Lecture 8

A Priori Estimates for Poisson’s Equation.
Recall that Nf = [, T'(z —y)f(y)dy is called the Newtonian Potential of f.

Proposition 1 Suppose Q is bounded domain, f € L'(Q?), and w = N f is the Newto-
nian potential of f. Then w € C*(R™) and

Diw(w) = [ DT~ y)fw)dy. Yo < 9
Q
Proof: T' = C|z|> ™ = |DI'| < C|z|'~™, therefore
@) = [ DI =) fwdy

is well defined. ([v(z)| < [[fllze [q [Dil'ldy < C||f] L)
Define 7,(t) to be C* function with properties: (1) n.(t) =0 for t < €; (2) n(t) =1
for t > 2¢; (3) 0 < me(t) < 1; (4) |Dne| < 2. Define we(z) to be

welz) = /Q I(@ - y)ne(lz — y)(w)dy.

Then we(z) € C* and w,(z) — w uniformly.

o(x) — Diwe(z) = / (DiT(x — ) — Di(T(x — gl — 1)) £ (w)dy

Q
-/ Di((1 = ne(Jz — y)T(z — y)) f(y)dy

:/| . Di((1 = ne(|z — y1)T(z — y)) f(y)dy
z—y|<2e

@) = D@ <swplfl [ Il =)l + DTG = )by
r—y|<2e

< sup f1(2 /| PRLCIES [ e

€ |z]<2€

2 C C
<sup|f / dz+/ —dz
’ ‘(6 |2|<2e ’Z‘R_Q |2|<2e ’Z‘n_l )

SC’sup]f](i/< rdr+/< dr)
< C-esuplf|.

Now we have we — w and D;w. — v uniformly on compact subsets as ¢ — 0, thus
w € CY(R") and Diw = v. [ |



Theorem 1 Let u € C?(Q), f € L>®(Q) and Au = f in Q. Then for any compact
subdomain Q' CC Q,

[ullcrony < Clllullco@y + 1 £l @)

Proof: Let w be the Newtonian potential of f, i.e. w(y) = [,T'(z —y)f(x)dz. Then
from Green’s representation formula,
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is a harmonic function. So

C
w N = su 'z — z)dz| < o su/dsSC' ()
[wlleoan y€£,|/g (z —y)f(z)dz| < [|fllL (Q)yeg P £l 2o ()

and
Disly) = | DIy =) (w)ds

< (1 fllze () /QDiF(y —x)ds

C
< HfHLw(Q)WdS
= Ol fll=(0)

Thus [[Diwl|coqy < Ol fllp=(q), and so
lwller@) < Cllfllze=(@)-
Since v is harmonic, we have
[Dv||co@ry < Cllvllco)

< C([lulleoga) + llwllcoy)
< Cllullcoy + I fllLee(@))-

Thus
lullcr oy < [vller@n + llwller

< Cllullcoqy + [ fllLo=(@))- u

More over, one can show that for any 0 < a < 1,

[ullcra@y < Cllullco + 1 Fllze)-

This is not true for a« = 1.



But if f € C*(Q), then

lullcziry < CUlulle + 11.f Lo (o))
and
[ulloz.a@ny < CJullé + ([ £l (@))-

Ch estimate for Newtonian Potential (2 Bounded)

w(z) = /Q P y)f)dy — Duwl) = /Q DT (@ — ) f(y)dy.
Theorem 2 If f € L™, then w € C1(Q).

Proof: Take 2,7 € Q, let § = [z — 7|, and £ = (2 + 7).

Dyws() — D) /Q (DT (& — y) — D,T(E — 1)) (y)dy

< fleo) /Q IDiT(z — ) — DT — y)ldy

< 1o / DI — y) — DiT(F — y)|dy

Bs (&)
+ / IDiT(z — ) — DT — y)ldy)
Q—Bs(&)

= ||l pee(y( + I1),

where
I< / |D;I'(x — y)\dy—i—/ |D;T(T — y)|dy
B(;(f) B(;(é)
<[ Dra-yldy+ [ DTE- )y
Bgss (z) Bss (z)
1 1
Bas (@) |2 =Y By ) [T =)l
30
<C.2Z
<C 5
= Clz — xo],
and

1T = / IDiT( — y) — DiT(F — y)|dy
Q—Bs (&)

<l|z -7 |DD;I'(z — y)|dy
Q—B;(&)
1

<C-s -
y—g>5 | — Yl

3



Since we have
ly =&l <ly—2|+[2 —¢]
<ly—l+ 2
_x J—
S|y )
. 1
<ly—il+5ly ¢
1 .
:>§|y—§|§\y—x].

Thus

1
I1<C- 5/ ——dy
y—e>s 1y — &l

B
SC’-(S/ —dr
5 T

< C-é(log R —logd)
< C-5(log R+ 5™ h) (- —logd <C&* 1 for0<a<1)
=Co+C6* <06
= Clz — 7|
Combine the above results, we get w € C1(Q).
Further more, we get the C1® estimate
[wllcrea@) < CllfllL=@), 0 <a <1 u
Just as last time, this implies
Corollary 1 Suppose Au= f, f € L®(Q),Q) CC Q, then for 0 < a <1,
ullcrey < Cllullco@) + 1 £l @)
Remark 1 Look at the above proof and assume f € LP(2).

Dio(z) — D) = /Q (DT(@ — y) — DT(E — 1)) (y)dy

<[ IDT@ =) = Dir(a = g Vog [ |y
1 1
P q p—1
In the 274 part of the above proof, we had
1< { [ o~ 2| DD - )1}V
Q
1

<C-6 =\
( ly—€>6 [y — flnq)

<C-6- (5—nq+n)l/q

—C.5ra



Letazl—n—i—n%,thenp(a—l—i—n) =pn —n, ie p= =, we have:
If Au=f, f € LP(Q),p = 125, ¥ CC Q, then

ullcray < CUfllr@) + lullco@))-

Later we will show
ullw2r@ny < CUflr) + llullco@))-
So C1 estimate follows by Sobolev Embedding theorem.



