Lecture 36 Talagrand’s two-point inequality. 18.465

Let x € X™. Suppose A1, Ay C X™. We want to define d(A;, Az, ).
Definition 36.1.
d(Ay, Ay, z) = inf{card {i <n:x; #vy! and z; # 32}, y" € A1, 9> € A}

Theorem 36.1.

1
]EQd(Al,AQ,I) — /2d(A1,A2,CE)dPn <
(z) < Pr(A;)P7(As)

and
1

< PP

P (d(Ala AQ; Z‘) Z t)
We first prove the following lemma:

Lemma 36.1. Let 0 < g1,92 <1, g; : X — [0,1]. Then

/min <2, 91}@’ gzt@) dP(zx) - /gl(x)dP(x) . /gg(x)dP(x) <1

Proof. Notice that logax < x — 1.
) 1 1
/mm (Z,) dP + /gldP+/ggdP <3
g1 92
) 11
/ |:II11H <2, —, > + g1 +gz] dP <3
g1 92

1 1
min (2>7> + 91+ 92 <3.
gr 92

So enough to show
which is the same as

It’s enough to show

If min is equal to 2, then g1, g2 < % and the sum is less than 3.

If min is equal to g%’ then g; > % and g1 > g2, so min+g;1 + go < g% + 297 < 3. O
We now prove the Theorem:

Proof. Proof by induction on n.

n=1:

d(A1,As,z) =0if z € A; U Ay and d(A;, As,x) = 1 otherwise

1 1
2UAL A2 P (1) = / in (2 dP
/ (l’) . ’ I(.T € Al), I(SL’ € AQ) (I)

1

= T1(z € 4)dP(x) - [ 1z € A3)dP(x)
1
~ P(A)P(4y)

98



Lecture 36 Talagrand’s two-point inequality.

18.465

n—-n+1:
Let . € X"t Ay, Ay C X"FL Denote © = (21, .., Tn, Tny1) = (2, Tnt1)-
Define
A1 (xpg1) ={z€ X" : (z,2p41) € A1}
Az(tns1) = {z € X" : (2, n41) € A2}
and
By = U A(Tny1), B2 = U A (Tny1)
Tt Tt
Then
d(Aq, Ag,x) = d(Ay, Ag, (2,2541)) < 14 d(By, Ba, 2),
d(Ay, Az, (2, 2n41)) < d(A1(2n41), Ba, 2),
and
d(Aq, As, (z,2p41)) < d(B1, As(Tnt1), 2).
Now,

/2d(A1’A2’C")dP"+1(Z,xn+1) _ //2d(A1,Aza(Z,l‘nJrl))dPn(Z) dP(2p 1)

I(@n+1)

The inner integral ca ne bounded by induction as follows
I(2p41) < /21+d(Bl’Bz,Z)dpn(Z)
<2. L

- P(B1)P"(B2)

Moreover, by induction,

1
I(x, S/Qd(A1($n+1)7Bz,z)dPn 2) <
( +1) ( ) P"(Al(xn+1))Pn(B2)
and
1
I(z, §/2d(BlvA2($n+1)7Z)dPn 2) <
( +1) () Pn(Bl)Pn(A2(xn+1))
Hence,

. 2 1 1
I(@ns1) < min (P”(Bl)P"(Bz)’ P (1)) P (Bs) P”(Bl)P”(A2($n+1))>
B 1 ., 1 1
TP B)P (B | T P (A () [PP(B1) P(As(wnar) /PP (Bo)

1/91(zn+41) 1/g2(xn+1)
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So,

1 1 1
Iz )dP(zi) < ———— [ min (2, —, — ) dP
JREEDUENS P"(Bl)P"(Bz)/ ( o 92)
< 1 1
= P*(By)P"(Bs) [q1dP- [ godP
1 1

Pr(B;)P"(B;) Pnt1(Ay)/P(By) - Prt1(A,)/Pn(By)
1
Pn+1 (Al)Pn+1(A2)

because [ P"(A1(zy4+1))dP(znt1) = PP Ay).
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