Lecture 25 Martingale-difference inequalities. 18.465

Let Z(x1,...,z,) : X™ +— R. We would like to bound Z —EZ. We will be able to answer this question if for

/!

/
any Ti,...,Tp, L1y, Ly,

(25.1) |Z(z1,. . ymn) — Z(T1, o i1, T T 1y - - T | <

Decompose Z — EZ as follows

Z(x1,. . ywp) —EBp Z(2, . 2h) = (Z(x1, ..y 2p) — B Z(2, 20, ... 20))

rn

+ (B Z(2y, 22y .. 1) — B Z(2, 25, 23, ..., 1))

+ (Eo Z(2h, ... 2y, xy) — By Z(2,. .., 20))
— 2+ Zot ...+ 2,

where
Zi =B Z(xy, ... 2 wiy. . wpn) — B Z(2, . 2 T, ).
Assume
D) 1Zi] <
(2) Ex,Z; =0
(3) Z; = Zi(xiy. .. xp)

Lemma 25.1. For any A € R,

) 2 2
Ezie)\Z1 < e)\ ci/2.

Proof. Take any —1 < s < 1. With respect to \, function e** is convex and

s = AU TN,

Then 0 < HQ'S, 153 <1 and 1'2“” + 155 =1 and therefore

_ A - A A
6A8§1;36A+1286_)\:e +2€ +Se 26 Se’\2/2+s-sh(:£)

using Taylor expansion. Now use % = s, where, by assumption, —1 < % < 1. Then
) .2 22 Z;
eNi — eACl i < eN e /2 + —Zsh(/\cl)
C;
Since E,, Z; =0,

E, 0% < 62

We now prove McDiarmid’s inequality
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Theorem 25.1. If condition (25.1) is satisfied,

Proof. For any A > 0

Furthermore,

Hence,

P(Z-EZ>t)=P <eA<Z*EZ> > e)‘t> <

+2

P(Z-EZ>t)<e *Ti=il,

EeMZ-EZ)

eAt

ReMZ-EZ) _ gMZi+.+Zn)

— E]Ewle/\(zl-f-...-i-zn)
) [eA(ZQJF"'*Z")Ezle)‘Zl]
<E [BA(Z2+...+Z”)6)\2cf/2:|
2C2 n
— 1/2EE12 [e/\(Z2+ +Zz )]
2.2 n p
— N/ |:6A(Z3+ +z )EueAZz}

< e,\2(c§+c§)/2EeA(zs+...+Zn)

< M T2

P(Z —EZ > t) < e MTY EiLici/2

and we minimize over A > 0 to get the result of the theorem. O

Example 25.1. Let F be a class of functions: X + [a, b]. Define the empirical process

Then, for any i,

because

Z(x1,...,Ty) = sSup
fer

Ef — %Zf(fﬂz) .
i=1

_SUP‘Ef_l(f(ml)"‘ A fla) + +f($n))‘
< sup 21— Fle)| < 0 =
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and
el = |d] < [e—d|.

Thus, if a < f(z) < b for all f and z, then, setting ¢; = 2= for all i,

t2 nt?
P(Z-EZ >t) <exp = o | = e 20-a)7
QZZ 1 ( n2

By setting t = ,/%“(b —a), we get

IP’(ZIEZ> ﬁ(ba)) <e v

Let €1,...,&, be 1.i.d. such that P(e = £1) = % Define

Zng

Z((e1,21),. .., (en,2pn)) = sup
ferF|n

Then, for any i,

1Z((e1,21), s (€)oo (Enyn)) — Z((81,01)5 -+ o5 (Eiy i)y o+ vy (Eny Tn))]
< sup L (a]) - f<a:i>>\ <2M_,
isa n
where —M < f(z) < M for all f and «.

Hence,

t2
P(Z—-EZ >t) <exp <—> = e BMZ,
2

By setting t = %M, we get

Similarly,
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