorem. u € C**(QNT),Lu= f,u=0onT, with0 < «a < 1. Assume coefficients are bounded
in C>%(QNT) as well as uniformly elliptic. ThenVQ' NT' € QNT, Fc=c(A,n,Q,Q,T',T) such

that

l[ullc2.e (@inTry < C(||U||CO(QmT) + /1] C(*(QHT))-

Proof. As in the last remark we see that our proof consisted of perturbing the equation at any
g € Q' and relying on our constant coefficients estimates and interpolation methods. Both of these

hold upto the flat boundary from our previous work. ]

Global Schauder estimates

Theorem. Let Q be a C*>® domain and u € C*>*(Q)* with 0 < a < 1. Let L be uniformly elliptic

with C*(Q) bounds on coefficients . Let

Lu=f, fecCcQ),
U= on 0f).

Then 3 ¢ = c(, A, n) such that

l[ul|c2.0 ) < c(llullco@) + |[fllca@) + |¢llczeo0)) -

* We note that Gilbarg-Trudinger intend by this notation locally Holder while we will take it

DQ“(IO)—DQU(yo) is

[zo—yol®

henceforth to mean globally Holder in the sense that we assume sup, ., co

finite.



Here we let ||¢||c2.a90) := inf_[|§|[c2e(q)-
@:QHR

Proof. 1t is enough to prove for the case of zero boundary values: if we can solve the Dirichlet
problem

Lv = f—Le=:f€C® on Q,
voo= 0 on o0q.

we can also solve our original one by setting v 4+ ¢ solves the original equation. And if we have
the above announced estimates for v then by the triangle inequality (for the relevant norms) and
the uniform ellipticity (which gives [|Ly||ca o) < ¢ - |[¢]|c2.0(q)) the same estimates will hold for
u, possibly with a different constant.

So indeed we may assume ¢ = 0.

By definition of a C>“ domain 3%, ¥~! € C?*(R"™ — R"™) mapping each small portion of the
boundary of Q, say B(zg, R) N 0N for zo € 9N to flat boundary. We set as in computations
in the past @ := w o ¥~! and then Di = Duo U=, D24 = D?u- U1/ 4+ Du - D?U~!. These
computations convince us once more that the relevant norms on a,b,c and a,b,é are equivalent
using U, U1 € €3 (e.g we find ||bl|ce(a) < [|bllce @) ([¥]cro ) Ple2a@) < C - A).

We have for the flat boundary
1l o200 (B0, 3 myne)) < €(lallco(w(B(ao,mn0)) + Fllco (v (B0, R)N)))-
Now by our above work we know this holds also for u in B(xq, R) N Q
||u||CQ’Q(B(mO,%R)ﬂQ) < C(HUHCO(B(xO,R)ﬂQ) + ||f||Ca(B(x0,R)ﬂQ))'

Now we patch up the estimates over a countable cover of 92 by small balls {B(z;, 3 R;)}. 0 being
compact we may choose a finite subcover say after relabeling {B(x;, %RZ) N . Finally we adjoin

to these estimates an interior estimate for some €’ such that Q\ UY,B(z;, 3R;) € ' € Q. And
having this we are done by analysing the different cases that might arise in a similar fashion to

previous proofs. [ |



Banach Spaces

Let V be a vector space equipped with a norm || - || : V — R ie i) ||z]| > 0 with equality
< x=0; i) ||ax|| = |af||z||; i) A— inequality. With a norm we have a metric d(z,y) := ||z —yl|
and we can talk about topology induced from it, convergence etc.

Cauchy sequence: {z;} such that d(z,,x,,) Y= 0, Vm,n > N.

Banach space: a normed space complete WRT the norm metric < every Cauchy sequence con-

verges (WRT the norm metric) in V' (limit in V).
We mention in passing a few examples.

e The Bolzano-Weierstrass theorem showing (R",| - |) is complete carries over to show

finite dimensional normed spaces are Banach.
o (C°%Q),||||z1) is incomplete, so is not Banach;

e On the other handwhile (C°(Q), ||||co(q)) and in general (C**(Q), ||-||ck,o) are Banach,
as can be demonstrated using the Arzela-Ascoli theorem [cf. Peterson, Riemannian Geometry,

Chapter 10].

e Sobolev spaces are yet another example.

Contraction Mapping Theorem. Let B a Banach space and T : B — B a contraction mapping

(WRT to the norm metric). Then T has a unique fixed point.

Proof. Here the assumption translates into ||Tz — Ty|| < 0 - ||z — y|| for 8 € [0,1). The idea is to
look at the sequence {z,, := T™x¢} and show it is Cauchy using the A-inquality . Let x € V be its

limit; we see that

Tz =Tlimz, =limTx, (by continuity of T!) = limx, 41 = =.

As for uniqueness, if z,y are two fixed points,



|z —yll = [Tz = Ty|| < Ollx =yl = |lx—yl|=0

and by the norm properties x = y. ]



