Lecture 15

April 8t 2004

The Continuity Method

Let T : B; — By be linear between two Banach spaces. T is bounded if

| Tz][5
Tl = sup :

<oo & ||Tx|lg, <c-||z||g, for some ¢ > 0.
rzeB; ||$||Bl

Continuity Method Theorem. Let B be a Banach space , V a normed space, Ly, L1 : B —V

bounded linear operators. Assume Ic such that Ly := (1 —t)Lg + tLy satisfies
lzlls < ¢ [[Lyxlly, vt e[0,1]. (%)
Then — Lo is onto <  Lq is.

Proof. Assume L, is onto for some s € [0, 1]; by () L, is also 1-to-1 = L ! exists. For ¢t € [0,1],y €
V solving L,z = y is equivalent to solving Ly(x) =y + (Ls — L)z =y + (t — s) Loz + (t — s)Ly .
By linearity now z = L'y + (t — s)Ly ' o (Lo — Ly)x.

Define a linear map T : B — B, Te = L'y + (t — s)L, ' o (Lo — Ly)z. One has ||Tz; —
Txs||lp = ||(t — 8)Ls o (Lo — L1)(x1 — x2)||. (*) now gives us a bound on L, ': since L, is onto
Vx € B, dy € B such that L,y = z and so

||LS_1$||B <c-||[Lso LS_133||V

L7 lls < e flzlly - = LT <e
As an application we see that

[Tz — Tasl|p < (t —s)c- (|[Lol| + [|L1])|[z1 — @2]|,
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and for ¢ close enough to s (precisely for ¢ € [s e R C(HLoHJrHLlll)]) we therefore have

a contraction mapping! Therefore T has a fixed point by the previous theorem which essentially
means that we can solve Lyxz = y for any fixed y or that L; is onto. Repeating this ¢(||Lo|| + ||L1]])

many times we cover all t € [0,1]. ]

Remark. Note as in the beginning of the proof that once such operators are onto they are in fact

invertible as long as () holds.

Elliptic uniqueness

Let us summarize the properties we have establised for uniformly elliptic equations. Let € be a

bounded domain in R". Let L = a"(z)D;; 4+ b*(z)D; + ¢(x) be uniformly elliptic, i.e

%-5”‘ < a(z) <A 69

and assume c¢(z) < 0.
Let u € C2(2) N C°(Q) be a solution of Lu = f € C*() with 0 < a < 1. Then we have the

following a priori estimates —

A. sup fu < c(y, A, Q,n) - (sup |u| + sup | f]).
Q o0 Q

B. Under the additional assumptions

e in the case L has o — Hdlder continuous coefficients with Holder constant A,
e  has C*“ boundary
o ucC>(Q),feC*Q),
we had the global Schauder estimate
ullza ey < ey, A, Qn) ([[ulloo @) + I flloe (@)

C. Under the assumptions of B, when ¢(z) <0



[lullg2.e () < e(sup [u] + sup [ f]).
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D. The above applies to the Dirichlet problem
Lu=f on, u=¢ ondQ
and in particular when ¢ = 0 we get very simply

l[ul| g2 ) < € [|Lul|ca (-

Theorem.  Let Q be a C>* domain, L uniformly elliptic with C*(Q) coefficients and (x) < 0.
Look at all u € C>%(Q) and assume f € C%(Q). Then the Dirichlet problem Lu = f on Q, u =

© on 0Q has a unique solution u € C>%(Q) provided that the Dirichlet problem for A is solvable

Vf € C(Q), Yy € C2(Q)!

Proof. Connect L and A via a segment: [0,1] — L; := (1 —t)L + tA. Since those operators are
all linear it is enough to prove for ¢ = 0 as we have seen previously. C>%(Q) is a Banach space
(Lecture 14), and so is its subspace B(Q) := {u € C*>*(Q),u = 0 on 9N}. As a matter of fact L; is
a bounded operator B(2) — C%(Q2) by the assumptions on the coefficients of L. And, by uniformly

elliptic we see from D above
[ul|c2.0 ) = Jullc2eBea)) < ¢ [|[Liulca(a),

with ¢ independent of ¢ (depends just on L). Note C%(f2) is a Banach space and in particular a

vector space. The Continuity Method thus applies. [ |

Strangely enough, we are now back to solving Dirichlet’s problem for A in domains.

Our methods so far were good for providing solution in balls, spherically symmetric domains.

In other words we were able to solve (in C>*(B(0,R))!) Au = f € C*() on B(0,R), u =
¢ on 0B(0, R) using the Poisson Integral Formula and estimates for the Newtonian Potential. We

used conformal mappings (inversion) to get indeed C%® upto the boundary. We conclude therefore

that



Corollary. We can solve the Dirichlet Problem for any L satisfying the assumptions of the
Theorem in balls.
Perron’s Method gives a solution in quite general domains but we will not go into its details as

later on our regularity theory (weak solutions, Sobolev spaces etc.) will give us those answers.
Elliptic C>“ regularity
Let B :=ball, T :=some connected boundary portion.

T heorem. Let L be uniformly elliptic with C“ coefficients and assume c(x) < 0. Let u €
C2() NC(RQ) be a solution of the Dirichlet problem Lu = f € C*(B) in B, u= ¢ € C°(0B)N

C2%(T) on OB has a unique solution u € C>*(BUT) NCY(B).

We know by the previous theorem that if ¢ € C*®(9B) (and not just on T') then unique solvability
would be equivalent to the unique solvability of A on B which we have! Therefore this Theorem is
a slight generalization.

Proof. As was just outlined the crucial problem lies in the (possible) absence of regularity of ¢
on part of the boundary. So we approximate ¢ by a sequence {¢r} C C3(B) such that both
llox = ¢llcomy — 0 and ||px — ¢@||c2.a(g) — 0. Solve Luy = f, in B, uy = pron 0B.

Now L(u; —uj) = 0, inB, wu; —uj = ¢; —pjondB. And by A above (as ¢(z) < 0)
llui — ujllcosy < Csupgp @i — ¢j|. So we conclude our solutions {u} form a Cauchy sequence
WRT the C° norm, i.e in the Banach space C°(B). Therefore we know Ju € C°(B) with u; UB)y,
(not just subconvergence!) and furthermore this u satisfies u = ¢ on pB.

Now we shift our look to the C*>“ situation; by our interior estimates we have for any B’ € B
l|ui —wjl|c20mry < e(]|ui —ujl|cosy +1|0]|ce(m)).. That is our sequence is also a Cauchy sequence
in the Banach space C*>%(B’) = converges in C>%(B’) (in particular limit is C*>® regular). This
limit must equal the limit u|’; we obtained through the C® norm. We do this for any B’ € B =
get convergence in C>*(B) = wu satisfies Lu = f on B and has the desired C%® regularity on B.
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We now turn to the boundary portion: Vxg € T and p > 0 such that B(zg,p) N9B C T

we have the usual boundary Schauder estimates (for smooth enough functions) which give us

l[wi = ujllcz.o(Bze.nB) < € (||ul —ujl|cosy + ||@i — (pj||c2,a(B(xO’p)mB))- This means that in fact

C%*(B(zq.p)NB)

U; w and in particular v € C>“ at zg. Vo € T. [ ]



