Lecture 2

Definition of Green’s function for general domains.

Suppose u € C%(2) N C(2), then for y € Q, the Green Representation formula tells

u(y) = / (ug—l;(m —y)—I(z— y)%)da + /Q Iz — y)Audz.

Definition 1 For integrable f, [oT(x —y)f(x)dx is called Newtonian Potential with
density f.

Remark 1 Ifu € CZ(R"), i.e. compact supported, then have

u(y) = /QF(QJ — y)Audzx.

If u is harmonic, then we have

uly) = | (o —1) ~ T~ )50

Thus harmonic functions are analytic.

Now let h be harmonic, by Green’s 2"¢ identity, we get

ou oh
haw= | (W2 — g
/Q b /m( 5, U, )0

Oh ou
0_/39(u31/_h(91/)d5+/9hAu

Adding Green’s representation formula, we get

(u(o) (g Do)+ o) ~(Ca)+h()) 5 )ds)+ [ (D) +he)) Auda,

i.e.

u(y) = | {
o0

Now fix z, we choose hy(z) s.t. Ahy(xz) =0in Q and hy(z) = —I'(z —y) on 9N. Let
G(z,y) =I'(x —y) + hy(x), then we have
u(y) = / u(x)iG(a:,y)ds + / G(z,y)Audz.
o0 vy Q

Definition 2 Such a function G(z,y), defined for x € Q,y € Q,x # y which satisfies
G(z,y) =0 for x € 0 and h(z,y) = G(x,y) —I'(z —y) is harmonic in x € §, is called
a Green function for domain €.



Remark 2 1. By Maximum Principle, G is unique if exists.
2. If G exists for a domain Q and u is harmonic in 2, then we can get an explicit
formula for u in terms of boundary values:

U = u——-ds.
= | w3

Green’s function for ball B(0, R)

Proposition 1 The Green’s function for the ball B(0, R) is
- ’mx - %‘9’2 ")

%ﬂx_ ) 77/237
G(r,y) = nl(QIn)wn 1 12| B
or (log|z — y| —log | o — Fyl) , n=2.

|2—n

Remark 3 G(z,y) = I'(z — y) — F(‘xlx — @y) thus AyG(z,y) = 0 and G(z,y) =
I'(x — y)+ a harmonic function on boundary.

Claim 1 G(z,y) = G(y, z), G(z,y) <0.

Proof: By squaring, we can get \‘—g'y ‘y|x| T — %y|, thus G(z,y) = G(y, ).

= I
This implies A,G(x,y) = 0 by previous remark.
For xz,y € B(0, R), we have |z —y| < ||x‘ my[, thus G(z,y) < 0 since the function

o — 1zl
R
I' is decreasing as a real function. |
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Proof:By symmetry, G(z,y) = ﬁ(!x —y[2" — \‘—g'y - %x|2_"). Thus
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This completes the proof. |

Corollary 1 Ifu € C?(Bg) N C°(Bgr) and Au = 0, then
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Remark 4 Previously, we regarded u € C*(Q) N CH(Q). Under the assumption of this
corollary, we can get formula holds for r < R. Since u € C°(Q), just take limit as
r — R.

Again, we see that harmonic functions are analytic.

Poisson Integral Formula

Theorem 1 Let ¢ : 9B(0, R) — R be continuous, then

R27 T 2
u(x) = anR| faB(O,R) %day , € B(0,R),
o(z) , x€dB(0,R).

satisfies Au = 0 in B(0, R) and u € C*(B) N C°((B))

Proof: For x € B(0, R), the definition of u gives u(z) = faB(o R) go(y)g—g(x,y)day,

thus 96
Boule)= [ o)A (@ )do,
dB(0,R) Yy

0
= / w(y)afﬁxG(way)de =0.
dB(0,R) Vy

so Au(z) =0 in B and u € C?*(B)
We have known that for harmonic function w € C?(B) N C'(Bg),

2 12
w(y) = L £] / w(z) ndag;.
nwpR - Japo,r) [T — Yl

Take w = 1, we get 1 = R:ujléz faB(o,R) ﬁdaw, ie.
R —|y* 1
1= / £ do, = K(z,y)doy.
oB(O,r) Twnll |z —y[" o8

Here K (z,y) = fracR? — ]y|2nwnRﬁ
Now consider g € dB. For any € > 0, there 3§ > 0 s.t. |¢(x) — ¢(x0)| < € for any
|z — 29| < §. Choose M large enough such that p(z) < MVz € 0B. For |x — z¢| < g,
we have

() — u(zo)| = | /8 K(@a)(() ~ plan))do|
<

is called Poisson Kernel.

<[ K@olew - e, + [ Kl - oa)lds,
ly—x0]<0 ly—z0|>8
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Thus for x close to OB, |u(x) — u(zo)| < 2e, i.e. x € C°(B) u

Mean Value Property (MVP)

Theorem 2 If a C°(Q) function u satisfies

1
- - d
u(y) nwp 1 /aBu 7

for every ball B = B(y,R) CC Q (MVP), then u is harmonic. In particular, u is
analytic.

Proof: Take any B(y, R) CC Q,u € C°(0B(y, R)). Thus by Poisson integral formula,
there is harmonic function h on B(y, R) s.t. h = u on 0B(y, R).

Consider w = h — u. Obviously w satisfies MVP on any ball C B(y, R). Recall that
our maximum principle and uniqueness proof only need MVP, so w has zero boundary
value implies w = 0 in B(y, R). So w = h in B, i.e. u is harmonic. ]

Remark 5 The proof just need "for each x € Q, 3B(x, R) C Q s.t. MVP is satisfied
on all balls in B(x,R)”.

counterexample (NOT C°):Take u on plane, u(z,y) = 1 for y > 0, u(z,y) = —1
fory <0, u(x,y) =0 fory =0. Obviously u is not harmonic.

Corollary 2 The limit of a uniformly convergent sequence of harmonic functions is
harmonic.

Proof: The limit is continuous and still satisfies MVP. [ |



