Lecture 41 Application of the entropy tensorization technique. 18.465

Recall the tensorization of entropy lemma we proved previously. Let zi,---,z, be independent random
variables, x,- - , 2/, be their independent copies, Z = Z (21, ,an), Z° = (T1, s Ti 1, T, Tiv1, + ,Tn),
and ¢(z) = e® — z — 1. We have Ee*? — Ee*? logEe?? < Ee* Y7 | ¢(—A(Z — Z*)). We will use the ten-
sorization of entropy technique to prove the following Hoeffding-type inequality. This theorem is Theorem 9 of
Pascal Massart. About the constants in Talagrand’s concentration inequalities for empiri-

cal processes. The Annals of Probability, 2000, Vol 28, No. 2, 863-884.

Theorem 41.1. Let F be a finite set of functions |F| < co. For any f = (f1,-+, fn) € F, a; < fi < by,
L =sup; > (b — a;)?, and Z = supy iy fi. Then P(Z > BZ + V2Lt) < e™*.

Proof. Let

Z' = sup ai—&—ij

e i#i

" def. -
Z = sup fi = fi
It follows that

0<Z-2"<Y 7= f7 —ai=f7 —ai <bi(f°) — ai(f°).
i j#i

Since

% = % is increasing in R and lim,_. 43;? — %, it follows that Vz < 0, ¢(z) < %127 and

Ee\Z —Ee* logEe™ < EeM > ¢ (-\Z - 2Y))
1 AZ 2 i\2
< SEe ;A (Z - 7%
< %LVE&Z.

Center Z, and we get

EMZED\(Z —EZ) —logRe?7E2) < LR Z-E2),
= 2
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Let F(\) = EerMZ=E2) Tt follows that Fj(\) = EerN?~E2)(Z —EZ) and

AFS(\) — F(\)1log F(\) < §LA2F(A)
1F(\) 1 1
- — —logF < =L
NPy e lef o= 3
1 ! 1
~log F < =L
(5o “>)A < .
1 1 A1 !
XlogF()\) = ElogF(t)|t_>O+/O (tlogF(t)>tdt
1
< =L
< 3 A
1 2
F(\) < exp(iL/\ ).

By Chebychev inequality, and minimize over A\, we get

P(Z>EZ+t) < e MEANZED
< e AMesLA?

minimize over A

P(Z >EZ +t) et°/CD)

IN

O

Let f; above be Rademacher random variables and apply Hoeffding’s inequality, we get P(Z > EZ+ \/T/Z) <
e~!. As a result, The above inequality improves the constant of Hoeffding’s inequality.

The following Bennett type concentration inequality is Theorem 10 of

Pascal Massart. About the constants in Talagrand’s concentration inequalities for empiri-

cal processes. The Annals of Probability, 2000, Vol 28, No. 2, 863-884.

Theorem 41.2. Let F be a finite set of functions |F| < co. Vf = (f1,---,fn) € F,0< f; <1, Z =
sup; Yy fi, and define h as h(u) = (14u)log(1+u)—u where w > 0. ThenP(Z > EZ+x) < e EZna/EZ)

Proof. Let

Z = supifi déf'zn:fio
i=1

fer i

Z' = sup ij.
It follows that 0 < Z — Z% < f? < 1. Since ¢ = e® — x — 1 is a convex function of z,

H(-NZ—=2")=¢(-\-(Z-Z")+0-(1-(Z~2"))) < (Z~ Z")¢(-N)
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and

E (M Ze*) —EeM logEeM? < E (&Z P ICNCAS Zi))>
i=1

IN

c(enngie-o)

i

$(—AE (e*z : fo)

IN

Set Z = Z —EZ (i.e., center Z), and we get
E (AZ&Z) _EMIogEr? < $(—NE (Z : e’\Z) < $(-NE ((Z + EZ) - e’\Z)
(A= ¢(—\)E (Ze)‘2> “EM logEeM < $(—N)-EZ-Ee .

Let v=EZ, F(\) =Eer, =log I, and we get

(= o) ~TorF() < 06(-)
(41.1) (A= 6(=1)) log F(N)y —log F(A) < vg(=N).
Solving the differential equation
(41.2) A=0(=A) | log F(A) | —logF(A) = wvg(=A),
W N T

yields ¥y = v - ¢(A). We will proceed to show that ¥ satisfying 41.1 has the property ¥ < Wq:

Substract 41.2 from 41.1, and let 1 =¥ —¥

(1—e MV -1, < 0
(A1) (1) =1 e and (A1) (1) =)
(r=1)(1—e?) ! v — < v < 0
A1 e’ T
(e;‘pil)x
¥i(A) 10
< 1 =0.
er—1 — )\li»r(lJ er—1 0

It follows that ¥ < vé(\), and F = Ee*? < e, By Chebychev’s inequality, P (Z > EZ + t) < e~ M+ve(A),
Minimizing over all A > 0, we get P(Z > EZ +t) < e~ ?"¥/%) where h(z) = (1 + z) - log(1 + z) — z. O

The following sub-additive increments bound can be found as Theorem 2.5 in
Olivier Bousquet. Concentration Inequalities and Empirical Processes Theory Applied to the

Analysis of Learning Algorithms. PhD thesis, Ecole Polytechnique, 2002.
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Theorem 41.3. Let Z = supscr »_ fi, Efi = 0, sup ez var(f) = supse >0y f? = o, Vie{l,- -

w1 ThenP(Z > EZ+ /I +wBZ ¥ nos+ %) <.

Proof. Let

Zy = sup )y f;
f§
Z, =[x such that Z = sup Zfz

fer i#k
It follows that Z;, < Z — Zj, < u. Let ¢(z) = e~ + 2 — 1. Then
MYNZ — 2Zy)) = M — e L \NZ - Zy)eM

= fWN(Z=2Z) M+ A= fFN)(Z = Z) e + M =M

= fN(Z-2Zk) M +g(Z — Zy)e?n.

1n}afi S

In the above, g(z) = 1 — e* + (A — f(\)) ze®, and we define f(A) = (1 —e*+ Xe*) / (e* + o — 1) where

a=1/(14u). We will need the following lemma to make use of the bound on the variance.

Lemma 41.4. Forallz <1, A>0and a > 1, g(2) < f(z) (az® — z).

Continuing the proof, we have

AMYNZ = Z)) = N (Z = Z) N 4 g(Z — Zy)e
< SN @ =2 w0 (a(Z - 207 - (2= Z))
< O (Z = Zi) M + P p()) (a - Zk)
Sum over all k=1, - ,n, and take expectation, we get

I NNE=Z) < SN2+ NS % (a(2})* - 1)

/\Zzw (Z—2Z) < fO)EZEM + F(A ZE@’\Zk (a —Zk)
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Since EZ;, =0, Ex, (Z,;)2 =Ef7 = var(f) < supsczvar(f) < o?, it follows that
EeM (a (Z1)? - Z,;) — R (aEfk (Z,)* —Ey, Z,g)

ac’Eerw

IN

2R A ZK+AEZ]

IN

oo

Jensen’s inequality
’
ac?EerrTAZ

IN

ac’Eer.

IN

Thus

E (\Ze*?) — Ee* log Ee*

IN

Ee* Y " p(MZ - Zi))
k

IA

FEZer + f(N)ano®Eer”.
Let Zy = Z — E, and center Z, we get
E (\Zpe*?") — Ee*0logEer < f(NEZpe*? + f(\) (ano® + EZ) Ee* .

Let F'(\) = Ee*?0, and W(\) = log F()\), we get

A=FO)F'N) = FNlog F(\) < f(\) (ano® +EZ) F(\)
F'(A)
(A= f(N) OV —logF(\) < f(A) (ano®* +EZ).
N—— T(N)
()
Solve this inequality, we get F(\) < e??(=*) where v = no? + (1 +u)EZ. O
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