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Lecture 38 Applications of Talagrand’s concentration inequality. 18.465 

If we substitute f − Ef instead of f , the result of Lecture 37 becomes: 

sup 
f ∈F 

n n� 

f∈Fi=1 i=1 

(f(xi) − Ef) (f(xi) − Ef)≤ E sup 

n

f∈F 

with probability at least ≥ 1 − e−t . Here, a ≤ f ≤ b for all f ∈ F and σ2 = supf∈F Var(f). 

Now divide by n to get 

n

� 

i=1 

t
4(b − a)E sup (f(xi) − Ef) + 2nσ2 t + (b − a)+ 

3 

1 t t 
f(xi) − Ef 4(b − a)E sup |. . .| + 2σ2 

f∈F 
+ (b − a)≤ E sup |. . .| + 

f∈F 
sup 
f∈F 3nn n 

i=1 

Compare this result to the Martingale-difference method (McDiarmid): 

n1 2(b − a)2t 
f(xi) − Ef ≤ E sup |. . .| + 

f∈F 
sup 
f∈F n n 

i=1 

The term 2(b − a)2 is worse than 4(b − a)E supf ∈F |. . .| + 2σ2 . 

An algorithm outputs f0 ∈ F , f0 depends on data x1, . . . , xn. What is Ef0? Assume 0 ≤ f ≤ 1 (loss 

function). Then 

n� n�1 1 
f0(xi) f(xi) ≤ use Talagrand’s inequality .Ef0 − Ef −≤ sup 

n n 
i=1 f ∈F i=1 

What if we knew that Ef0 ≤ ε and the family Fε 

1 

= {f ∈ F , Ef ≤ ε} is much smaller than F . Then looking 
n 

f(xi)i=1 is too conservative. Ef −at supf∈F n 

Pin down location of f .0�n Pretend we know Ef0 ≤ ε, f0 ∈ Fε. 

1 
n

Then with probability at least 1 − e−t , ���Ef� −0� 1 
f0(xi) f(xi)Ef −≤ sup 

n n 
i=1 f∈Fε i=1 

n

f(xi)
1 t t

4E sup . . . + 2σε 
2≤ E sup Ef − + +| | 

3nn nf ∈Fεi=1f ∈Fε 

where σε 
2 = supf∈Fε 

Var(f). Note that for f ∈ Fε 

Var(f) = Ef2 − (Ef)2 ≤ Ef2 ≤ Ef ≤ ε 

since 0 ≤ f ≤ 1. 

Denote ϕ(ε) = E supf∈Fε 

1 n 
f(xi) Then Ef − 

Ef0 − 

.i=1n �n1 t t 
f0(xi) ≤ ϕ(ε) + (4ϕ(ε) + 2ε) 

n 
+ 

3nn 
i=1 

with probability at least 1 − e−t . 
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Lecture 38 Applications of Talagrand’s concentration inequality. 18.465 

Take ε = 2−k , k = 0, 1, 2, . . .. Change t t + 2 log(k + 2). Then, for a fixed k, with probability at least → 

11 − e−t 
(k+2)2 , 

n

For all k ≥ 0, the statement holds with probability at least 
∞� 

k=1�

� 

i=1 

1 t + 2 log(k + 2) t + 2 log(k + 2) 
f0(xi) ≤ ϕ(ε) + (4ϕ(ε) + 2ε)Ef0 − + 

3nn n 

1
1 − e−t ≥ 1 − e−t 

(k + 2)2 

π2 
6 −1 

For f0, find k such that 2−k−1 ≤ Ef0 < 2−k (hence, 2−k ≤ 2Ef0). Use the statement for εk = 2−k , 

k ≤ log2
1 .Ef0 

n

t + 2 log(log2 E
1 
f0 

+ 2) t + 2 log(log2 E
1 
f0 

+ 2) 

� 

i=1 

1 t + 2 log(k + 2) t + 2 log(k + 2) 
f0(xi) ≤ ϕ(εk) + (4ϕ(εk) + 2εk)Ef0 − + 

3n 

= Φ(Ef0) 

n n 

≤ ϕ(2Ef0) + (4ϕ(2Ef0) + 4Ef0) + 
3nn 

f ̄+ Φ(x).Hence, Ef0 ≤ 1 n 
f0(xi) + Φ(Ef0). Denote x = Ef0. Then x ≤n i=1 

x

f + 

x

x

∗

Φ(  )

1 nTheorem 38.1. Let 0 ≤ f ≤ 1 for all f ∈ F . Define Fε = {f ∈ F , Ef ≤ ε} and ϕ(ε) = E supf∈Fε 
f(xi) .Ef − n i=1 

Then, with probability at least 1 − e−t, for any f0 ∈ F , Ef0 ≤ x∗, where x∗ is the largest solution of 
n

n 
i=1 

Main work is to find ϕ(ε). Consider the following example. 

Example 38.1. If 

sup log D(F , u, dx) ≤ D(F , u), 
x1,...,xn 

n

1 
f0(xi) + Φ(x∗).x∗ = 

then � √ε1 k 
log1/2f(xi) D(F , ε)dε. E sup Ef − ≤ √

nf∈Fε n 
i=1 0 

105 


