Lecture 33 Talagrand’s convex-hull distance inequality. 18.465

Lemma 33.1. For0<r <1,

inf ei(lﬂ\){zr*)‘ <2-—r.
0<A<1 =

Proof. Taking log, we need to show

. 1 9
(1 - — — — <0.
0<1r){f<1 < (1 =X)* = Alogr — log(2 r)) 0

Taking derivative with respect to A,

1
—5(1—)\)—logr:0
A=14+2logr<1

0<A=1+2logr
Hence,
e 1/2 <r.

Take
1+2logr e Y2<r

0 e 2>

Casea): r<e /2 \=0
i—log(Q—T)SO & r<2—ei. e /2<2 _e1,

Case a): r > e 12 X=1+2logr

(logr)? —logr — 2(log7)? —log(2 —7r) <0
Let
f(r) =log(2 —r) +logr + (logr)>.

Is f(r) > 07 Enough to prove f'(r) <0. Is

1 1 1
f'(r)=—=——+=+2logr--<0.
2—7r 7 T
rf'(r)z—ir +1+2logr <0.
2—r
Enough to show (rf/(r))" > 0:
2 2—r+r 2 2
’ r_c_ 2T _ s 4
(rf'(r))" = r (2-r)2 r(2—7r)2
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Let X be a set (space of examples) and P a probability measure on X. Let x1,...,z, beiid., (z1,...,z,) €

X", P"=Px...xP.
Consider a subset A € X". How can we define a distance from z € X" to A7 Example: hamming distance
between two points d(z,y) = > I(x; # y1).
We now define convex hull distance.
Definition 33.1. Define V(A,x), U(A,x), and d(A,z) as follows:
(1) V(4,z) ={(s1,-.-,8n) : 5; €{0,1},Fy € A s.t. if s; =0 then x; = y;}

x=( x, T2, ..., Tp)

= #£ ... =
y=0 Yy, ¥2, -5 Yn)
s=( 0, 1, ..., 0

Note that it can happen that x; = y; but s; # 0.
(2) U(A,z) = conv V(A,z) = {E Nul, v = (ul,...,ul) e V(A ), \; >0, X\ =1}

r U 'n

(3) d(Aa .13) = minuEU(A,a:) |u|2 = minueU(A,z) Zu?

Theorem 33.1.

1
Ee%d(A,z) _ /G%d(A’x)dPn(m) < Pn(A)
and
1
P(d(A,z) > t) < —t/4,

Proof. Proof is by induction on n.
n=1:

0, z€A

d(A,z) =
1, z¢A

88



Lecture 33 Talagrand’s convex-hull distance inequality. 18.465
Hence,
1
/eid(A,z)dpn(x) = P(A)-1+ (1 - P(A))ed < =0
because
e < 1+ P(A).
- P4

n—-n+1:
Let = (z1,...,Tn, Tnt1) = (2, Zn41). Define

A(In-‘rl) = {(y17 s 7y7l) : (y17 s ayﬂ7xn+1) € A}
and

B = {(yla"'vyn) : 3yn+17 (yla"'ay’ruyn-‘rl) S A}

X n+l .

4

AK,.)

One can verify that

and

seU(A(zpy1,2)) = (5,0) €e U(A, (2, 2p41))

teU(B,z)= (t,1) e U(A, (z,Tn+1))-

Take 0 < A < 1. Then

As,0)+ (1= N)(t,1) e U(A, (z,2n41))
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since U (A, (z,Zn+1)) is convex. Hence,
d(A, (2,2041)) = d(A,z) < [X(5,0) + (1 = A)(t, 1)

= i()\si + (1= Nt)? + (1= N)?
=1

SAY SFHA=-ND (1=

So,
d(A,x) < M(A(Zpi1),2) + (1 —=Nd(B,2) + (1 -2

Now we can use induction:

/ et dAa) gprtl (z) = / / et Ao ) 4P (2)dP (2 11).
X n

Then inner integral is
/ e%d(A(Z?wnJrl))dPn(Z) < / 6%(/\d(A(z,L+1),z)+(17)\)d(B,z)+(17)\)2)dPn(Z)

_ i /e(%d(A(zn+1),z)))ﬁ»(%d(B,z))(lfA)dPn(Z)
We now use Holder’s inequality:

1/p 1/q 1 1
/fgdP < (/ fde> </ quP> where —+-=1
p g

e (1-2)? / e(%d(A(ac,,Hrl),z)))\+(%d(B,z))(17/\)dPn(Z)

1-X

A
< e%(l—)\)2 (/ eid(A(mn_H),z)dPn(Z)) (e%d(B,z)dPn(Z))

< (o oot 10 (Pn(A;W»)A (Fm) -

R YRSV <Pn(14(95n+1))>_A
P(B) P(B)

Optimizing over X € [0, 1], we use the Lemma proved in the beginning of the lecture with

_ Pr(A(@ni))
0<r= P"(B;— <L

Thus,

%e%(1—x)2 (P"(A(ﬂﬁwrl)))_A < PnlB) (2 _ P"(A(W) ,

P Pr(B) ( Pr(B)
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Now, integrate over the last coordinate. When averaging over x,,1, we get measure of A.

/ Ld(A, 'L)dPn+1 / / d(A’(Z’w"+1))dP7L(Z)dP(iL’nJrl)

S (o e

1 (o

1 P"'H(A) 5 Pn'H(A)

PrHI(A) P(B) ( ~ P(B) )
1

= P

because (2 —z) < 1for 0 <z < 1. O
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