Lecture 9

C? estimates

Proposition 1 Let f be bounded and f € C*(Q) (locally), w(z) = [ T(z —y)f(y)dy
be the Newtonian potential of f. Then w € C?(Q), Aw = f and

Dyw(@) = | Dyl —9)(F) ~ f@)dy ~ f(x) [ DI~y

where Qq is nice domain (for instance, has C? boundary) with Qo D Q, and we just
extend f to vanish outside of 2.

Proof: Define u(z) = [ Di;I'(z —y)(f(y) — f(2))dy — f(z) [5q, Dil'(x = y)vjdoy, the
right hand side of above. Since D;;I'(x —y) < ﬁ, lf(y) — f(@)] < |Ifllge|x — y|%,
u(x) is well defined.

Take n.(x) € C*°(R) such that (1) 0 < n.(z) < 1; (2) n(z) = 0 for x < & (3)
Ne(x) =1 for x > 2¢; (4) |Vne| < % Let

ve(z) = /Q DT (& — y)nelz — ) f(w)dy.

Claim: v. € C1(Q), and v. — D;w uniformly in €.

In fact, we have
Djuc(w) = [ Dy(DI(w = yhnlle = uD)F )iy
=/, D;(Dil'(x — y)ne(lz — y|)(f(y) — f(z))dy

+ /(@) | Di(Dil(z = y)ne(|x — y])dy

Qo
=/, D;i(Dil'(z — y)ne(|z — y)(f(y) — f(@))dy
= f(@) | Di(T(z —y)ne(lz — y]))v;(y)ds,
9Qo
=/, Dj(Dil(x = y)n:(|z — y]))(f(y) — f(@))dy — f(x) - Dil'(z — y)v;(y)dsy.



Now

u(z) = Djve(x)] < / Di{(1 =) Dil'}(f(y) — f(x))dy

|lz—y|<2e

2
<|Ifllce / (DT + 20,0 — yl*dy
|lz—y|<2e €

1 ) 1
< Cllfllo=( [ will
oyl<ze [T =y"7T€ Jjgyj<oe | —ynTime

< | fllee((20)" + 2(26))

€
< C[[fllcae®.

Thus Djv.(x) converges to u uniformly on compact subsets as ¢ — 0. But v, — D;w,
sow € C*(Q) and u = D;; ().
Now take Q9 = Br(0) D Q. Since AT' = 0 away from 0, the integral formula tells us

=g [ D,

=12 / Wi =8 )y

NWn J)z—y|=R |$ - y|n

_ fl=) (zi —yi) (Ti — i)

B nwny, /x—y|R |$ - y‘n |$ - y‘ )dy

_fl@) 1

= o BT /lx_y,R oo

= f(z). .

Remark 1 In fact, in the proof we only needed Dini continuity, i.e.|f(x) — f(y)] <
o(|z —y|) where [;° @dr < 0.

C?“ estimates for Poisson equation.

Proposition 2 Consider B; = Br(x9) C Bagr(zg) = B2, f € C*(Bagr), where 0 <
a <1l Letw(x) = f32 I'(x — y)f(y)dy, the Newtonian Potential of f in Ba. Then
w € C%%(Bg(ro)) and we have estimate

”D2W||0;BR + Ra’D2W|a;BR < C(HfHO§BQR + Ra|f|a;BzR)7

where C'= C(n,«a) is constant.



Proof: Let x1 € By, in last proposition we have showed

Djjw(z) = : DiiT(z —y)(f(y) — f(=x))dy — f(x) - Dl (x — y)v;doy,.

Thus

Dijo(@)] < | lon@C /B DT (@ — y)lle — yl*dy + /()] /a DT = y)lds,
2 2

< C!fca(z)/

B, |z —y|"e

< C|fCD‘(m)/

Ban(z) 1T —y["
< Clflea@BR)* + C|f(z)|
<C(f(@)+ R floa())-

Take = € By, then

1

dy +C|f(z _
y+O@I | e

dsy

1 _
dy + C|f($)|ann(2R)n !

Djjw(@) = | DyuT(T —y)(fly) — f(@))dy — f(T) DiT'(T — y)v;doy,
Bs 0B3
Thus
Dyw(@) = Dyw(e) = | Dil@=y)(fy) = f@)dy — | Dylw=y)(f) = f()dy
—f(@ DI’z — y)vjdsy + f(x) D;I'(x — y)v;(y)dsy.
OB3 0B2

Boundary terms are

/(@) /a (DT =) = DT = p)wds, (1)
(f(z) - 7)) / (DT — ))v;ds, (1)
0B>
Solid terms in Bg(£), where § = |z — 7|, € = (2 + T), are

DT (T —y)(f(y) — f(@))dy (I11)

B;s(§)
DijT(x —y)(f(x) — f(y))dy (Iv)

Bs(§)

On By \ Bg(f), we write Dijl“(f — y) = (D@I‘(T — y) — D,-jF(x — y)) + D@'F(.CL‘ — y), the
corresponding solid terms are

/ (DT —y) — DyT(x — ) (f) — F@)y (V)

B2\Bs(&)

(f(z) — (@) / DT (x — y)dy WvI)
B2\Bjs(&)



Now we begin to estimate these terms separately.

(1) = f(z) /a (DT =) = DI~ )yds,
< /(@) /8 DDyl — s,

< f@)6 e / L s, < el f(@)[6 - nwn(2R)"

aB, [T —y[" R
1 ) J
< el ()l < 2l (2)| 5 < 2l7(@)| (5 5)
50&
<clf(z) Ra

(I1) = (f(z) - [(2)) /a (DT = s,
< |f|C’D‘(m)6ac/a

« 1 n—
< |floa()d cwnwn(ZR) !

< C|flea(z)0®.

1

—d
B, [T —y|" 1 Sy

(IIT) = DIz — y)(f(y) — f(@))dy
Bs (&)

C
<o / Lyl flonmdy
B;s(&) |x

_ y|n
1

< Cf\Ca(x)/ = oy

Bs(e) [T —y["™@

1

< Cf\Ca(x)/ =y

Bas . [T —y|["e

5 (T)
3o,

< el o= ()

< | flee@)d®
Similarly,
(IV) < clflca ()8

The last two terms are to be continued.



