Lecture 10

Interior C*“ estimate for Newtonian potential (continued)

Proposition 1 C’onsz’der 31 = BR(:UO) C Bar(zog) = Ba, f € C%(Bag), where 0 <

a <

1. Let w( f32 x —y)f(y)dy, the Newtonian Potential of f in Bs.

w e 02’0‘(33(300)) and we have estimate

”DQWHO;BR + Ra’D2w|0¢;BR < C(HfHO§BQR + Ra|f’a;BQR)7

where C'= C(n,a) is constant.

Proof:(continued)
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We thus get
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Combine all the results, we have shown

X
|Dijw(T) — Dyjw(z)| < C(’f];a” + 1 flea@) + | floe@)lr — =%,
thes |Dyo(@) - Digwo(a)
o | Vijw(T) — D jw (T o «Q
R \x—f\a] < C(f @) + R flca@) + B flcam)),
i.e.

RQ‘DQWIQQBR S C(HfHCO;BQR + Ra|f|c”‘(BgR))

Since we have already known that

|D?wlo < eI fllco + R fla),

we finally get

1D*wl0;5, + R D*wlass, < CUIf loisar + RIS

a;B2R)' n

Exercise:
1) Find a continuous function f s.t. Au = f does not have a C? solution.
2) Find g € C! and Au = g but u is not C**.

Interior C*“ estimates for Poisson’s equation.
Application: u € C?(Bagp(x0)), Au = f, f € C%(Bar(x0)).

Theorem 1

C
lullcza (Br) < 25 (lullcos,r) + Ifllca(sam))-

Proof: Since A(u— Nf) = 0, where N f is the Newtonian potential of f, thus from
the C*“ estimate of N f we can get the C>% of w. |



Theorem 2 Let u € C?(Q), Au = f, f € C*(Q), then for any ' CC 2, we have
lullc2.ary < Cllullco@y + | fllca(n))-
Proof: Take x € ¥, choose R s.t.Bog C €2, then

C
[u|c2.a(z) < lulc2a(By(z) < RQ(HUHCO Bor T | flce(Bar))

C
< galllulleog + Ifloa@)-

Taking superior over all x and using previous estimate, we get

[ullc2.ay < Cllullco@) + | fllcain))- L

Boundary estimate on Newtonian potential: C*“ estimate up to the bound-
ary for domain with flat boundary portion.

Suppose Br C Bspg, with flat boundary portion Bf - B;.

Lemma 1 Let f € C"J‘(BJr fB+ )f(y)dy be the Newtonian potential of
fin Bf. Thenw € C2’“lph“(Bf) and

|D2W|O;B1 + Ra|D2w|a;B;L < C([flo;s, + Ra|f|a;32+)'
Proof: Examine the proof form last time. From C? estimate have
Dijeo(a / DT =)(f0) = Fe)dy = @) [ Diva=ywy(w)ds,
2

(Note faB; Dil'(z — y)v;(y)dsy = faB+ D;I(z — y)vi(y)dsy.)
So if either i # n or j # n, the integral on the lower boundary portion of By vanishes.
(Since v = (0,0,---,—1).)
If i = j = n, then
Do = §(2) [ (DaT( =) = DT (@ = )(~Ddo
2
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1
oBy |2 —y|"

< 1F(@)ld R

< c|f(x)]6".
Since we know Aw = f, thus wp, = f — w11 — wae — - -+, s0 we see that wy, € C?%,
and we can get estimate for wy, from estimates for w;;,i < n. [ |



