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Lecture 02 Voting classifiers, training error of boosting. 18.465 

In this lecture we consider the classification problem, i.e. Y = {−1, +1}. 

Consider a family of weak classifiers 

H = {h : X → {−1, +1}}. 

Let the empirical minimizer be 
n1 � 

h0 = argmin I(h(Xi) = Yi) 
n 

� 
i=1 

and assume its expected error, 
1 

> ε = Error(h0), ε > 0
2 

Examples: 

• X = Rd , H = {sign(wx + b) : w ∈ Rd, b ∈ R} 

• Decision trees: restrict depth. 

• Combination of simple classifiers: 

T 

f = αtht(x), 
t=1 

where ht ∈ H, 
�T 

αt = 1. For example, t=1 

h1 = 
1 -1 

1 -1 
, h2 = 

1 1 

-1 -1 
, h3 = 

1 1 

1 1 

f = 17 (h1 + 3h2 + 3h3) = 
7 5 

1 -1 
, sign(f) = 

1 1 

1 -1 

AdaBoost 

Assign weight to training examples w1(i) = 1/n. 

for t = 1..T 

1) find “good” classifier ht ∈ H; Error εt = n 
=1 wt(i)I(h(Xi) = Yi)i � 

2) update weight for each i: 
wt(i)e−αtYiht (Xi) 

wt+1(i) = 
Zt �n 

Zt = wt(i)e−αtYiht(Xi) 

i=1 

αt = 
1 

ln 
1 − εt 

2 εt 
> 0 

3) t = t+1 

end 
1 
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Lecture 02 Voting classifiers, training error of boosting. 18.465 

Output the final classifier: f = sign( αtht(x)). 

Theorem 2.1. Let γt = 1/2 − εt (how much better ht is than tossing a coin). Then 

n T �1 � � 
I(f(Xi) = Yi) ≤ 2 

n 
� 1 − 4γt 

i=1 t=1 

Proof. 
T� PT 

I(f(Xi) = Yi) = I(Yif(Xi) = −1) = I(Yi αtht(Xi) ≤ 0) ≤ e−Yi t=1 αtht(Xi) 

t=1 

Consider how weight of example i changes: 

wT (i)e−YiαT hT (Xi) 

wT +1(i) = 
Zt 

e−YiαT hT (Xi) wT −1(i)e−YiαT −1hT −1(Xi) 

= 
Zt ZT −1 

. . . PT 
e−Yi t=1 αtht(Xi ) 1 

= �t 
Zt n 

t=1 

Hence, � 1 PT 

wT +1(i) Zt = e−Yi t=1 αtht(Xi) 

n 

and therefore 

n n T n T1 � 1 � PT � � � 
I(f(Xi) = Yi) ≤ e−Yi t=1 αt ht(Xi) = Zt wT +1(i) = Zt 

n 
� 

n 
i=1 i=1 t=1 i=1 t=1 

Zt = wt(i)e−αtYiht(Xi) 

n n 

= wt(i)e−αt I(ht(Xi) = Yi) + wt(i)e +αt I(ht(Xi) = Yi) 
i=1 i=1 

n n 

= e +αt wt(i)I(ht(Xi) =� Yi) + e−αt wt(i)(1 − I(ht(Xi) =� Yi)) 
i=1 i=1 

= e αt εt + e−αt (1 − εt) 

Minimize over αt to get 

αt = 
1

ln
1 − εt 

2 εt 

and 

αt 

� 
1 − εt 

�1/2 

e = . 
εt 

2 
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Finally, 

Zt = 

� 
1 − εt 

εt 

�1/2 

εt + 

� 
εt 

1 − εt 

�1/2 

(1 − εt) 

= 2(εt(1 − εt))1/2 = 2 
� 

(1/2 − γt)(1/2 + γt) 

= 
� 

1 − 4γ2 
t 

� 

3 
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As in the previous lecture, consider the classification setting. Let X = Rd , Y = {+1, −1}, and 

H = {ψx + b, ψ ∈ Rd , b ∈ R} 

where |ψ| = 1.
 

We would like to maximize over the choice of hyperplanes the minimal distance from the data to the hyper­
 

plane:
 

max min d(xi,H), 
H i 

where 

d(xi,H) = yi(ψxi + b). 

Hence, the problem is formulated as maximizing the margin: 

max min yi(ψxi + b) . 
ψ,b i 

m (margin) 

Rewriting, 
yi(ψxi + b) 

yi(ψ�xi + b�) = ≥ 1, 
m 

ψ� = ψ/m, b� = b/m, |ψ�| = |ψ|/m = 1/m. Maximizing m is therefore minimizing |ψ�|. Rename ψ� → ψ, we 

have the following formulation: 

min |ψ| such that yi(ψxi + b) ≥ 1 

Equivalently, 

1
min 

2 
ψ · ψ such that yi(ψxi + b) ≥ 1 

Introducing Lagrange multipliers: 

1 � 
φ =

2 
ψ · ψ − αi(yi(ψxi + b) − 1), αi ≥ 0 

Take derivatives: 
∂φ � 

= ψ − αiyixi = 0 
∂ψ 

∂φ � 
= − αiyi = 0 

∂b 

Hence, 

ψ = αiyixi 

and 

αiyi = 0. 
4 
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Substituting these into φ, ⎛ ⎛ ⎞ ⎞ 
n n1 �� �2 � � 

φ =
2 

αiyixi − αi ⎝yi ⎝ αj yj xj xi + b⎠ − 1⎠ 
i=1 j=1 

1 � � � � 
=

2 
αiαj yiyj xixj − αiαj yiyj xixj − b αiyi + αi 

i,j i,j � 1 �

=
 αi − 

2 
αiαj yiyj xixj 

The above expression has to be maximized this with respect to αi, αi ≥ 0, which is a Quadratic Programming 

problem. 

Hence, we have ψ = n
i=1 αiyixi. 

Kuhn-Tucker condition: 

αi = 0� ⇔ yi(ψxi + b) − 1 = 0. 

Throwing out non-support vectors xi does not affect hyperplane αi = 0. ⇒ 

The mapping φ is a feature mapping: 

x ∈ Rd −→ φ(x) = (φ1(x), φ2(x), ...) ∈ X � 

where X � is called feature space.
 

Support Vector Machines find optimal separating hyperplane in a very high-dimensional space. Let K(xi, xj ) =
 
∞ 

φk(xi)φk(xj ) be a scalar product in X �. Notice that we don’t need to know mapping x → φ(x). We k=1 

only need to know K(xi, xj ) = ∞
k=1 φk(xi)φk(xj ), a symmetric positive definite kernel. 

Examples: 

(1) Polynomial: K(x1, x2) = (x1x2 + 1)� , � ≥ 1. 

(2) Radial Basis: K(x1, x2) = e−γ|x1−x2|2 
. 

(3) Neural (two-layer): K(x1, x2) = 
1+eαx 

1 
1 x2+β for some α, β (for some it’s not positive definite). 

Once αi are known, the decision function becomes �� � �� � 
sign αiyixx · x + b = sign αiyiK(xi, x) + b 

5 
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Lecture 04 Generalization error of SVM. 18.465 

Assume we have samples z1 = (x1, y1), . . . , zn = (xn, yn) as well as a new sample zn+1. The classifier trained 

on the data z1, . . . , zn is fz1,...,zn . 

The error of this classifier is 

Error(z1, . . . , zn) = Ezn+1 I(fz1,...,zn (xn+1) = yn+1) = Pzn+1 (fz1,...,zn (xn+1) = yn+1) 

and the Average Generalization Error 

A.G.E. = E Error(z1, . . . , zn) = EEzn+1 I(fz1,...,zn (xn+1) = yn+1). 

Since z1, . . . , zn, zn+1 are i.i.d., in expectation training on z1, . . . , zi, . . . , zn and evaluating on zn+1 is the 

same as training on z1, . . . , zn+1, . . . , zn and evaluating on zi. Hence, for any i, 

A.G.E. = EEzi (xi) = yi)I(fz1,...,zn+1,...,zn � 

and ⎤⎡ ⎢⎢⎢⎢⎣ 

⎥⎥⎥⎥⎦ 

n+1� 

i=1 

leave-one-out error 

1 
n + 1 

A.G.E. = E I(fz1,...,zn+1,...,zn (xi) = yi) . 

Therefore, to obtain a bound on the generalization ability of an algorithm, it’s enough to obtain a bound 

on its leave-one-out error. We now prove such a bound for SVMs. Recall that the solution of SVM is 
n+1 

α0 
i yixi.ϕ = i=1 

Theorem 4.1. 

L.O.O.E. ≤ 
min(# support vect., D2/m2) 

n + 1 

where D is the diameter of a ball containing all xi, i ≤ n + 1 and m is the margin of an optimal hyperplane. 

+

-

+

+

+

+
+

+

--

-
-

-

m

Remarks: 

dependence on sample size is n 
1 • 

dependence on margin is m 
1 • 2 

• number of support vectors (sparse solution) 
6 
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Lecture 04 Generalization error of SVM. 18.465 

Lemma 4.1. If xi is a support vector and it is misclassified by leaving it out, then α0 
i ≥ D 

1 
2 . 

Given Lemma 4.1, we prove Theorem 4.1 as follows. 

Proof. Clearly, 
# support vect. 

L.O.O.E. ≤ 
n + 1 

. 

Indeed, if xi is not a support vector, then removing it does not affect the solution. Using Lemma 4.1 above, 

� � � D2 

I(xi is misclassified) ≤ α0
i D

2 = D2 αi 
0 = . 

m2 
i∈supp.vect i∈supp.vect 

In the last step we use the fact that α0 = 1 
2 . Indeed, since |ϕ| = 1 ,i m m 

m 
1 
2 

= |ϕ|2 = ϕ · ϕ = ϕ · 
� 

α0 
i yixi 

= α0
i (yiϕ xi)· 

= α0 
i (yi(ϕ xi + b) − 1) + αi 

0 − b α0 
i yi· � �� � � �� � 

0 0 

= α0 
i 

We now prove Lemma 4.1. Let u ∗ v = K(u, v) be the dot product of u and v, and �u� = (K(u, u))1/2 be 

the corresponding L2 norm. Given x1, , xn+1 ∈ Rd and y1, , yn+1 ∈ {−1, +1}, recall that the primal · · · · · · 

problem of training a support vector classifier is argminψ 2
1 �ψ�2 subject to yi(ψ ∗ xi + b) ≥ 1. Its dual 

problem is argmaxα 

� 
αi − 2

1 � 
� 
αiyixi� 2 subject to αi ≥ 0 and 

� 
αiyi = 0, and ψ = 

� 
αiyixi. Since the 

1 1 2 1Kuhn-Tucker condition can be satisfied, minψ 2 ψ ∗ ψ = maxα αi − 2 � αiyixi� = 2m2 , where m is the 

margin of an optimal hyperplane. 

1Proof. Define w(α) = 
� 
i αi − 

� 
αiyixi� 2. Let α0 = argmaxαw(α) subject to αi ≥ 0 and 

� 
αiyi = 0. Let 2 � � 

α� = argmaxαw(α) subject to αp = 0, αi ≥ 0 for i �= p and αiyi = 0. In other words, α0 corresponds to 

the support vector classifier trained from {(xi, yi) : i = 1, , n+1} and α� corresponds to the support vector · · · ⎛ ⎞ 
1 p−1 p p+1 n+1 

classifier trained from {(xi, yi) : i = 1, , p − 1, p +1, , n +1}. Let γ = ⎝0
↓ 
, 0

↓ 
, 1
↓ 
, 0

↓ 
, 0

↓ ⎠. It· · · · · · · · · , · · · , 

follows that w(α0 − α0 γ) ≤ w(α�) ≤ w(α0). (For the dual problem, α� maximizes w(α) with a constraint p · 

that αp = 0, thus w(α�) is no less than w(α0 − α0 γ), which is a special case that satisfies the constraints, p · 

including αp = 0. α0 maxmizes w(α) with a constraint αp ≥ 0, which raises the constraint αp = 0, thus 

w(α�) ≤ w(α0). For the primal problem, the training problem corresponding to α� has less samples (xi, yi), 

where i =� p, to separate with maximum margin, thus its margin m(α�) is no less than the margin m(α0),
7 
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and w(α�) ≤ w(α0). On the other hand, the hyperplane determined by α0 − α0 γ might not separate (xi, yi)p · 

for i =� p and corresponds to a equivalent or larger “margin” 1/�ψ(α0 − α0 γ)� than m(α�)). p · 

Let us consider the inequality 

max w(α� + t γ) − w(α�) ≤ w(α0) − w(α�) ≤ w(α0) − w(α0 − α0 γ). 
t 

· p · 

For the left hand side, we have � 1 ��� ��2
 
w(α� + tγ) = α� + t − 

2 
� αi

� yixi + t ypxp�
i · 

= 
� 

αi
� + t − 

2
1 ���� 

αi
� yixi

���2 
− t 

�� 
αi
� yixi 

� 
∗ (ypxp) − 

t

2 

2 

�ypxp� 2 

= w(α�) + t · (1 − yp · ( �
� 

α �� 
i
� yixi � 

) ∗xp) − 
t 
2 

2 

�xp� 2 

ψ� 

and w(α� + tγ) − w(α�) = t (1 − yp ψ� ∗ xp) − t 2 

2 
�xp� 2 . Maximizing the expression over t, we find · · 

t = (1 − yp · ψ� ∗ xp)/�xp�2, and 

max w(α� + tγ) − w(α�) = 
1 (1 − yp · ψ� ∗ xp)

2 

. 
t 2 �xp�2 

For the right hand side, � 1 � 
w(α0 − αp 

0 · γ) = αi 
0 − αp 

0 − 
2 
� αi 

0 yixi −α0 ypxp�2 
p 

ψ0 

= 
� 

α0 
i − α0 

p − 
1
2 
�ψ0�2 + αp 

0 ypψ0 ∗ xp − 
1
2 

� 
α0 
p 

�2 �xp�2 

= w(α0) − α0 
p(1 − yp · ψ0 ∗ xp) − 

1
2 

� 
αp 

0
�2 �xp�2 

= w(α0) − 
2
1 � 
αp 

0
�2 �xp�2 . 

The last step above is due to the fact that (xp, yp) is a support vector, and yp · ψ0 ∗ xp = 1. Thus w(α0) − 

w(α0 − α0 γ) = 1 
� 
α0 

�2 2 and 1 (1−yp·ψ�∗xp)2 
1 

� 
α0 

�2 2 . Thus p · 2 p �xp� 2 �xp �2 ≤ 2 p �xp� 

α0 
p ≥ |1 − yp 

x 
· 
p 

ψ 
�2 

� ∗ xp| 

1 
.≥ 

D2 

The last step above is due to the fact that the support vector classifier associated with ψ� misclassifies (xp, yp) 

according to assumption, and yp · ψ� ∗ xp ≤ 0, and the fact that �xp� ≤ D. � 

8 
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For a fixed f ∈ F , if we observe 1 n 
I (f(Xi) = Yi) is small, can we say that P (f(X) = Y ) is small? By n i=1 � � 

the Law of Large Numbers, 

n1 � 
I (f(Xi) = Yi) EI(f(X) = Y ) = P (f(X) = Y ) . 

n 
� → � � 

i=1 

The Central Limit Theorem says 

1 n√
n 
� � 

I (f(Xi) = Yi) − EI(f(X) = Y ) 
� 

n i=1 � �
√

VarI 
→ N (0, 1). 

Thus, 
n1 � k 

I (f(Xi) = Yi) − EI(f(X) = Y ) ∼ . 
n 

� � √
n 

i=1 

Let Z1, , Zn ∈ R be i.i.d. random variables. We’re interested in bounds on 1 Zi − EZ. n· · · 

(1) Jensen’s inequality: If φ is a convex function, then φ(EZ) ≤ Eφ(X). 

(2) Chebyshev’s inequality: If Z ≥ 0, then P (Z ≥ t) ≤ EZ . t 

Proof: 

EZ = EZI(Z < t) + EZI(Z ≥ t) ≥ EZI(Z ≥ t) 

≥ EtI(Z ≥ t) = tP (Z ≥ t) . 

(3) Markov’s inequality: Let Z be a signed r.v. Then for any λ > 0 

� � EeλZ 

P (Z ≥ t) = P e λZ ≥ e λt ≤ 
eλt 

and therefore 

P (Z ≥ t) ≤ inf e−λtEe λZ . 
λ>0 

Theorem 5.1. [Bennett] Assume EZ = 0, EZ2 = σ2 , |Z| < M = const, Z1, · · · , Zn independent copies of 

Z, and t ≥ 0. Then � 
n 

� � � ��� nσ2 tM
P Zi ≥ t ≤ exp − 

M2 
φ 

nσ2 
, 

i=1 

where φ(x) = (1 + x) log(1 + x) − x. 

Proof. Since Zi are i.i.d., 

n n� P � � �nn 

P Zi ≥ t ≤ e−λtEe λ i=1 Zi = e−λt Ee λZi = e−λt Ee λZ . 
i=1 i=1 

9 
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Expanding, 

λZ 
∞ (λZ)k ∞ 

λk EZk 

Ee = E = 
k! k! 

k=0 k=0 � λk 

= 1 + EZ2Zk−2 ≤ 1 + Mk−2σ2 
�∞ 

λk ∞ 

k! k! 
k=2 k=2 � λkMk σ2 � �σ2 ∞ 

= 1 + = 1 + e λM − 1 − λM 
M2 k! M2 

k=2 

σ2 � � 
≤ exp 

M2 
e λM − 1 − λM 

xwhere the last inequality follows because 1 + x ≤ e . 

Combining the results, 

� 
n 

� � �� nσ2 � � 
P Zi ≥ t ≤ e−λt exp 

M2 
e λM − 1 − λM 

i=1 

= exp −λt + 
nσ2 � 

e λM − 1 − λM 
� 

M2 

Now, minimize the above bound with respect to λ. Taking derivative w.r.t. λ and setting it to zero: 

nσ2 � �
 
−t + MeλM − M = 0
 

M2 

e λM = 
tM 

+ 1 
nσ2 

1 tM 
λ = log 1 + . 

M nσ2 

The bound becomes � 
n 

� � � � � � ���� t tM nσ2 tM tM
P Zi ≥ t ≤ exp − 

M 
log 1 + 

nσ2 
+ 

M2 nσ2 
+ 1 − log 1 + 

nσ2 
i=1 � � � � � ��� 

nσ2 tM tM tM tM 
= exp 

M2 nσ2 
− log 1 + 

nσ2 
− 

nσ2 
log 1 + 

nσ2 � � � � � ��� 
nσ2 tM tM tM 

= exp 
M2 nσ2 

− 1 + 
nσ2 

log 1 + 
nσ2 

nσ2 tM 
= exp φ− 

M2 nσ2 

10 
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Last time we proved Bennett’s inequality: EX = 0, EX2 = σ2 , |X| < M = const, X1, · · · , Xn independent 

copies of X, and t ≥ 0. Then � 
n 

� � � ��� nσ2 tM
P Xi ≥ t ≤ exp − 

M2 
φ 

nσ2 
, 

i=1 

where φ(x) = (1 + x) log(1 + x) − x. 
2 2 2

If X is small, φ(x) = (1 + x)(x − x 
2 + · · · ) − x = x + x2 − x 

2 − x + · · · = x 
2 + · · · . 

If X is large, φ(x) ∼ x log x. 
xWe can weaken the bound by decreasing φ(x). Take1 φ(x) = 

2+ 

2

3 x 
to obtain Bernstein’s inequality:2 � � � � � �2 �� 

n tM� nσ2 

P Xi ≥ t ≤ exp − 
M2 2 + 

nσ2 

2 tM 
i=1 3 nσ2 

t2 

= exp − 
2nσ2 + 2 tM3 

= e−u 

2
where u = 

2nσ2 
t 
+ 23 tM 

. Solve for t: 
2 

t2 − 
3 
uMt − 2nσ2 u = 0 

1 u2M2 
t = uM + + 2nσ2u.

3 9 

Substituting, � � � 
n� u2M2 uM

P Xi ≥ 
9 

+ 2nσ2u +
3 

≤ e−u 

i=1 

or � � � 
n� u2M2 uM

P Xi ≤ 
9 

+ 2nσ2u +
3 

≥ 1 − e−u 

i=1 

Using inequality 
√

a + b ≤
√

a + 
√

b, 
n 

P 
� 

Xi ≤
√

2nσ2u +
2uM ≥ 1 − e−u 

3 
i=1 

For non-centered Xi, replace Xi with Xi − EX or EX − Xi. Then |Xi − EX| ≤ 2M and so with high 

probability � 4uM
(Xi − EX) ≤

√
2nσ2u + .

3 

Normalizing by n, � 
1 � 2σ2u 4uM 
n

Xi − EX ≤ 
n 

+
3n 

and � 
1 � 2σ2u 4uM

EX − 
n

Xi ≤ 
n 

+
3n

. 

1exercise: show that this is the best approximation 

11 
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Whenever 
� 

2σ2u 4uM , we have u ≤ nσ2 
So, 1 � 

Xi − EX � 
� 

2σ2u for u � nσ2 (range of normal n ≥ 3n 8M2 . | n | n 

deviations). This is predicted by the Central Limit Theorem (condition for CLT is nσ2 →∞). If nσ2 does 

not go to infinity, we get Poisson behavior. 

Recall from the last lecture that the we’re interested in concentration inequalities because we want to 

know P (f(X) = Y ) while we only observe n 
1 

i
n 
=1 I (f(Xi) = Yi). In Bernstein’s inequality take ��Xi

�� to 

be I(f(Xi) = Yi). Then, since 2M = 1, we get 
n1 � 2P (f(Xi) = Yi) (1 − P (f(Xi) = Yi))u 2u

EI(f(Xi) = Yi) − 
n

I (f(Xi) = Yi) ≤
� � 

+� � 
n 3n 

i=1 

because EI(f(Xi) = Yi) = P (f(Xi) = Yi) = EI2 and therefore Var(I) = σ2 = EI2 − (EI)2 . Thus, 
n1 � 2P (f(Xi) = Yi) u 2u

P (f(Xi) �= Yi) ≤ 
n

I (f(Xi) �= Yi) + 
n 
� 

+
3n 

i=1 

with probability at least 1 − e−u . When the training error is zero, 

2P (f(Xi) = Yi) u 2u
P (f(Xi) = Yi) ≤

� 
+ .� 

n 3n 

If we forget about 2u/3n for a second, we obtain P (f(Xi) = Yi)
2 ≤ 2P (f(Xi) = Yi) u/n and hence 

2u
P (f(Xi) = Yi) ≤ .� 

n 

The above zero-error rate is better than n−1/2 predicted by CLT. 

12 
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Lecture 07 Hoeffding, Hoeffding-Chernoff, and Khinchine inequalities. 18.465 

Let a1, . . . , an ∈ R and let ε1, . . . , εn be i.i.d. Rademacher random variables: P (εi = 1) = P (εi = −1) = 0.5. 

Theorem 7.1. [Hoeffding] For t ≥ 0, 

n 

P εiai ≥ t ≤ exp − 
t2 

n 2 . 
i=1 ai2 

i=1 

Proof. Similarly to the proof of Bennett’s inequality (Lecture 5), 

≤ λt = e−λt 
�n n n 

exp ( )−P E Eε λ ε λεexpt≥a e a ai i i i i i . 
i=1 i=1 i=1 

2−x x /2Using inequality (from Taylor expansion), we get +e e x≤ e2 

1 1 2 2 

E exp (λεiai) = 
2 
e λai +

2 
e−λai ≤ e 

λ 
2 
ai 

. 

Hence, we need to minimize the bound with respect to λ > 0: 
n 

≤ e−λt λ2 P n 2 

P εiai ≥ t i=1 a e 2 i . 
i=1 

Setting derivative to zero, we obtain the result. � 

2 n 2Now we change variable: u = Then t = 2uPt 
i=1 a. i .2n
2 i=1 a
i ⎛ ⎞ ⎝ n n 

2u a2⎠ ≤ e−uP εiai ≥ i 
i=1 i=1 

and ⎛ ⎞ ⎝ n n 

2u a2⎠ ≥ 1 − e−uP εiai ≤ .i 
i=1 i=1 

n 2 
i=1 ai = Var( n 

i=1Here εiai). 
1 nRademacher sums will play important role in future. Consider again the problem of estimating f(Xi)−n i=1 

We will see that by the Symmetrization technique, Ef . �n n n 

i=1 i=1 i=1 

1 1 1 
f(Xi) − Ef ∼ f(Xi) − f(Xi

�). 
n n n 

In fact, 
n n n n 

f(Xi
�) ≤ 2E 

i=1 i=1 i=1 i=1 

The second inequality above follows by adding and subtracting Ef : 
n n n n 

1 1 1 1 
f(Xi) − Ef f(Xi) − f(Xi) − EfE ≤ E . 

n n n n 

1 1 1 1 
f(Xi) − f(Xi

�) f(Xi) − Ef f(Xi
�) − EfE ≤ E + E 

n n n n 
i=1 i=1 i=1 i=1 

2E 
1 

f(Xi) − Ef= 
n 

n 
i=1 

13 
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while for the first inequality we use Jensen’s inequality: 

n n1 1 1
E = E 

n 
Ef(Xi

�) 

n

Ef(Xi
�) 

εi(f(Xi) − f(Xi
�)). 

n� 

i=1 i=1 i=1 

f(Xi) − Ef f(Xi) − 

n 

n n 

≤ EX EX� 
1 1 

f(Xi) − . 
n n 

i=1 i=1 

Note that 1 n 
f(Xi) −n i=1 

1 1 
n 

n nEf(Xi
�) is equal in distribution to i=1 i=1n 

We now prove Hoeffding-Chernoff Inequality: 

n 

q 1−q 

Proof. Note that φ(x) = eλx is convex and so eλx = eλ(x·1+(1−x)·0) ≤ xeλ +(1 − x)eλ·0 = 1 − x + xeλ. Hence, 

Ee λX = 1 − EX + EXeλ = 1 − µ + µe λ . 

Assume 0 1 andTheorem 7.2. EX X=≤ ≤ µ .i � 

1−where the KL-divergence ( ) = log + (1 ) log p pD −p, q p p . 

Again, we minimize the following bound with respect to 0:λ > 

Then 

1 ≤ e−nD(µ+t,µ)P Xi − µ ≥ t 
n 

i=1 

n 

P X ≥ n µ e−λn(µ+t)Ee λ Xi 

i=1 

� 
( )+ t ≤i 

P 

�n 
e−λn(µ+t) Ee λX= �n 
e−λn(µ+t) 1 − µ + µe λ≤ 

Take derivative w.r.t. λ: 

−n(µ + t)e−λn(µ+t)(1 − µ + µe λ)n + n(1 − µ + µe λ)n−1 µe λ e−λn(µ+t) = 0 

−(µ + t)(1 − µ + µe λ) + µe λ = 0 

(1 − µ)(µ + t)λ e = . 
µ(1 − µ − t) 

Substituting, 

n ��n µ+t 
µ(1 − µ − t) 

(1 − µ)(µ + t) 
(1 − µ)(µ + t) 

1 − µ − t 
Xi ≥ n(µ + t) ≤ 1 − µ +P 

i=1 �1−µ−t n µ+t 1 − µµ
= 

1 − µ − t 

(µ + t) log 
µ

µ 
+ t 

+ (1 − µ − t) log 
1 −

1 − 
µ

µ 
− t 

µ + t 

= exp −n , 
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completing the proof. Moreover, 

n n1 1
P µ − 

n 
Xi ≥ t = P 

n 
Zi − µZ ≥ t ≤ e−nD(µz +t,µZ ) = e−nD(1−µX +t,1−µX ) 

i=1 i=1 

where Zi = 1 − Xi (and thus µZ = 1 − µX ). � 

If 0 < µ ≤ 1/2, 

t2 

.D(1 − µ + t, 1 − µ) ≥ 
2µ(1 − µ) 

Hence, we get 
n 

µ − 
n

Xi ≥ t 
1 2nt 

≤ e− 2µ(1−µ) = e−uP . 
i=1 

Solving for t, � 
2 (1 

n 
µ − )µ u 1 ≤ e−uP µ − 

n
Xi ≥ . 

n 
i=1 

1 nIf Xi ∈ {0, 1} are i.i.d. Bernoulli trials, then µ = EX = P (X = 1), Var(X) = µ(1−µ), and P 
2nt 

Xi ≥ tµ − ≤n i=1 

e−
2Var(X) . 

The following inequality says that if we pick n reals a1,
· · · ∈ R and add them up each multiplied by a �

random sign ±1, then the expected value of the sum should not be far off from |ai| 

, an 

 2 . 

Theorem 7.3. [Khinchine inequality] Let a1, , an ∈ R, �i, , �n be i.i.d. Rademacher random variables: · · · · · · 

P(�i = 1) = P(�i = −1) = 0 5, and 0 < p < ∞. Then . 

n 

ai�i 

p�1/p 

≤ Bp · 
nn 

�1/2 �1/2 

2 2EAp · |ai| ≤ |ai|
i=1 i=1 i=1 

for some constants Ap and Bp depending on p. 

Proof. Let |ai| 2 = 1 without lossing generality. Then 

E ai�i 

p ∞ p 
P p dspai�i = ≥ s 

0 
∞

p−1 dspP ai�i = ≥ s ps· 
0 
∞

p−1 dspP ai�i = ≥ s ps· 
0 
∞ s2 

· psp−1 dsp , Hoeffding’s inequality 2 exp(− )≤ 
20 

= (Bp)
p , when p ≥ 2. 

15 
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When 0 < p < 2, 

E ai�i 

p 
≤ E ai�i 

2


2

3
p+(2− 2


3
p) 
E ai�i = 

1
3
2
 6−2pp 3


, Holder’s inequality E Eai�i ai�i≤ 

E ai�i 

p 2

3
2


)2− p(B6−2p 
3
≤ .· 

p ≤ (B6−2p)
6−2p, completing the proof. �Thus E | ai�i| 

16 
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�	 � 
Assume f ∈ F = {f : X �→ R} and x1, . . . , xn are i.i.d. Denote Pnf = 1 n 

f(xi) and Pf = fdP = Ef . n i=1 

We are interested in bounding 1 n 
f(xi) − Ef . n i=1 

Worst-case scenario is the value 

sup .|Pnf − Pf |
f ∈F 

The Glivenko-Cantelli property GC(F , P ) says that 

E sup |Pnf − Pf | → 0 
f∈F 

as n →∞. 

•	 Algorithm can output any f ∈ F 

•	 Objective is determined by Pnf (on the data)
 

Goal is Pf
• 

Distribution P is unknown • 

The most pessimistic requirement is 

sup E sup Pnf − Pf 0 
P f ∈F 

| | → 

which we denote 

uniformGC(F). 

VC classes of sets 

Let C = {C ⊆ X}, fC (x) = I(x ∈ C). The most pessimistic value is 

sup E sup Pn (C) − P (C) 0. 
P C∈C 

| | → 

For any sample {x1, . . . , xn}, we can look at the ways that C intersects with the sample: 

{C ∩ {x1, . . . , xn} : C ∈ C}. 

Let 

�n(C, x1, . . . , xn) = card {C ∩ {x1, . . . , xn} : C ∈ C}, 

the number of different subsets picked out by C ∈ C. Note that this number is at most 2n . 

Denote 

�n(C) = sup �n(C, x1, . . . , xn) ≤ 2n . 
{x1 ,...,xn } 

We will see that for some classes, �n(C) = 2n for n ≤ V and �n(C) < 2n for n > V for some constant V . 

What if �n(C) = 2n for all n ≥ 1? That means we can always find {x1, . . . , xn} such that C ∈ C can pick 

out any subset of it: ” C shatters {x1, . . . , xn}”. In some sense, we do not learn anything. 

Definition 8.1. If V < ∞, then C is called a VC class. V is called VC dimension of C. 

Sauer’s lemma states the following: 
17 
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Lemma 8.2. � �Ven ∀{x1, . . . , xn}, �n(C, x1, . . . , xn) ≤ 
V 

for n ≥ V. 

� �VenHence, C will pick out only very few subsets out of 2n (because V ∼ nV ). 

Lemma 8.3. The number �n(C, x1, . . . , xn) of subsets picked out by C is bounded by the number of subsets 

shattered by C. 

Proof. Without loss of generality, we restrict C to C := {C ∩ {x1, . . . , xn} : C ∈ C}, and we have card(C) = 

Δn(C, x1, , xn).· · · 

We will say that C is hereditary if and only if whenever B ⊆ C ∈ C, B ∈ C. If C is hereditary, then every 

C ∈ C is shattered by C, and the lemma is obvious. Otherwise, we will transform C → C�, hereditary, without 

changing the cardinality of C and without increasing the number of shattered subsets. 

Define the operators Ti for i = 1, , n as the following, · · · ⎧ ⎨ 
Ti(C) = ⎩ 

C − {xi} if C − {xi} is not in C 

C otherwise 

Ti(C) = {Ti(C) : C ∈ C}. 

It follows that card Ti(C) = card C. Moreover, every A ⊆ {x1, , xn} that is shattered by Ti(C) is also · · · 

shattered by C. If xi ∈/ A, then ∀C ∈ C, A C = A Ti(C), thus C and Ti(C) both or neither shatter A. On 

the other hand, if xi ∈ A and A is shattered by Ti(C), then ∀B ⊆ A, ∃C ∈ C, such that B {xi} = A Ti(C). � 
This means that xi ∈ Ti(C), and that C\{xi} ∈ C. Thus both B {xi} and B\{xi} are picked out by C. � 
Since either B = B {xi} or B = B\{xi}, B is picked out by C. Thus A is shattered by C. 

Apply the operator T = T1 ◦ . . . Tn until T k+1(C) = T k(C). This will happen for at most card(C)◦ C∈C 

times, since card(Ti(C)) < card(C) if Ti(C) = C. The resulting collection C� is hereditary. This C∈C C∈C � 

proves the lemma. � 

Sauer’s lemma is proved, since for arbitrary {x1, . . . , xn}, 

�n(C, x1, . . . , xn) ≤ card (shattered subsets of {x1, . . . , xn}) 

≤ card (subsets of size ≤ V ) 

V� n 
= 

i 
i=0 � �Ven 

.≤ 
V 

18 
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Recall the definition of VC-dimension. Consider some examples: 

• C = {(−∞, a) and (a, ∞) : a ∈ R}. V C(C) = 2. 

• C = {(a, b) ∪ (c, d)}. V C(C) = 4. �d • f1, . . . , fd : X → R, C = {{x : αkfk(x) > 0} : α1, . . . , αd ∈ R}k=1 

Theorem 9.1. V C(C) in the last example above is at most d. 

Proof. Observation: For any {x1, . . . , xd+1} if we cannot shatter {x1, . . . , xd+1} ←→ ∃I ⊆ {1 . . . d + 1} s.t. 

we cannot pick out {xi, i ∈ I}. If we can pick out {xi, i ∈ I}, then for some C ∈ C there are α1, . . . , αd s.t. �d �d 
k=1 αkfk(x) > 0 for i ∈ I and k=1 αkfk(x) ≤ 0 for i /∈ I. 

Denote � � 
d d 

αkfk(x1), . . . , αkfk(xd+1) = F (α) ∈ Rd+1 . 
k=1 k=1 

By linearity, 
d d 

F (α) = αk (fk(x1), . . . , f(xd+1)) = αkFk ⊆ H ⊂ Rd+1 

k=1 k=1 

and H is a d-dim subspace. Hence, ∃φ = 0,� φ · h = 0, ∀h ∈ H (φ orthogonal to H). Let I = {i : φi > 0}, 

where φ = (φ1, . . . , φd+1). If I = ∅ then take −φ instead of φ so that φ has positive coordinates. �dClaim: We cannot pick out {xi, i ∈ I}. Suppose we can: then ∃α1, . . . , αd s.t. αkfk(xi) > 0 for i ∈ Ik=1 

and 
�d

k=1 αkfk(xi) ≤ 0 for i /∈ I. But φ F (α) = 0 and so · 

d d 

φ1 αkfk(x1) + . . . + φd+1 αkfk(xd+1) = 0. 
k=1 k=1 

Hence, 
d d 

φi αkfk(xi) = (−φi) αkfk(xi) . � �� � 
i∈I � k=1 �� � i/∈I ≥0 � k=1 �� � 

>0 ≤0 

Contradiction. � 

• Half-spaces in Rd: {{α1x1 + . . . + αdxd + αd+1 > 0} : α1, . . . , αd+1 ∈ R}. 

By setting f1 = x1, . . . , fd = xd, fd+1 = 1, we can use the previous result and therefore V C(C) ≤ d + 1 for
 

half-spaces.
 

Reminder: �n(C, x1, . . . , xn) = card{{x1, . . . , xn} ∩ C : C ∈ C}.
 

Lemma 9.1. If C and D are VC classes of sets, 

(1) C = {Cc : C ∈ C} is VC 

(2) C ∩ D = {C ∩ D : C ∈ C, D ∈ D} is VC 

(3) C ∪ D = {C ∪ D : C ∈ C, D ∈ D} is VC 

19 
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(1) obvious - we can shatter x1, . . . , xn by C iff we can do the same by Cc . 

(a) By Sauer’s Lemma, 

�n(C ∩ D, x1, . . . , xn) ≤ �n(C, x1, . . . , xn)�n(C ∩ D, x1, . . . , xn) � �V � �V 
en en ≤ 
V V 

≤ 2n 

C C D D 

for large enough n. 

(b) (C ∪ D) = (Cc ∩ Dc)c, and the result follows from (1) and (2). 

� 
Example 9.1. Decision trees on Rd with linear decision rules: {C1 ∩ . . . C�} is VC and leaves{C1 ∩ . . . C�}
 

is VC.
 

Neural networks with depth � and binary leaves.
 

20 
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Lecture 10 Symmetrization. Pessimistic VC inequality. 18.465 

We are interested in bounding 

1
P sup 

n

I(Xi ∈ C) − P (C) ≥ t 

In Lecture 7 we hinted at Symmetrization as a way to deal with the unknown P (C). 

nC∈C i=1 

Lemma 10.1. [Symmetrization] If t ≥ 2 , then n 

n 

sup 
C∈C 

1 
n 

����� 

⎞ 

I(Xi
� ∈ C) ≥ t/2 

n n 

i=1 i=1 

1 1 
I(Xi ∈ C) − P (C) ≤ 2P I(Xi ∈ C) −P sup 

C∈C 
≥ t . 

n n 
i=1 

Proof. Suppose the event 

sup 
C∈C 

I(Xi ∈ C) − P (C) ≥ t


I(Xi ∈ C) − P (C)


n� 

i=1 

1 
n 

1 noccurs. Let X = (X1, . . . , Xn) ∈ {supC∈C Then ≥ t}. 

I(Xi ∈ CX ) − P (CX ) 

n i=1 

1 
n 

n 

� 

i=1 

∃CX such that ≥ t. 

For a fixed C, 

PX� 
1 
n 

⎛
n n 

I(Xi
� ∈ C) − P (C) ≥ t/2 

i=1 i=1 

�2 
1 ≥ t2/4⎝ ⎠I(Xi

� ∈ C) − P (C)= P 
n �2 

≤ (by Chebyshev’s Ineq) 
4E n 

1 n
i=1 I(Xi

� ∈ C) − P (C) 
t2 

4 
E(I(Xi

� ∈ C) − P (C))(I(Xj
� ∈ C) − P (C))= 

n2t2 
i,j 

n 

i=1 

2 

4 
E(I(Xi

� ∈ C) − P (C))2 4nP (C) (1 − P (C) 1 1 
n2t2 

= = ≤ 
nt2 

≤ 
2n2t2 

since we chose t ≥ . n 

So,

PX� 
1 

n 

n 
i=1 

I(Xi
� ∈ CX ) − P (CX ) ≤ t/2 ∃CX 

n 

I(Xi
� ∈ CX ) − P (CX ) ≤ t/2 

I(Xi ∈ CX ) − P (CX ) ≥ t. 

≥ 1/2 

if t ≥ 2/n. Assume that the event 

n 
i=1 

1 

occurs. Recall that 
1 

n 

n 
i=1 

Hence, it must be that 
1 

I(Xi
� ∈ CX ) ≥ t/2. 

1 
I(Xi ∈ CX ) − 

n n 

i=1 i=1 
n n 

21 



������ 
����� 

����� 
� 

������ � 
����� 

����� 
� 

� ����� � � 
����� 

����� 
� 

����� 
����� � � � ����� � 

����� 
����� 

� 

� ����� � � 
� 

� ����� � 
����� 

� 

� ����� � � 
����� 

� 

� 

� ����� 
����� 

� � 

� ����� � � 
����� ����� 

� 

� ����� � 

�
� 

� ����� 
����� 

� 

�� 
� 
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We conclude 

1 1 ≤ t/2 
n 

n 

n 

� 

i=1 � 

I(Xi
� ∈ CX ) − P (CX ) 

n 

PX� ∃CX2 
≤ 

1 1 
I(Xi ∈ CX ) − 

n 

I(Xi
� ∈ CX ) 

n 

≥ t/2PX� ∃CX 

≥ t/2 ∃CX 

≤ 
n n 

i=1 i=1 

PX� sup 
C∈C 

1 1 
I(Xi ∈ C) − I(Xi

� ∈ C) . 
n n 

i=1 i=1 

Since indicators are 0, 1-valued, ⎞⎛ 

C∈C 

⎜⎜⎜⎜⎝ 

⎟⎟⎟⎟⎠ 

n� 

i=1 

I(Xi
� ∈ C) ≥ t/2 

n 

1 
2 
I 

1 
I(Xi ∈ C) − P (C)sup ≥ t 

n 

∃CX 

1 
n

≤ PX� sup 
C∈C 

n n 

i=1 i=1 

1 
I(Xi ∈ C) − 

n 

I (∃CX )∃CX · ����� I(Xi
� ∈ C) ≥ t/2 

n 

1 1 
I(Xi ∈ C) −≤ PX,X� sup 

C∈C 
. 

n n 
i=1 i=1 

Now, take expectation with respect to Xi’s to obtain 

I(Xi ∈ C) − P (C) ≥ t 

n n 

I(Xi
� ∈ C) ≥ t/2 

i=1 i=1 

n 

i=1 

1
PX sup 

nC∈C 

1 
n 

1 ≤ 2 · I(Xi ∈ C) −PX,X� sup 
C∈C 

. 
n 

If ( ) = , then Theorem 10.1. V C V 

�
C 

n 

I(Xi ∈ C) − P (C) ≥ t 

n n1 

�V1 2en 2nt ≤ 4 e−P 8sup . 
VnC∈C i=1 

Proof. 

i=1 i=1 

1
2P I(Xi ∈ C) −sup 

C∈C n n 

1 
n 

= 2P sup 
C∈C i=1 

1
= 2EX,X� Pε 

I(Xi
� ∈ C) ≥ t/2 

n 

εi (I(Xi ∈ C) − I(Xi
� ∈ C)) ≥ t/2 

n 

εi (I(Xi ∈ C) − I(Xi
� ∈ C)) ≥ t/2 

i=1 

sup . 
C∈C n 
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Lecture 10 Symmetrization. Pessimistic VC inequality. 18.465 

The first equality is due to the fact that Xi and Xi
� are i.i.d., and so switching their names (i.e. introducing 

random signs εi, P (εi = ±1) = 1/2) does not have any effect. In the last line, it’s important to see that the 

probability is taken with respect to εi’s, while Xi and Xi
�’s are fixed. 

By Sauer’s lemma, �V2en �2n (C, X1, . . . , Xn, X1
� , . . . , Xn

� ) ≤ . 
V �V2enIn other words, any class will be equivalent to one of C1, . . . , CN 

n 

on the data, where N ≤ 

≥ t/2 

. Hence, V 

1
2EX,X� Pε εi (I(Xi ∈ C) − I(Xi

� ∈ C))sup 
nC∈C i=1 

n 

εi (I(Xi ∈ Ck) − I(Xi
� ∈ Ck)) 

n 
1

= 2EX,X� Pε ≥ t/2sup 
1≤k≤N i=1 

N

 n 

εi (I(Xi ∈ Ck) − I(Xi
� ∈ Ck)) 

n 
1

= 2EX,X� Pε ≥ t/2 
k=1 i=1 

union bound 

Pε2E 
N� 

k=1 

1 
n 

n 

� 

i=1 

εi (I(Xi ∈ Ck) − I(Xi
� ∈ Ck)) ≥ t/2 

Hoeffding’s inequality 

≤ 

N� 
2 exp ≤ 2E − 

k=1 

−n2t2 

(I(Xi ∈ C) − I(Xi
� ∈ C))2n8 i=1 �VN 

≤ 2E 2 exp −−n 
8n 

2t2 2en 2nt ≤ 2 2e− 8 . 
V 

k=1 
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Lecture 11 Optimistic VC inequality. 18.465 

Last time we proved the Pessimistic VC inequality: 

�V1 2en 2nt

n 
≥ t ≤ 4 

n� 

i=1 

I(Xi ∈ C) − P (C) e− 8P sup ,
VC 

which can be rewritten with 
8 2en

log 4 + V log + ut = 
Vn 

as 

≤ 
1 
n 

n� 

i=1 

8 2en 
I(Xi ∈ C) − P (C) log 4 + V log ≥ 1 − e−uP + usup . 

VnC 

V log n 
nHence, the rate is . In this lecture we will prove Optimistic VC inequality, which will improve on 

this rate when P (C) is small.


As before, we have pairs (Xi, Yi), Yi = ±1. These examples are labeled according to some unknown C0 such


that Y = 1 if X = C0 and Y = 0 if X /∈ C0.


Let C = {C : C ⊆ X}, a set of classifiers. C makes a mistake if


X ∈ C \ C0 ∪ C0 \ C = C�C0. 

Similarly to last lecture, we can derive bounds on 

n1 
I(Xi ∈ C�C0) − P (C�C0)sup 

C 
, 

n 
i=1 

where ( ) is the generalization error. P C C� 0

� 

Let C� = {C�C0 : C ∈ C}. One can prove that V C(C�) ≤ V C(C) and �n(C �, X1, . . . , Xn) ≤ �n(C,X1, . . . , Xn). 

By Hoeffding-Chernoff, if P (C) ≤ 1 

n

,2 

1 2P (C) t ≥ 1 − e−t 

n 
P P (C) − I(Xi ∈ C) ≤ . 

n 
i=1 

Theorem 11.1. [Optimistic VC inequality] �V1 
n 

nP (C) − I(Xi ∈ C) 2en 2nti=1 ≤ 4 e−P 4sup ≥ t . 
P (C) VC 

Proof. Let C be fixed. Then 
n

n 
i=1 

1 1 
I(Xi

� ∈ C) ≥ P (C) ≥P(Xi
�) 4 

since n 
I(Xi

� ∈ C) ≥ nP (C) ≥ 1. Otherwise P (i=1 
1 1 n 

i=1 I(Xi
� ∈ C) = 0) = whenever P (C) ≥ 

n P (Xi
� ∈/ C) = (1 − P (C))n can be as close to 0 as we want. i=1 

. Indeed, P (C) ≥n n 

Similarly to the proof of the previous lecture, let 

1 
n 

nP (C) − I(Xi ∈ C)i=1(Xi) ∈ sup 
C P (C) 

.≥ t 
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Lecture 11 Optimistic VC inequality. 18.465 

Hence, there exists CX such that �
P (C) − n 

1 � i
n 
=1 I(Xi ∈ C) 

≥ t.

P (C)


Exercise 1. Show that if 
P (CX ) − n 

1 
i
n 
=1 I(Xi ∈ CX ) 

P (CX ) 
≥ t 

and 
1 

n

I(Xi
� ∈ CX ) ≥ P (CX ) , 

n 
i=1 

then � �
1 n 1 n 

t �n i=1 I(Xi
� ∈ CX ) − n i=1 I(Xi ∈ CX ) 

. 
1 n 

I(Xi ∈ CX ) + 1 n 
I(Xi

� ∈ CX ) 
≥ √

2 
n i=1 n i=1 

s−a sHint: use the fact that φ(s) = = 
√

s − is increasing in s.√
s 

√
s 

From the above exercise it follows that 

1 1 
n � 

4 
≤ P(X�) 

n
I(Xi

� ∈ CX ) ≥ P (CX ) �∃CX 

i=1 ⎛ ⎞ ⎝�n 
1 

i
n 
=1 I(Xi

� ∈ CX ) − n 
1 

i
n 
=1 I(Xi ∈ CX ) t ��� ⎠≤ P(X�)

1 �n 
I(Xi ∈ CX ) + 1 �n 

I(Xi
� ∈ CX ) 

≥ √
2 �∃CX 

n i=1 n i=1 

Since indicator is 0, 1-valued, ⎛ ⎞ ⎜ � ⎟ 
1 ⎜ P (C) − 1 n 

I(Xi ∈ C) ⎟ ⎜ n i=1 ⎟I ⎜sup � ≥ t⎟4 ⎝ C P (C) ⎠ 

∃CX ⎛ � ⎞ ⎝ n 
1 �

i
n 
=1 I(Xi

� ∈ CX ) − n 
1 �

i
n 
=1 I(Xi ∈ CX ) t �� ⎠≤ P(X�) � 

1 �n 
I(Xi ∈ CX ) + 1 �n 

I(Xi
� ∈ CX ) 

≥ √
2 ��∃CX · I (∃CX ) 

n i=1 n i=1 ⎛ ⎞ 
1 n 1 n 

≤ P(X�) ⎝sup �n �i=1 I(Xi
� ∈ C) − n �i=1 I(Xi ∈ C) t ⎠ . 

n nC 1 I(Xi ∈ C) + 1 I(Xi
� ∈ C) 

≥ √
2 

n i=1 n i=1 

Hence, 

1 1 n 
I(Xi ∈ CX )P sup 

P (CX ) − n� i=1 ≥ t
4 C P (CX ) ⎛ ⎞ 

1 n 1 n 

≤ P ⎝sup �n �i=1 I(Xi
� ∈ C) − n �i=1 I(Xi ∈ C) t ⎠ 

n nC 1 I(Xi ∈ C) + 1 I(Xi
� ∈ C) 

≥ √
2 

n i=1 n i=1 ⎛ ⎞ 

= EPε ⎝sup � n 
1 n

i=1 εi (I(Xi
� ∈ C) − I(Xi ∈ C)) t ⎠ . 

C 1 n 
I(Xi ∈ C) + 1 n 

I(Xi
� ∈ C) 

≥ √
2 

n i=1 n i=1 
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Lecture 11 Optimistic VC inequality. 18.465 

There exist C1, . . . , CN , with N ≤ �2n(C, X1, . . . , Xn, X1
� , . . . , X � ). Therefore, n⎛ ⎞ 

1 n 

EPε ⎝sup � n � i=1 εi (I(Xi
� ∈ C) −�I(Xi ∈ C)) t ⎠ 

n nC 1 I(Xi ∈ C) + 1 I(Xi
� ∈ C) 

≥ √
2 

n i=1 n i=1 ⎛ ⎧ ⎫⎞ 

 ⎨ 1 �n 
εi (I(Xi

� ∈ Ck) − I(Xi ∈ Ck)) t ⎬ 
=EPε ⎝ � n i=1 ⎠ ⎩ 1 n 

I(Xi ∈ Ck) + 1 n 
I(Xi

� ∈ Ck) 
≥ √

2 ⎭ 
k≤N n i=1 n i=1 ⎛ ⎞ 

N 1 n 

≤E 
� 

Pε ⎝� 
1 �n 

εi (I(Xi
� ∈ Ck) −�I

n 

(Xi ∈ Ck)) 
√t 

2 
⎠n i=1 

k=1 I(Xi ∈ Ck) + 1 I(Xi
� ∈ Ck) 

≥ 

n i=1 n i=1 ⎛ � ⎞ 
N n n n� � � � � 

=E Pε ⎝ 
n 
1 

εi (I(Xi
� ∈ Ck) − I(Xi ∈ Ck)) ≥ √t 

2 
� 

n 
1 

I(Xi ∈ Ck) + 
n 
1 

I(Xi
� ∈ Ck)⎠ 

k=1 i=1 i=1 i=1 

The last expression can be upper-bounded by Hoeffding’s inequality as follows: ⎛ � ⎞ 

E 
N

Pε ⎝ 
n 
1 

n

εi (I(Xi
� ∈ Ck) − I(Xi ∈ Ck)) ≥ √t 

2 
� 

n 
1 

n

(I(Xi ∈ Ck) + I(Xi
� ∈ Ck))⎠ 

k=1 i=1 i=1 

N n� t2 1 (I(Xi ∈ Ck) + I(Xi
� ∈ Ck))

exp �
≤ E − 
2 

n 
1 

i=1 

(I(Xi
� ∈ Ck) − I(Xi ∈ Ck))2


2 2k=1 n

since upper sum in the exponent is bigger than the lower sum (compare term-by-term) 

N � �V 
2� 2 2ennt nt

4 4≤ E e− ≤ 
V

e− . 
k=1 
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Lecture 12 VC subgraph classes of functions. Packing and covering numbers. 18.465 

VC-subgraph classes of functions 

Let F = {f : X �→ R} and 

Cf = {(x, t) ∈ X × R : 0 ≤ t ≤ f(x) or f(x) ≤ t ≤ 0}. 

Define class of sets C = {Cf : f ∈ F}. 

Definition 12.1. If C is a VC class of sets, then F is VC-subgraph class of functions and, by definition, 

V C(F) = V C(C). 

Note that equivalent definition of Cf is 

Cf
� = {(x, t) ∈ X × R : |f(x)| ≥ |t|}. 

Example 12.1. C = {C ⊆ X}, F(C) = {I(X ∈ C) : C ∈ C}. Then F(C) is VC-subgraph class if and only 

if C is a VC class of sets. 

Assume d functions are fixed: {f1, . . . , fd} : X �→ R. Let 

d

F = αifi(x) : α1, . . . , αd ∈ R . 
i=1 

Then V C(F) ≤ d + 1. To prove this, it’s easier to use the second definition. 

Packing and covering numbers 

Let f, g ∈ F and assume we have a distance function d(f, g). 

Example 12.2. If X1, . . . , Xn are data points, then 
n1 � 

d1(f, g) = 
n 

|f(Xi) − g(Xi)|
i=1 

and � �1/2n

d2(f, g) = 
1 � 

(f(Xi) − g(Xi))
2 

. 
n 

i=1 

Definition 12.2. Given ε > 0 and f1, . . . , fN ∈ F , we say that f1, . . . , fN are ε-separated if d(fi, fj ) > ε


for any i =� j.


Definition 12.3. The ε-packing number, D(F , ε, d), is the maximal cardinality of an ε-separated set.


Note that D(F , ε, d) is decreasing in ε.


Definition 12.4. Given ε > 0 and f1, . . . , fN ∈ F , we say that the set f1, . . . , fN is an ε-cover of F if for


any f ∈ F , there exists 1 ≤ i ≤ N such that d(f, fi) ≤ ε.


Definition 12.5. The ε-covering number, N (F , ε, d), is the minimal cardinality of an ε-cover of F .
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Lecture 12 VC subgraph classes of functions. Packing and covering numbers. 18.465 

Lemma 12.1. 

D(F , 2ε, d) ≤ N (F , ε, d) ≤ D(F , ε, d). 

Proof. To prove the first inequality, assume that D(F , 2ε, d) > N (F , ε, d). Let the packing corresponding to 

the packing number D(F , 2ε, d) = D be f1, . . . , fD. Let the covering corresponding to the covering number 

N (F , ε, d) = N be f1
� , . . . , f � Since D > N , there exist fi and fj such that for some f �

N . k 

d(fi, f
� ) ≤ ε and d(fj , f

� ) ≤ ε.k k

Therefore, by triangle inequality, d(fi, fj ) ≤ 2ε, which is a contradiction.


To prove the second inequality, assume f1, . . . , fD is an optimal packing. For any f ∈ F , f1, . . . , fD, f


would also be ε-packing if d(f, fi) > ε for all i. Since f1, . . . , fD is optimal, this cannot be true, and,


therefore, for any f ∈ F there exists fi such that d(f, fi) ≤ ε. Hence f1, . . . , fD is also a cover. Hence,


N (F , ε, d) ≤ D(F , ε, d). �


1+ε/2
1

Example 12.3. Consider the L1-ball {x ∈ Rd , |x| ≤ 1} = B1(0) and d(x, y) = |x − y|1. Then � �d � �d2 + ε 3 D(B1(0), ε, d) ≤ 
ε 

≤ 
ε

, 

where ε ≤ 1. Indeed, let f1, . . . , fD be optimal ε-packing. Then the volume of the ball with ε/2-fattening 

(so that the center of small balls fall within the boundary) is � � � �dε ε
Vol 1 + = Cd 1 + .

2 2 

Moreover, the volume of each of the small balls � ε � � ε �d 
Vol = Cd2 2 

and the volume of all the small balls is � ε �d 
DCd .

2 
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Lecture 12 VC subgraph classes of functions. Packing and covering numbers. 18.465 

Therefore, � �d2 + ε 
.D ≤ 

ε 

Definition 12.6. log N (F , ε, d) is called metric entropy. 

For example, log N (B1(0), ε, d) ≤ d log 3 .ε 
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Lecture 13 Covering numbers of the VC subgraph classes. 18.465 

Theorem 13.1. Assume F is a VC-subgraph class and V C(F) = V . Suppose −1 ≤ f(x) ≤ 1 for all f ∈ F 

and x ∈ X . Let x1, . . . , xn ∈ X and define d(f, g) = n 
1 

i
n 
=1 |f(xi) − g(xi)|. Then 

� �V8e 7 D(F , ε, d) ≤ log . 
ε ε 

� �V +δ
(which is ≤ K for some δ.) ε 

Proof. Let m = D(F , ε, d) and f1, . . . , fm be ε-separated, i.e. 

1 
n

n 
|fr(xi) − f�(xi)| > ε. 

i=1 

Let (z1, t1), . . . , (zk, tk) be constructed in the following way: zi is chosen uniformly from x1, . . . , xn and ti is 

uniform on [−1, 1]. 

Consider fr and f� from the ε-packing. Let Cfr and Cf� be subgraphs of fr and f�. Then 

P (Cfr and Cf� pick out different subsets of (z1, t1), . . . , (zk, tk)) 

= P (At least one point (zi, ti) is picked by Cfr or Cf� but not picked by the other) 

= 1 − P (All points (zi, ti) are picked either by both or by none) 

= 1 − P ((zi, ti) is picked either by both or by none)k 

Since zi is drawn uniformly from x1, . . . , xn, 

P ((z1, t1) is picked by both Cfr , Cf� or by neither) 

n1 � 
= P ((xi, t1) is picked by both Cfr , Cf� or by neither) 

n 
i=1 

n � �
1 � 1 

= 
n 

1 − 
2 
|fr(xi) − f�(xi)|

i=1 

1 1 
n

= 1 − 
2 n 

|fr(xi) − f�(xi)|
i=1 

1
= 1 − d(fr, f�) ≤ 1 − ε/2 ≤ e−ε/2 

2 
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Lecture 13 Covering numbers of the VC subgraph classes. 18.465 

Substituting, 

P (Cfr and Cf� pick out different subsets of (z1, t1), . . . , (zk, tk)) 

= 1 − P ((z1, t1) is picked by both Cfr , Cf� or by neither)k 

� �k 
≥ 1 − e−ε/2 

= 1 − e−kε/2 

mThere are 2 ways to choose fr and f�, so 

m
P (All pairs Cfr and Cf� pick out different subsets of (z1, t1), . . . , (zk, tk)) ≥ 1 − 

2 
e−kε/2 . 

What k should we choose so that 1 − m e−kε/2 > 0? Choose 2 

2 m 
k > log . 

ε 2 

Then there exist (z1, t1), . . . , (zk, tk) such that all Cf� pick out different subsets. But {Cf : f ∈ F} is VC, � �V � �V
so by Sauer’s lemma, we can pick out at most ek out of these k points. Hence, m ≤ ek as long as V V 

k > 2 log m . The latter holds for k = 2 log m2 . Therefore, ε 2 ε
� �V � �V


m ≤ 
e 2 

log m 2 =
4e 

log m ,
V ε V ε 

where m = D(F , ε, d). Hence, we get 
4e 

m 1/V ≤ 
ε 

log m 1/V 

and defining m1/V = s, 
4e 

s ≤ log s. 
ε 

sNote that is increasing for s ≥ e and so for large enough s, the inequality will be violated. We now log s 

check that the inequality is violated for s� = 8ε
e log 7 

ε . Indeed, one can show that � �2 � �
4e 7 4e 8e 7

log > log log
ε ε ε ε ε 

since 
49 7 

> log .
8eε � 

Hence, m1/V = s ≤ s� and, thus, � �V8e 7 D(F , ε, d) ≤ log . 
ε ε 
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Lecture 14 Kolmogorov’s chaining method. Dudley’s entropy integral. 18.465 

For f ∈ F ⊆ [−1, 1]n, define R(f) = 1 �n 
εifi. Let d(f, g) := 

� 
1 �n (fi − gi)2 

�1/2 . n i=1 n i=1

Theorem 14.1. 

P ∀f ∈ F,R(f) ≤ 
2√
9/

n 

2 � 

0 

d(0,f ) 

log1/2 D(F, ε, d)dε + 27/2d(0, f) 
� 

n

u ≥ 1 − e−u 

for any u > 0. 

Proof. Without loss of generality, assume 0 ∈ F . 

Kolmogorov’s chaining technique: define a sequence of subsets 

{0} = F0 ⊆ F1 . . . ⊆ Fj ⊆ . . . ⊆ F 

where Fj is defined such that 

(1) ∀f, g ∈ Fj , d(f, g) > 2−j 

(2) ∀f ∈ F , we can find g ∈ Fj such that d(f, g) ≤ 2−j 

How to construct Fj+1 if we have Fj : 

• Fj+1 := Fj 

• Find f ∈ F , d(f, g) > 2−(j+1) for all g ∈ Fj+1 

• Repeat until you cannot find such f 

Define projection πj : F �→ Fj as follows: for f ∈ F find g ∈ Fj with d(f, g) ≤ 2−j and set πj (f) = g. 

For any f ∈ F , 

f = π0(f) + (π1(f) − π0(f)) + (π2(f) − π1(f)) . . . 

∞

= (πj (f) − πj−1(f)) 
j=1 

Moreover, 

d(πj−1(f), πj (f)) ≤ d(πj−1(f), f) + d(f, πj (f)) 

≤ 2−(j−1) + 2−j = 3 2−j ≤ 2−j+2 · 

Define the links 

Lj−1,j = {f − g : f ∈ Fj , g ∈ Fj−1, d(f, g) ≤ 2−j+2}. 
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Lecture 14 Kolmogorov’s chaining method. Dudley’s entropy integral. 18.465 

Since R is linear, R(f) = ∞
R(πj (f) − πj−1(f)). We first show how to control R on the links. Assume j=1 

� ∈ Lj−1,j . Then by Hoeffding’s inequality � 
n

� � �
1 � t2 

P 
n

εi�i ≥ t ≤ exp − 
2 
� 

2 �2
1 

i=1 n i 

nt2 

= exp 
2 1 �n− 

n i=1 �
2 
i 

nt2 

≤ exp − 
2 2−2j+4 · 

Note that 

cardLj−1,j ≤ cardFj−1 · cardFj ≤ (cardFj )2 . 

� 21 
n

2 2−2j+5P ∀� ∈ Lj−1,j , R(�) = εi�i ≤ t ≥ 1 − (cardFj )2 e− nt

·
n 

i=1 

1
= 1 − 

(cardFj )2 
e−u 

after changing the variable such that 

t =
2−2j+5 

(4 log(cardFj ) + u) ≤ 
2−2j+5 

4 log(cardFj ) + 
2−2j+5 

u. 
n n n 

Hence, 

27/22−j u 1
P ∀� ∈ Lj−1,j , R(�) ≤ √

n 
log1/2(cardFj ) + 25/22−j 

n 
≥ 1 − 

(cardFj )2 
e−u . 

If Fj−1 = Fj then by definition πj−1(f) = πf and Lj−1,j = {0}. 

By union bound for all steps, 

u
P ∀j ≥ 1, ∀� ∈ Lj−1,j , R(�) ≤ 

27/

√
22
n 

−j 

log1/2(cardFj ) + 25/22−j 

n 
∞ 1
≥ 1 − 

(cardFj )2 
e−u


j=1 

1 1 1 ≥ 1 − 
22 

+
32 

+
42 

e−u 

= 1 − (π2/6 − 1)e−u ≥ 1 − e−u 

Recall that R(f) = ∞
R(πj (f) − πj−1(f)). If f is close to 0, −2k+1 < d(0, f) ≤ 2−k . Find such a k.j=1 

Then π0(f) = . . . = πk(f) = 0 and so 
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Lecture 14 Kolmogorov’s chaining method. Dudley’s entropy integral. 18.465 

log D

1/2

−(κ+2)

22
−(κ+1)

∞

R(f) = R(πj (f) − πj−1(f))

j=k+1
� 27/2∞

u ≤ √
n 

2−j log1/2(cardFj ) + 25/22−j 

n 
j=k+1 � 27/2∞

u ≤ √
n 

2−j log1/2 D(F, 2−j , d) + 25/22−k 

n 
j=k+1 

Note that 2−k < 2d(f, 0), so 

25/22−k < 27/2d(f, 0). 

Furthermore, 

29/2 � � � 29/2 � 2−(k+1) ∞

√
n 

2−(j+1) log1/2 D(F, 2−j , d) ≤ √
n 0 

log1/2 D(F, ε, d)dε 
j=k+1 

29/2 � d(0,f ) 

≤ √
n 

log1/2 D(F, ε, d)dε �0 �� � 
Dudley’s entropy integral 

since 2−(k+1) < d(0, f). 
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Lemma 15.1. Let ξ, ν - random variables. Assume that 

P (ν ≥ t) ≤ Γe−γt 

where Γ ≥ 1, t ≥ 0, and γ > 0. Furthermore, for all a > 0 assume that 

Eφ(ξ) ≤ Eφ(ν) 

where φ(x) = (x − a)+. Then 

P (ξ ≥ t) ≤ Γ e e−γt .· · 

(x-a)
+

a

Proof. Since φ(x) = (x − a)+, we have φ(ξ) ≥ φ(t) whenever ξ ≥ t. 

P (ξ ≥ t) ≤ P (φ(ξ) ≥ φ(t)) 

=≤ 
E
φ

φ

(
(
t

ξ

)
) ≤ 

E
φ

φ

(
(
t

ν

)
) E

(
(
t

ν 
−
− 
a

a

)+ 

)+ 

Furthermore, � (ν−a)+ 

E(ν − a)+ = E 1dx 
0 
∞ 

= E I(x ≤ (ν − a)+)dx 
0 
∞ 

= EI(x ≤ (ν − a)+)dx 
0 
∞ 

= P ((ν − a)+ ≥ x) dx 
0 
∞ 

= P (ν ≥ a + x) dx 
0 
∞ Γe−γa 

≤ 
0 

Γe−γa−γxdx = 
γ

. 

Hence, 

Γe−γa Γ e e−γt 

P (ξ ≥ t) ≤ 
γ(t − a)+ 

= 
· 

1 
· 

= Γ · e · e−γt 

where we chose optimal a = t − 1 
γ to minimize Γe−γa 

γ . � 
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Lecture 15 More symmetrization. Generalized VC inequality. 18.465 

Lemma 15.2. Let x = (x1, . . . , xn), x� = (x1
� , . . . , xn

� ). If for functions ϕ1(x, x�), ϕ2(x, x�), ϕ3(x, x�) 

P ϕ1(x, x�) ≥ ϕ2(x, x�) + ϕ3(x, x�) t ≤ Γe−γt · 

then 

P Ex� ϕ1(x, x�) ≥ Ex� ϕ2(x, x�) + Ex� ϕ3(x, x�) · t ≤ Γ · e · e−γt . 

(i.e. if the inequality holds, then it holds with averaging over one of the copies) 

b bProof. First, note that 
√

ab = infδ>0(δa + 4δ ) with δ = 4a achieving the infima. Hence, ∗ 

{ϕ1 ≥ ϕ2 + 
√

ϕ3t} = {∃δ > 0, ϕ1 ≥ ϕ2 + δϕ3 + 4
t

δ 
} 

= {∃δ > 0, (ϕ1 − ϕ2 − δϕ3)4δ ≥ t} 

= {sup(ϕ1 − ϕ2 − δϕ3)4δ ≥ t}
δ>0 

ν 

and similarly 

{Ex� ϕ1 ≥ Ex� ϕ2 + Ex� ϕ3t} = {sup(Ex� ϕ1 − Ex� ϕ2 − δEx� ϕ3)4δ ≥ t}. 
δ>0 

ξ 

By assumption, P (ν ≥ t) ≤ Γe−γt . We want to prove P (ξ ≥ t) ≤ Γ e e−γt . By the previous lemma, we · · 

only need to check whether Eφ(ξ) ≤ Eφ(ν). 

ξ = sup Ex� (ϕ1 − ϕ2 − δϕ3)4δ 
δ>0 

≤ Ex� sup(ϕ1 − ϕ2 − δϕ3)4δ 
δ>0 

= Ex� ν 

Thus, 

φ(ξ) ≤ φ(Ex� ν) ≤ Ex� φ(ν) 

by Jensen’s inequality (φ is convex). Hence, 

Eφ(ξ) ≤ EEx� φ(ν) = Eφ(ν). 

� 

We will now use Lemma 15.2. Let F = {f : X �→ [c, c + 1]}. Let x1, . . . , xn, x�1, . . . , x
�
n be i.i.d. random 

variables. Define 

F = {(f(x1) − f(x�1), . . . , f(xn) − f(x�n)) : f ∈ F} ⊆ [−1, 1]n . 
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Lecture 15 More symmetrization. Generalized VC inequality. 18.465 

Define � �1/2n

d(f, g) = 
1 � 

((f(xi) − f(x�)) − (g(xi) − g(x�))))2 
.i in 

i=1 

In Lecture 14, we proved 

1 �n 29/2 � d(0,f) 

Pε ∀f ∈ F ,
n 

εi(f(xi) − f(x�i)) ≤ √
n 0 

log1/2 D(F , ε, d)dε 
i=1 

+27/2d(0, f) 
t ≥ 1 − e−t . 
n 

Complement of the above is 
n � d(0,f )1 � 29/2 t

Pε ∃f ∈ F ,
n 

εi(f(xi) − f(xi
�)) ≥ √

n 
log1/2 D(F , ε, d)dε + 27/2d(0, f) 

n 
≤ e−t . 

0i=1 

Taking expectation with respect to x, x�, we get 
n � d(0,f )1 � 29/2 t

P ∃f ∈ F ,
n 

εi(f(xi) − f(xi
�)) ≥ √

n 0 
log1/2 D(F , ε, d)dε + 27/2d(0, f) 

n 
≤ e−t . 

i=1 

Hence (see below) 
n � d(0,f)1 � 29/2 t

P ∃f ∈ F ,
n 

(f(xi) − f(xi
�)) ≥ √

n 0 
log1/2 D(F , ε, d)dε + 27/2d(0, f) 

n 
≤ e−t . 

i=1 

To see why the above step holds, notice that d(f, g) is invariant under permutations xi ↔ x�i. We can remove 

εi since x and x� are i.i.d and we can switch xi and x�i. To the right of ”≥” sign, only distance d(f, g) depends 

on x, x�, but it’s invariant to the permutations. 

By Lemma 15.2 (minus technical detail ”∃f”), 
n � d(0,f )1 � 29/2 

P ∃f ∈ F , Ex� 
n 

(f(xi) − f(x�)) ≥ Ex� √
n 0 

log1/2 D(F , ε, d)dεi

i=1 

+27/2 Ex� d(0
n

, f)2t ≤ e · e−t , 

where 
1 

n 1 
n

Ex� (f(xi) − f(xi
�)) = f(xi) − Ef 

n n 
i=1 i=1 

and 
1 

n

Ex� d(0, f)2 = Ex� (f(xi) − f(x�))2 .in 
i=1 

The Dudley integral above will be bounded by something non-random in the later lectures. 
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In Lecture 15, we proved the following Generalized VC inequality 

n

P 

� 

∀f ∈ F , Ef − 
n 
1 � 

f(xi) ≤ 
2√
9/

n 

2 

Ex� 

� 

0 

d(0,f) 

log1/2 D(F , ε, d)dε + 27/2 

� 
Ex� d(0

n

, f)2t 
� 

≥ 1 − e−t 

i=1 

� �1/2n

d(f, g) = 
1 � 

(f(xi) − f(x�) − g(xi) + g(x�))2 
i in 

i=1 

Definition 16.1. We say that F satisfies uniform entropy condition if 

∀n, ∀(x1, . . . , xn), D(F , ε, dx) ≤ D(F , ε) � � �1/2

1 n
where dx(f, g) = (f(xi) − g(xi))

2 
n i=1 

Lemma 16.1. If F satisfies uniform entropy condition, then � d(0,f) � √Ex� d(0,f )2 

Ex� log1/2 D(F , ε, d)dε ≤ log1/2 D(F , ε/2)dε 
0 0 

Proof. Using inequality (a + b)2 ≤ 2(a2 + b2), � �1/2n

d(f, g) = 
1 � 

(f(xi) − g(xi) + g(x�) − f(x�))2 
i in 

i=1 � �1/2 
2 

n

≤ 
n 

(f(xi) − g(xi))2 + (g(x�) − f(x�))2i i

i=1 � �1/2 
1 

n � � 
= 2

2n 
(f(xi) − g(xi))2 + (g(x�i) − f(x�i))

2

i=1 

= 2dx,x� (f, g) 

Since d(f, g) ≤ 2dx,x� (f, g), we also have 

D(F , ε, d) ≤ D(F , ε/2, dx,x� ). 

Indeed, let f1, ..., fN be optimal ε-packing w.r.t. distance d. Then 

ε ≤ d(fi, fj ) ≤ 2dx,x� (fi, fj ) 

and, hence, 

ε/2 ≤ dx,x� (fi, fj ). 

So, f1, ..., fN is ε/2-packing w.r.t. dx,x� . Therefore, can pack at least N and so D(F , ε, d) ≤ D(F , ε/2, dx,x� ). 
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Lecture 16 Consequences of the generalized VC inequality. 18.465 

� d(0,f ) � d(0,f ) 

Ex� log1/2 D(F , ε, d)dε ≤ Ex� log1/2 D(F , ε/2, dx,x� )dε 
0 0 � d(0,f) 

≤ 
0 

log1/2 D(F , ε/2)dε 

Let φ(x) = 
x log1/2 D(F , ε)dε. It is concave because φ�(x) = log1/2 D(F , ε/2) is decreasing when x is 

increasing (can pack less with larger balls). Hence, by Jensen’s inequality, 

Ex� φ(d(0, f)) ≤ φ(Ex� d(0, f)) = φ(Ex� d(0, f)2) ≤ φ( Ex� d(0, f)2). 

Lemma 16.2. If F = {f : X → [0, 1]}, then 

n1 � 
Ex� d(0, f)2 ≤ 2 max Ef, f(xi) 

n 
i=1 

Proof. 

Ex� d(0, f)2 = Ex� 
1 

n

(f(xi) − f(x�))2 
in 

i=1 

1 
n

= f2(xi) − 2f(xi)Ef + Ef2

n 
i=1 

n n1 � 1 � 
≤ 

n 
(f2(xi) + Ef2) ≤ 

n
f(xi) + Ef 

i=1 i=1 

n1 � 
≤ 2 max Ef, 

n 
f(xi) 

i=1 

Theorem 16.1. If F satisfies Uniform Entropy Condition and F = {f : X → [0, 1]}. Then � 
n � √2Ef 

� � 
1 � 29/2 2Ef t

P ∀f ∈ F , Ef − 
n

f(xi) ≤ √
n 

log1/2 D(F , ε/2)dε + 27/2 

n 
· ≥ 1 − e−t . 

0i=1 

Proof. If Ef ≥ 1 n 
f(xi), then n i=1 

1 
n

2 max Ef, f(xi) = 2Ef. 
n 

i=1 

If Ef ≤ 1 n 
f(xi),n i=1


n
1 � 
Ef − 

n
f(xi) ≤ 0 

i=1 

and the bound trivially holds. � 
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Lecture 16 Consequences of the generalized VC inequality. 18.465 

Another result: ⎛ � ⎞ 
n � √2 1 P �nn 

P ⎝ 1 � 
f(xi) − Ef ≤ 

29/2 n i=1 f(xi) 

log1/2 D(F , ε/2)dε + 27/2 2( n 
1 

i=1 f(xi))t ⎠∀f ∈ F ,
n 

√
n 0 n 

i=1 

≥ 1 − e−t . 

Example 16.1. [VC-type entropy condition] 

2
log D(F , ε) ≤ α log . 

ε 

For VC-subgraph classes, entropy condition is satisfied. Indeed, in Lecture 13, we proved that D(F , ε, d) ≤� �V �
8
ε
e log 7 

ε for a VC-subgraph class F with V C(F) = V , where d(f, g) = d1(f, g) = n 
1 n |f(xi) − g(xi)|.i=1 

Note that if f, g : X �→ [0, 1], then � �1/2 � �1/2 
1 

n 1 
n

d2(f, g) = 
n 

(f(xi) − g(xi))2 ≤ 
n 

|f(xi) − g(xi)| . 
i=1 i=1 

Hence, ε < d2(f, g) ≤ d1(f, g) implies � �V8e 7 D(F , ε, d2) ≤ D(F , ε2, d1) ≤ log = D(F , ε). 
ε2 ε2 

The entropy is � �V � �
8e 7 8e 7 2

log D(F , ε) ≤ log 
ε2 

log 
ε2 

= V log 
ε2 

log 
ε2 

≤ K · V log 
ε
, 

where K is an absolute constant. 

We now give an upper bound on the Dudley integral for VC-type entropy condition. ⎧ � x 
� ⎨ 1 

log 
1 
dε ≤ 

2x log1/2 
x 
1 , x ≤ e . 

0 ε ⎩ 2x , x ≥ 1 
e 

x

xlog 1/x
1/2

1/ε
1/2

log

Proof. First, check the inequality for x ≤ 1/e. Taking derivatives, 

1 1 x 1
log 

x 
≤ 2 log 

x 
+ � − 

xlog x 
1 
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Lecture 16 Consequences of the generalized VC inequality. 18.465 

1 1
log 

x 
≤ 2 log 

x 
− 1 

1
1 ≤ log 

x 

x ≤ 1/e 

Now, check for x ≥ 1/e. � � � 1 � � � 
x x e1 1 1

log dε = log dε + log dε 
ε ε 1 ε0 0 e 

2 x 

≤ 
e 

+ 1dx 
1 
e 

2 1 1 
= + x − = x + 

e 
≤ 2x 

e e 

Using the above result, we get 
n1 � α 1 tEf

P ∀f ∈ F , Ef − 
n

f(xi) ≤ K
n 

Ef log 
Ef 

+ K
n 

≥ 1 − e−t . 
i=1 

Without loss of generality, we can assume Ef ≥ 1 , and, therefore, log 1 ≤ log n. Hence, n Ef � � � � � 
Ef − 1 n 

f(xi) α log n t
P ∀f ∈ F , n√

E
i

f 
=1 ≤ K

n 
+ K

n 
≥ 1 − e−t . 
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Consider the classification setting, i.e. Y = {−1, +1}. Denote the set of weak classifiers 

H = {h : X �→ [−1, +1]} 

and assume H is a VC-subgraph. Hence, D(H, ε, dx) ≤ K V log 2/ε. A voting algorithm outputs · 
T T

f = λihi, where hi ∈ H, λi ≤ 1, λi > 0. 
i=1 i=1 

Let � � 
T T

F = conv H = λihi, hi ∈ H, λi ≤ 1, λi ≥ 0, T ≥ 1 . 
i=1 i=1 

Then sign(f(x)) is the prediction of the label y. Let 

d T

Fd = convd H = λihi, hi ∈ H, λi ≤ 1, λi ≥ 0 . 
i=1 i=1 

Theorem 17.1. For any x = (x1, . . . , xn), if 

log D(H, ε, dx) ≤ KV log 2/ε 

then 

log D(convd H, ε, dx) ≤ KV d log 2/ε. 

Proof. Let h1, . . . , hD be ε-packing of H with respect to dx, D = D(H, ε, dx). 

Note that dx is a norm. � �1/2 
1 

n

dx(f, g) = (f(xi) − g(xi))2 = �f − g�x. 
n 

i=1 

If f = 
�d 

λihi, for all hi we can find hki such that d(hi, h
ki ) ≤ ε. Let f � = 

�d 
λih

ki . Then i=1 i=1 � d � d

d(f, f �) = �f − f ��x = ��� 
λi(hi − hki )��� 

≤ λi�hi − hki �x ≤ ε. 
i=1 x i=1 

Define � � 
d d

FD,d = λihi, hi ∈ {h1, . . . , hD}, λi ≤ 1, λi ≥ 0 . 
i=1 i=1 

Hence, we can approximate any f ∈ Fd by f � ∈ FD,d within ε. 

Now, let f = 
�d

i=1 λihi ∈ FD,d and consider the following construction. We will choose Y1(x), . . . , Yk(x) 

from h1, . . . , hd according to λ1, . . . , λd: 

d

P (Yj (x) = hi(x)) = λi and P (Yj (x) = 0) = 1 − λi. 
i=1 

Note that with this construction 
d

EYj (x) = λihi(x) = f(x). 
i=1 
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Lecture 17	 Covering numbers of the convex hull. 18.465 

Furthermore, 

E 
1 

k

Yj − f 
k 

j=1 

k
⎞⎛2 2 

n

n k 
1 1⎝ Yj (xi) − f(xi)⎠= E 

i=1 j=1 
x ⎞⎛ 2 

n k

n k 

� 

i=1 j=1 

1 1⎝ ⎠(Yj (xi) − EYj (xi))E= 

n k

= 
n k2 

4 ≤ 
k 

� 

i=1 j=1 

because |Yj (xi) − EYj (xi)| ≤ 2. Choose k = 4/ε2 . Then 

1 1 
E(Yj (xi) − EYj (xi))2 

E 
1 
k 

k

j=1 

Yj − f 

⎞⎛ 
k

2 2 

1⎝ Yj , f ⎠ ≤ ε2 .= Edx 
k 

j=1 
x 

So, there exists a deterministic combination 1 �k 
Yj such that dx( 1 �k 

Yj , f) ≤ ε.k j=1	 k j=1 

Define 

⎧⎨1 
k

k 
j=1 

Yj : k = 4/ε2 , Yj ∈ {h1, . . . , hd} ⊆ {h1, . . . , hD} 

⎫⎬ ⎭D,d F � = ⎩ 

�dHence, we can approximate any f = λihi ∈ FD,d, hi ∈ {h1, . . . , hD}, by f � ∈ F � within ε.i=1	 D,d 

Let us now bound the cardinality of F � To calculate the number of ways to choose k functions out of D,d. 

h1, . . . , hd, assume each of hi is chosen kd times such that k = k1 + . . . + kd. We can formulate the problem 

as finding the number of strings of the form 

00 0. . . � 1 00 0	. . . � 1 1 00 0	. . . . . . � . 
k1 k2 kd 
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Lecture 17 Covering numbers of the convex hull. 18.465 

In this string, there are d − 1 ”1”s and k ”0”s, and total length is k + d − 1. The number of such strings is 
k+d−1 . Hence, k 

D k + d 
D,d ≤card F �

d 
× 

k 

DD−dDd (k + d)k+d 

≤ 
dd(D − d)D−d kkdd � 

D(k + d) 
�d � 

D 
�D−d � 

k + d 
�k 

= 
d2 D − d k � 

D(k + d) 
�d � 

d 
�D−d � 

d 
�k 

= 1 + 1 + 
d2 D − d k 

using inequality 1 + x ≤ e x 

� �d
D(k + d)e2 

≤ 
d2 

where k = 4/ε2 and D = D(F , ε, dx). 

Therefore, we can approximate any f ∈ Fd by f �� ∈ FD,d within ε and f �� ∈ FD,d by f � ∈ F � within ε.D,d 

Hence, we can approximate any f ∈ Fd by f � ∈ F � within 2ε. Moreover, D,d 

log N (Fd = convd H, 2ε, dx) ≤ d log 
e2D(k + d) 

d2 

k + d 
= d 2 + log D + log 

d2 

2 4 ≤ d 2 + KV log 
ε 

+ log 1 + 
ε2 

2 ≤ KV d log 
ε 

since k+d ≤ 1 + k and d ≥ 1, V ≥ 1. �d2 
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In this lecture, we show that although the VC-hull classes might be considerably larger than the VC-classes, 

they are small enough to have finite uniform entropy integral. 

Theorem 18.1. Let (X , A, µ) be a measurable space, F ⊂ {f |f : X → R} be a class of measurable func­

tions with measurable square integrable envelope F (i.e., ∀x ∈ X , ∀f ∈ F , |f(x)| < F (x), and �F �2 = � � �V( F 2dµ)1/2 < ∞), and the �-net of F satisfies N(F , ��F �2, � · �) ≤ C 1 for 0 < � < 1. Then there exists 
V� � 2·

a constant K that depends only on C and V such that log N (convF , ��F �2, � · �) ≤ K 1 V +2 . 

Proof. Let N(F , ��F �2, � · �2) ≤ C 
� 

1 
� 

�V � Then � = C1/v = C1/V �F �2 · n−1/V . Let= n. n−1/V , and ��F �2 

L = C1/V �F �2. Then N(F , Ln−1/V , � · �2) ≤ n (i.e., the L n−1/V -net of F contains at most n elements). · 

Construct F1 ⊂ F2 ⊂ · · · ⊂ Fn ⊂ · · · such that each Fn is a L · n−1/V -net, and contains at most n elements. 

Let W = 1
2 + V 

1 . We proceed to show that there exists constants Ck and Dk that depend only on C and V 

and are upper bounded (supk Ck ∨ Dk < ∞), such that 

(18.1) log N(convFn·kq , CkL · n−W , � · �2) ≤ Dk · n 

for n, k ≥ 1, and q ≥ 3 + V . This implies the theorem, since if we let k →∞, we have log N(convF , C∞L · 
2·V 2 

n−W n. Let � = C∞C1/V n−W , and K = D∞C V +2 C V +2 , we get C∞L n−W = C∞C1/V �F �2n−W =, �·�2) ≤� 
D

∞

∞

C

·
1/V 

�1/W 
∞ � � 2

·
V·

��F �2, n = C
� and log N(convF , ��F �2, � · �2) ≤ K 1 

� 
V +2 . Inequality 18.1 will proved in two · 

steps: (1) 

(18.2) log N(convFn, C1L · n−W , � · �2) ≤ D1 · n 

by induction on n, using Kolmogorov’s chaining technique, and (2) for fixed n, 

(18.3) log N(convFn·kq , CkL · n−W , � · �2) ≤ Dk · n 

by induction on k, using the results of (1) and Kolmogorov’s chaining technique.


For any fixed n0 and any n ≤ n0, we can choose large enough C1 such that C1Ln−W ≥ �F �2. Thus
0 

N(convFn, C1L · n−W , � · �2) = 1 and 18.2 holds trivially. For general n, fix m = n/d for large enough 

d > 1. For any f ∈ Fn, there exists a projection πmf ∈ Fm such that �f − πmf� ≤ C 
1 
m− 1 �F � = Lm− 1 

V V V 

by definition of Fm. Since λf · f = µf · f + λf · (f − πmf), we have convFn ⊂f∈Fn f∈Fm f ∈Fn 

convFm + convGn, and the number of elements |Gn| ≤ |Fn| ≤ n, where Gn = {f − πmf : f ∈ Fn}. We will 
1

find 1 C1Ln− W -nets for both Fm and Gn, and bound the number of elements for them to finish to induction 2 
1 

step. We need the following lemma to bound the number of elements for the 1 C1Ln− W -net of Gn.2 

Lemma 18.2. Let (X , A, µ) be a measurable space and F be an arbitrary set of n measurable functions f : 

X → R of finite L2(µ)- diameter diamF (∀f, g ∈ F , (f − g)2dµ < ∞). Then ∀� > 0, N (convF , �diamF , � · 

�2) ≤ 
� 
e + en�2 

�2/�2 

. 
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Proof. Let F = {f1, · · · , fn}. ∀ i
n 
=1 λifi, let � 

Y1, · · · , Yk be i.i.d. random variables such that P (Yi = fj ) = 

λj for all j = 1, , n. It follows that EYi = λj fj for all i = 1, , k, and · · · · · · ⎛ ⎞ ⎛ ⎞ 
1 

k n 1 
n 1

E ⎝ 
k

Yi − λj fj ⎠ ≤ 
k 

E ⎝Y1 − λj fj ⎠ ≤ 
k 

(diamF)2 
. 

i=1 j=1 j=1 

Thus at least one realization of 1 �k 
Yi has a distance at most k−1/2diamF to 

� 
λifi. Since all realizations k i=1 

of k 
1 �

i
k 
=1 Yi has the form k 

1 �
i
k 
=1 fjk , there are at most 

� 
n+

k
k−1

� 
of such forms. Thus 

N (k−1/2diamF , convF , � · �2) ≤ 
n + 

k

k − 1 

(k + n)k+n � 
k + n 

�k � 
k + n 

�n 

≤ 
kknn 

= 
k n � �k 

k≤ e
k + n 

= (e + en�2)2/�2 

k 

By triangle inequality and definition of Gn, diamGn = supg1,g2∈Gn 
�g1 − g2�2 ≤ 2 · Lm−1/V . Let � · diamGn = 

� 2Lm−1/V = 2
1 C1Ln−W . It follows that � = 4

1 C1m
1/V n−W , and · · 

� �32 C1
−2 m 2/V n 2·W 

N(convGn e + en 
1 

C1
2 m 2/V n−2W 

·

, �diamGn, � · �2) ≤ · 
16 

· 

� �32 C−2d2/V ne 1 
= e + C1

2d−2/V 
·

16 

By definition of Fm and and induction assumption, log N(convFm, C1L · m−W , � · �2) ≤ D1 · m. In other 

words, the C1L m−W -net of convFm contains at most eD1m elements. This defines a partition of convFm· 

into at most eD1m elements. Each element is isometric to a subset of a ball of radius C1Lm−W . Thus each 

set can be partitioned into 
� 

3
1 
C1Lm−W 

�m 
= 

� 
6dW 

�n/d sets of diameter at most 1
2 C1Ln−W according to the 

2 C1Ln−W 

following lemma. 

� �d
Lemma 18.3. The packing number of a ball of radius R in Rd satisfies D(B(0, r), �, � · �) ≤ 3R for the 

usual norm, where 0 < � ≤ R. 

As a result, the C1Ln−W -net of convFn has at most eD1n/d 
� 
6dW 

�n/d � 
e + eC1

2d−2/V 
�8d2/V C1

−2 n 
elements. 

nThis can be upper-bounded by e by choosing C1 and d depending only on V , and D1 = 1.


For k > 1, construct Gn,k such that convFnkq ⊂ convFn(k−1)q + convGn,k in a similar way as before.


Gn,k contains at most nkq elements, and each has a norm smaller than L (n (k − 1)q)−1/V . To bound the


cardinality of a Lk−2n−W -net, we set � 2L (n (k − 1)q)−1/V = Lk−2n−W , get � = 1 n−1/2 (k − 1)q/V 
k−2 ,
· 2 
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and 

N(convGn,k, �diamGn,k, � · �2) ≤ 
� 
e + enkq�2

�2/�2 

⇒ 

N(convGn,k, �diamGn,k, � · �2) ≤ 
� 
e +

4 
e
k−4+q+2q/V 

�8·n·k4(k−1)−2q/V 

. As a result, we get 

1 
Ck = Ck−1 + 

k2


Dk = Dk−1 + 8k4(k − 1)−2q/V log(e + 
e
k−4+q+2q/V ).


4 

For 2q/V − 4 ≥ 2, the resulting sequences Ck and Dk are bounded. � 

47 



� 

� 

Lecture 19 Generalization error bound for VC-hull classes. 18.465 

In a classification setup, we are given {(xi, yi) : xi ∈ X , yi ∈ {−1, +1}}i=1, , and are required to construct ··· ,n

a classifier y = sign(f(x)) with minimum testing error. For any x, the term y f(x) is called margin can· 

be considered as the confidence of the prediction made by sign(f(x)). Classifiers like SVM and AdaBoost


are all maximal margin classifiers. Maximizing margin means, penalizing small margin, controling the


complexity of all possible outputs of the algorithm, or controling the generalization error.


We can define φδ (s) as in the following plot, and control the error P(y f(x) ≤ 0) in terms of Eφδ(y f(x)):
· · 

P(y f(x) ≤ 0) = Ex,yI(y f(x) ≤ 0)· · 

≤ Ex,yφδ(y · f(x)) 

= Eφδ (y f(x))· 

= � Enφδ(y��· f(x))� +(� E(y · f(x)) −�� Enφδ(y · f(x)))�, 
observed error generalization capability 

nwhere Enφδ (y · = n 
1 

i=1 f(x)).f(x)) 
� �

φδ(y · 

s

ϕ (s)
δ

δ

1

Let us define φδ (yF) 
� ·f(x)) : f ∈ F}. The function φδ satisfies Lipschetz condition |φδ(a)−φδ(b)| ≤= {φδ(y 

1 
δ |a − b|. Thus given any {zi = (xi, yi)}i=1,··· ,n, � �1/2n

dz(φδ (y f(x)), φδ(y g(x))) = 
1 � 

(φδ(yif(xi)) − φδ(yi · g(xi)))
2 ,definition of dz· · 

n 
i=1 � �1/2n1 1 � 

≤ 
δ n 

(yif(xi) − yi · g(xi))
2 ,Lipschetz condition 

i=1 

1 
= dx(f(x), g(x)) ,definition of dx,

δ 

and the packing numbers for φδ(yF) and F satisfies inequality D(φδ(yF), �, dz) ≤ D(F , � δ, dx).· 

Recall that for a VC-subgraph class H, the packing number satisfies D(H, �, dx) ≤ C( 1 )V , where C is 

a constant, and V is a constant. For its corresponding VC-hull class, there exists K(C, V ), such that 

log D(F = conv(H), �, dx) ≤ K( 1 ) 
2V 

Thus log D(φδ(yF), �, dz ) ≤ log D(F , � δ, dx) ≤ K( 1 ) 
2V 

V +2 . V +2 .� � δ· ·

On the other hand, for a VC-subgraph class H, log D(H, �, dx) ≤ KV log 2 , where V is the VC dimension of 

We proved that log D(Fd = convdH, �, dx V d log 2 . Thus log D(φδ(yFd), �, dx V d log 2 .H. ) ≤ K � ) ≤ K �δ· · · · 
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Remark 19.1. For a VC-subgraph class H, let V is the VC dimension of H. The packing number satisfies � �V 
D(H, �, dx) ≤ k

� log k� . D Haussler (1995) also proved the following two inequalities related to the packing 

number: D(H, �, � · �1) ≤ 
� 

k
� 

�V 
, and D(H, �, dx) ≤ K 

� 
1 
� 

�V . 

Since conv(H) satisfies the uniform entroy condition (Lecture 16) and f ∈ [−1, 1]X , with a probability 

of at least 1 − e−u , � � 2V � 
K 
� √Eφδ 1 V +2 Eφδ · uEφδ(y · f(x)) − Enφδ (y · f(x)) ≤ √

n 0 � δ 
d� + K

n· 

1 V 1 Eφδ · u(19.1) = Kn− 2 δ− V +2 (Eφδ ) V +2 + K 
n 

for all f ∈ F = convH. The term Eφδ to estimate appears in both sides of the above inequality. We give a 

bound Eφδ ≤ x∗(Enφδ, n, δ) as the following. Since 

Eφδ ≤ Enφδ 

1 V 1 1 V +2 V

Eφδ ≤ Kn− 2 δ− V +2 (Eφδ) V +2 Eφδ ≤ Kn− 2 V +1 δ− V +1 � 
⇒ 

u u
Eφδ ≤ K 

Eφδ · Eφδ ≤ K , 
n 

⇒ 
n 

It follows that with a probability of at least 1 − e−u , 

1 V +2 V u
(19.2) Eφδ ≤ K · (Enφδ + n− 2 V +1 δ− V +1 + 

n 
) � �2 

for some constant K. We proceed to bound Eφδ for δ ∈ {δk = exp(−k) : k ∈ N}. Let exp(−uk) = 1 e−u 
k+1 

, it follows that uk = u + 2 log(k + 1) = u + 2 log(log δ
1 
k 

+ 1). Thus with a probability of at least · � �2 

· 

k∈N exp(−uk) = 1 − 1 e−u = 1 − π
2 

e−u < 1 − 2 e−u ,1 − k∈N k+1 6 · · 

1 V +2 
V

V 
+1 uk

2Eφδk (y · f(x)) ≤ K · (Enφδk (y · f(x)) + n− V +1 δk 
− 

+ 
n 

) 

1 V +2 V 
V +1(19.3) = K (Enφδk (y f(x)) + n− 2 V +1 δk 

− 
+ 

u + 2 · log(log δ
1 
k 

+ 1) 
)· · 

n 

for all f ∈ F and all δk ∈ {δk : k ∈ N}. Since P(y f(x) ≤ 0) = Ex,yI(y f(x) < 0) ≤ Ex,y φδ(y f(x)), and · · · 

Enφδ (y f(x)) = n 
1 n

i=1 φδ(yi · f(xi)) ≤ n 
1 n

i=1 I(yi · f(xi) ≤ δ) = Pn(yi · f(xi) ≤ δ), with probability at · 

least 1 − 2 e−u ,· 

V +2 V u 2 log(log 1 + 1) 
P(y · f(x)) ≤ 0) ≤ K · inf 

δ 
Pn(y · f(x) ≤ δ) + n− 2(V +1) δ− V +1 + 

n 
+ 

n 
δ . 
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As in the previous lecture, let H = {h : X �→ [−1, 1]} be a VC-subgraph class and f ∈ F = conv H. The 

classifier is sign(f(x)). The set 

{y = sign(� f(x))} = {yf(x) ≤ 0} 

is the set of misclassified examples and P (yf(x) ≤ 0) is the misclassification error.


Assume the examples are labeled according to C0 = {x ∈ X : y = 1}. Let C = {sign(f(x)) > 0}. Then


C0�C are misclassified examples.

n n1 � 1 � 

P (C�C0) = I(xi ∈ C�C0) + P (C�C0) − I(xi ∈ C�C0) . 
n n 

i=1 i=1 

small. estimate uniformly over sets C 

For voting classifiers, the collection of sets C can be ”very large”. 

Example 20.1. Let H be the class of simple step-up and step-down functions on the [0, 1] interval, 

parametrized by a and b. 

a

-1 -1

b

1

100

1 1

Then V C(H) = 2. Let F = conv H. First, rescale the functions: f = 
�T 

λihi = 2 
�T 

λi 
� 

hi+1 
� 
− 1 = i=1 i=1 2 

2f � −1 where f � = 
�T 

λih
�
i, h

� = hi+1 . We can generate any non-decreasing function f � such that f �(0) = 0 i=1 i 2 

and f �(1) = 1. Similarly, we can generate any non-increasing f � such that f �(0) = 1 and f �(1) = 0. Rescaling 

back to f , we can get any non-increasing and non-decreasing functions of the form 

-1 -1

1

100

1 1

2
f

1
f

Any function with sum of jumps less than 1 can be written as f = 2
1 (f1 + f2). Hence, we can generate 

basically all sets by {f(x) > 0}, i.e. conv H is bad. 

Recall that P (yf(x) ≤ 0) = EI(yf(x) ≤ 0). Define function ϕδ(s) as follows: 

Then, 

I(s ≤ 0) ≤ ϕδ (s) ≤ I(s ≤ δ). 
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s

ϕ (s)
δ

δ

1

Hence, 

P (yf(x) ≤ 0) ≤ Eϕδ (yf(x)) 

1 �n 1 
n

= ϕδ (yif(xi)) + Eϕδ (yf(x)) − ϕδ (yif(xi)) 
n n 

i=1 i=1 

1 �n 1 
n

≤ 
n

I(yif(xi) ≤ δ) + Eϕδ (yf(x)) − 
n

ϕδ (yif(xi)) 
i=1 i=1 

By going from 1 n
i=1 I(yif(xi) ≤ 0) to 1 n

i=1 I(yif(xi) ≤ δ), we are penalizing small confidence predic­n n 

tions. The margin yf(x) is a measure of the confidence of the prediction. 

For the sake of simplicity, denote Eϕδ = Eϕδ (yf(x)) and ϕ̄δ = n 
1 

i
n 
=1 ϕδ (yif(xi)). 

�dLemma 20.2. Let Fd = convd H = { i=1 λihi, hi ∈ H} and fix δ ∈ (0, 1]. Then 

� �� � �� 
Eϕδ − ϕ̄δ dV log nδ t

P ∀f ∈ Fd, √
Eϕδ 

≤ K
n 

+ 
n 

≥ 1 − e−t . 

Proof. Denote 

ϕδ (yFd(x)) = {ϕδ (yf(x)) , f ∈ Fd}. 

Note that ϕδ (yf(x)) : X × Y �→ [0, 1].


For any n, take any possible points (x1, y1), . . . , (xn, yn). Since


1 
,|ϕδ (s) − ϕδ (t) | ≤ 

δ 
|s − t|
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we have � �1/2n1 � 
dx,y (ϕδ (yf(x)) , ϕδ (yg(x))) = (ϕδ (yif(xi)) − ϕδ (yig(xi)))2 

n 
i=1 � �1/2n1 1 � 

≤ 
δ2 n 

(yif(xi) − yig(xi))2 

i=1 � �1/2n1 1 � 
= (f(xi) − g(xi))2 

δ n 
i=1 

1 
= dx(f, g)

δ 

where f, g ∈ Fd. 

Choose ε δ-packing of Fd so that · 

1 
dx,y (ϕδ (yf(x)) , ϕδ (yg(x))) ≤ dx(f, g) ≤ ε. 

δ 

Hence, 

N (ϕδ (yFd(x)) , ε, dx,y) ≤ D(Fd, εδ, dx) 

and 
2

log N (ϕδ (yFd(x)) , ε, dx,y) ≤ log D(Fd, εδ, dx) ≤ KdV log . 
εδ 

We get 
2

log D(ϕδ (yFd) , ε/2, dx,y ) ≤ KdV log . 
εδ 

So, we can choose f1, . . . , fD, D = D(Fd, εδ, dx) such that for any f ∈ Fd there exists fi, dx(f, fi) ≤ εδ. 

Hence, 

dx,y(ϕδ (yf(x)) , ϕδ (yfi(x))) ≤ ε 

and ϕδ (yf1(x)) , . . . , ϕδ (yfD(x)) is an ε-cover of ϕδ (yFd(x)). � 
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We continue to prove the lemma from Lecture 20: 

�dLemma 21.1. Let Fd = convd H = { λihi, hi ∈ H} and fix δ ∈ (0, 1]. Then i=1 � �� � �� 
ϕ̄δ dV log n t

P ∀f ∈ Fd, 
Eϕ√δ 

E
− 

ϕδ 
≤ K

n 
δ + 

n 
≥ 1 − e−t . 

Proof. We showed that 
2

log D(ϕδ (yFd) , ε/2, dx,y ) ≤ KdV log . 
εδ 

By the result of Lecture 16, � � √Eϕδ 
� 

Eϕδ (yf(x)) − 
n 
1 

n

ϕδ (yif(xi)) ≤ √k
n 0 

log1/2 D(ϕδ (yFd(x)) , ε)dε + 
tE

n

ϕδ 

i=1 

with probability at least 1 − e−t . We have � √Eϕδ 
� √Eϕδ 

� 
k k 2 √
n 

log1/2 D(ϕδ (yFd(x)) , ε)dε ≤ √
n 

dV log 
εδ

dε 
0 0 

= √k
n 

2 
δ 

� 

0 

δ
√

Eϕδ /2 √
dV 

� 

log 
x 
1 
dx 

≤ √k
n 

2 
δ 

√
dV 2

2 
δ � 

Eϕδ log 
δ
√2 

Eϕδ 

where we have made a change of variables 2 = x, ε = 2x . Without loss of generality, assume Eϕδ ≥ 1/n.εδ � δ 

Otherwise, we’re doing better than in Lemma: √EE 
≤ log 

n
n ⇒ E ≤ log 

n
n . Hence, 

k 
� √Eϕδ 

� 
dV Eϕδ 2

√
n √

n 0 
log1/2 D(ϕδ (yFd(x)) , ε)dε ≤ K

n 
log 

δ 

≤ K 
dV

n 
Eϕδ log 

n

δ 

So, with probability at least 1 − e−t , 
n

Eϕδ (yf(x)) − 
1 � 

ϕδ (yif(xi)) ≤ K 
dV Eϕδ (yf(x)) 

log 
n 

+ 
tEϕδ (yf(x)) 

n n δ n 
i=1 

which concludes the proof. � 

The above lemma gives a result for a fixed d ≥ 1 and δ ∈ (0, 1]. To obtain a uniform result, it’s enough 

to consider δ ∈ Δ = {2−k, k ≥ 1} and d ∈ {1, 2, . . .}. For a fixed δ and d, use the Lemma above with tδ,d 

defined by e−tδ,d = e−t
d2
6
π
δ 
2 . Then 

P . . . + 
tδ,d ≥ 1 − e−tδ,d = 1 − e−t 6δ ∀f ∈ Fd,
n d2π2 

and ⎛ � �⎞ 

P ⎝

 
. . . + 

tδ,d ⎠ � 
e−t 6δ 

= 1 − e−t .∀f ∈ Fd,
n 

≥ 1 − 
d2π2 

d,δ δ,d 
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Since tδ,d = t + log d
2π2 

6δ , 

∀f ∈ Fd, 
Eϕδ − ϕ̄δ √

Eϕδ 
≤ K 

⎛ ⎝ 

� 
dV log n 

δ 

n 
+ 

� 
t + log d

2π2 

6δ 

n 

⎞ ⎠ 

�� � � � 

≤ K 
dV log n 

δ 

n 
+ log 

d2π2 

6δ 
+ 

t 
n �� � � 

≤ K � dV log n 
δ 

n 
+ 

t 
n � 

π2	 dV log n 
δsince log d

2

6δ , the penalty for union-bound, is much smaller than n . 

Recall the bound on the misclassification error 
n	 n1 �	 1 � 

P (yf(x) ≤ 0) ≤ I(yif(xi) ≤ δ) + Eϕδ (yf(x)) − ϕδ (yif(xi)) . 
n	 n 

i=1	 i=1 

If	 �
Eϕδ −√n 

1 

Eϕδ

i
n 
=1 ϕδ ≤ ε, 

then 
n� 1 � 

Eϕδ − ε Eϕδ − ϕδ ≤ 0. 
n 

i=1 

Hence,	 ��� n� ε � ε �2 1 � 
Eϕδ ≤ + � + ϕδ2 2 n 

i=1 

n� ε �2 1 � 
Eϕδ ≤ 2

2 
+ 2 

n
ϕδ. 

i=1 

The bound becomes ⎛	 ⎞ ⎜ n	 ⎟⎜ 1 �	 dV n t ⎟P (yf(x) ≤ 0) ≤ K ⎜ I(yif(xi) ≤ δ) + log + ⎟ ⎝ n	 n δ n ⎠ 
i=1	 � �� � 

(*) 

where K is a rough constant. 

(*) not satisfactory because in boosting the bound should get better when the number of functions grows. 

We prove a better bound in the next lecture. 
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Theorem 22.1. With probability at least 1 − e−t, for any T ≥ 1 and any f = 
�T 

λihi,i=1 

� � �2 
P (yf(x) ≤ 0) ≤ inf ε + Pn (yf(x) ≤ δ) + ε2 

δ∈(0,1) 

V min(T,(log n)/δ2) log n 

where ε = ε(δ) = K n 
δ + n

t . 

Here we used the notation Pn (C) = 1 n 
I(xi ∈ C).n i=1 

Remark: ⎛ ⎞ ⎜ V min(T, (log n)/δ2) log n t ⎟ 
P (yf(x) ≤ 0) ≤ inf K ⎜ (yf(x) ≤ δ) + δ + ⎟ ⎝Pn ⎠ . δ∈(0,1) � �� � n n 

inc. with δ dec. with δ 

Proof. Let f = 
�

i
T 
=1 λihi, g = k 

1 �
j
k 
=1 Yj , where 

T

P (Yj = hi) = λi and P (Yj = 0) = 1 − λi 

i=1 

as in Lecture 17. Then EYj (x) = f(x). 

P (yf(x) ≤ 0) = P (yf(x) ≤ 0, yg(x) ≤ δ) + P (yf(x) ≤ 0, yg(x) > δ) 

≤ P (yg(x) ≤ δ) + P (yg(x) > δ | yf(x) ≤ 0) 

⎛ ⎞ 
k� � � 1 � ��P yg(x) > δ � yf(x) ≤ 0 = ExPY ⎝y Yj (x) > δ � yEY Yj (x) ≤ 0⎠ 

k 
j=1 

Shift Y ’s to [0, 1] by defining Yj
� = yYj 

2
+1 . Then ⎛ ⎞ 

1 
k 1 δ �� 1

P (yg(x) > δ|yf(x) ≤ 0) = ExPY ⎝ 
k

Yj
� ≥ 

2
+

2 
� EYj

� ≤ 
2 
⎠ 

j=1 ⎛ ⎞ 
k �1 � δ � 1 ≤ ExPY ⎝ 

k
Yj
� ≥ EY1

� +
2 
� EYj

� ≤ 
2 
⎠ 

j=1 

δ 

≤ (by Hoeffding’s ineq.) Exe−kD(EY1
�+ 2 ,EY1

�) 

≤ Exe−kδ2/2 = e−kδ2/2 

because D(p, q) ≥ 2(p − q)2 (KL-divergence for binomial variables, Homework 1) and, hence, � � � �2 

D EY1
� + 

δ 
2 
, EY1

� ≥ 2 
δ 
2

= δ2/2. 

We therefore obtain 

/2(22.1) P (yf(x) ≤ 0) ≤ P (yg(x) ≤ δ) + e−kδ2
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and the second term in the bound will be chosen to be equal to 1/n. 

Similarly, we can show 

/2Pn (yg(x) ≤ 2δ) ≤ Pn (yf(x) ≤ 3δ) + e−kδ2
. 

2Choose k such that e−kδ2/2 = 1/n, i.e. k = δ2 log n. 

Now define ϕδ as follows: 

s

ϕ (s)
δ

1

2δδ

Observe that 

(22.2) I(s ≤ δ) ≤ ϕδ (s) ≤ I(s ≤ 2δ). 

By the result of Lecture 21, with probability at least 1 − e−t, for all k, δ and any g ∈ Fk = conv k(H), 

n 1 n1 � Eϕδ (yg(x)) − ϕδ (yig(xi))Φ Eϕδ, ϕδ = � n i=1 

n 
i=1 Eϕδ (yg(x)) 

V k log nδ t ≤ K
n 

+ 
n 

= ε/2. 

Note that Φ(x, y) = x√−
x
y is increasing with x and decreasing with y. 

By inequalities (22.1) and (22.2), 

1
Eϕδ (yg(x)) ≥ P (yg(x) ≤ δ) ≥ P (yf(x) ≤ 0) − 

n 

and 
1 

n 1 
ϕδ (yig(xi)) ≤ Pn (yg(x) ≤ 2δ) ≤ Pn (yf(x) ≤ 3δ) + . 

n n 
i=1 

By decreasing x and increasing y in Φ(x, y), we decrease Φ(x, y). Hence, ⎛ ⎞ ⎜ 1 1 ⎟ V k log n t⎜ ⎟ δΦ ⎝P (yf(x) ≤ 0) − , Pn (yf(x) ≤ 3δ) + ⎠ ≤ K + � �� n� � �� n� n n 
x y 

where k = δ
2 
2 log n. 
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If x−y ≤ ε, we have √
x � � �2� �2ε ε 

x ≤ 
2

+ 
2

+ y 

So, �� �2 
�2 

1 ε ε 1
P (yf(x) ≤ 0) − 

n 
≤ 

2
+ 

2
+ Pn (yf(x) ≤ 3δ) + 

n
. 
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Let f = 
�T 

λihi, where λ1 ≥ λ2 ≥ . . . ≥ λT ≥ 0. Rewrite f asi=1 

d T d T

f = λihi + λihi = λihi + γ(d) λ�ihi 

i=1 i=d+1 i=1 i=d+1 

where γ(d) = 
�

i
T 
=d+1 λi and λ�i = λi/γ(d). 

Consider the following random approximation of f , 

d k� 1 � 
g = λihi + γ(d) Yj

k 
i=1 j=1 

where, as in the previous lectures, 

P (Yj = hi) = λ�i, i = d + 1, . . . , T 

for any j = 1, . . . , k. Recall that EYj = 
�

i
T 
=d+1 λ

�
ihi. 

Then 

P (yf(x) ≤ 0) = P (yf(x) ≤ 0, yg(x) ≤ δ) + P (yf(x) ≤ 0, yg(x) > δ) � � � �� 
≤ P (yg(x) ≤ δ) + E PY yf(x) ≤ 0, yg(x) ≥ δ � (x, y) 

Furthermore, � � � � � � 
PY yf(x) ≤ 0, yg(x) ≥ δ � (x, y) ≤ PY yg(x) − yf(x) > δ � (x, y) ⎛ ⎛ ⎞ ⎞ 

k1 � �
= PY ⎝γ(d)y ⎝ 

k
Yj (x) − EY1

⎠ ≥ δ � (x, y)⎠ . 
j=1 

By renaming Yj
� = yYj +1 ∈ [0, 1] and applying Hoeffding’s inequality, we get 2 

⎛ ⎛ ⎞ ⎞ ⎛ ⎞ 

PY ⎝γ(d)y ⎝ 
k 

j=1 

Yj (x) − EY ⎠ ≥ δ � (x, y)⎠ = PY ⎝ 
k 

j=1 

Yj
�(x) − EY1

� ≥ 
2γ(d) 

� (x, y)⎠1 
k 1 

k
δ 

2kδ

≤ e
− 

2γ(d)2 . 

Hence, 
2 

P (yf(x) ≤ 0) ≤ P (yg(x) ≤ δ) + e
− 

2γ2(d) . 
kδ

kδ

If we set e− 
2γ(d

2

)2 = n 
1 , then k = 2γ

δ

2

2 
(d) log n. 

We have 
d k� 1 � 

g = λihi + γ(d) Yj ∈ convd+kH,
k 

i=1 j=1 

(d)d + k = d + 2γ
δ

2

2 log n. 
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Define the effective dimension of f as 

e(f, δ) = min d +
2γ

δ

2

2 

(d) 
log n . 

0≤d≤T 

Recall from the previous lectures that 

1
Pn (yg(x) ≤ 2δ) ≤ Pn (yf(x) ≤ 3δ) + . 

n 

Hence, we have the following margin-sparsity bound 

Theorem 23.1. For λ1 ≥ . . . λT ≥ 0, we define γ(d, f) = 
�T 

λi. Then with probability at least 1 − e−t ,i=d+1 � � �2 
P (yf(x) ≤ 0) ≤ inf ε + Pn (yf(x) ≤ δ) + ε2 

δ∈(0,1) 

where �� � � 
V e(f, δ) n t 

ε = K 
· 

log + 
n δ n 

Example 23.1. Consider the zero-error case. Define 

δ∗ = sup{δ > 0, Pn (yf(x) ≤ δ) = 0}. 

Hence, Pn (yf(x) ≤ δ∗) = 0 for confidence δ∗. Then 

P (yf(x) ≤ 0) ≤ 4ε2 = K
V · e(f, δ∗) 

log 
n 

+ 
t 

n δ∗ n 

V log n n t ≤ K 
(δ∗)2n 

log 
δ∗ 

+ 
n 

because e(f, δ) ≤ 2 log n always. δ2 

Consider the polynomial weight decay: λi ≤ Ki−α, for some α > 1. Then 

T T � 
γ(d) = 

� 
λi ≤ K 

� 
i−α ≤ K 

∞ 

x−αdx = K 
1

= 
Kα 

(α − 1)dα−1 dα−1 
di=d+1 i=d+1 

Then 

2γ2(d) 
e(f, δ) = min d + log n 

d δ2 

≤ min d + 
Kα
�

log n 
d δ2d2(α−1) 

Taking derivative with respect to d and setting it to zero, 

1 − 
Kα log n 

= 0 
δ2d2α−1 

we get 
log1/(2α−1) n log n 

.d = Kα · 
δ2/(2α−1) 

≤ K
δ2/(2α−1) 

59 



Lecture 23 Bounds in terms of sparsity. 18.465 

Hence, 

e(f, δ) ≤ K 
log n 

δ2/(2α−1) 

Plugging in, � � 
V log n n t

P (yf(x) ≤ 0) ≤ K
n(δ∗)2/(2α−1) 

log + . 
δ∗ n 

As α →∞, the bound behaves like 
V log n n

log . 
n δ∗ 
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In this lecture, we give another example of margin-sparsity bound involved with mixture-of-experts type 

of models. Let H be a set of functions hi : X → [−1, +1] with finite VC dimension. Let C1, , Cm· · · �
be partitions of H into m clusters H = m 

Ci. The elements in the convex hull convH takes the form i=1 �T � � � � 
f = i=1 λihi = c∈{C1,··· ,Cm} αc h∈c λ

c
h · h, where T � m, i λi = 1, αc = h∈c λh, and λc

h = λh/αc 

for h ∈ c. We can approximate f by g as follows. For each cluster c, let {Yk
c}k=1, ,N be random variables ··· 

such that ∀h ∈ c ⊂ H, we have P(Yk
c = h) = λh

c . Then EYk
c = h∈c λ

c
h h. Let Zk = c αcYk

c and · �N �N �

var(Yk
c) = �Yk

c − EYk
c�2 = 

� 
h∈c λ

c
h (h − EYh

c)2 . (If we define {Yk}k=1, ,N be random variables such that 

g = c αc N 
1 

k=1 Yk
c = N 

1 
k=1 Zk. Then EZk = Eg = f . We define σc 

2 = var(Zk) = c αc 
2var(Yk

c), where 

··· 

∀h ∈ H, P(Yk = h) = λh, and define g = 1 �N 
Yk, we might get much larger var(Yk)). N k=1 

h

C
. . .

mC1

C2

..

..

..

Recall that a classifier takes the form y = sign(f(x)) and a classification error corresponds to yf(x) < 0. We 

can bound the error by 

(24.1) P(yf(x) < 0) ≤ P(yg ≤ δ) + P(σc 
2 > r) + P(yg > δ|yf(x) ≤ 0, σc 

2 < r). 

The third term on the right side of inequality 24.1 can be bounded in the following way, 

1 
N

P(yg > δ|yf(x) ≤ 0, σ2 < r) = P 
N 

(yZk − EyZk) > δ − yf(x)|yf(x) ≤ 0, σc 
2 < r c 

k=1 

N1 � 
≤ P 

N 
(yZk − EyZk) > δ|yf(x) ≤ 0, σ2 < r c 

k=1 

N2δ2 

≤ exp − 
2Nσ2 + 2 Nδ 2 

,Bernstein’s inequality 
c 3 · 

N2δ2 N2δ2 

≤ exp − min 
4Nσ2 

, 
Nδ 8 

c 3 

Nδ2 

≤ exp − 
4r 

, for r small enough 

set 1
(24.2) ≤ 

n
. 

As a result, ∀N ≥ 4·r log n, inequality 24.2 is satisfied. δ2 

To bound the first term on the right side of inequality 24.1, we note that EY1, ,YN P(yg ≤ δ) ≤ EY1, ,YN Eφδ(yg)··· ··· 

and Enφδ(yg) ≤ Pn(yg ≤ 2δ) for some φδ: 
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s

ϕ (s)
δ

1

2δδ
Any realization of g = 

�Nm Zk, where Nm depends on the number of clusters (C1, , Cm), is a linear k=1 · · · 

combination of h ∈ H, and g ∈ convNm H. According to lemma 20.2, 

� n � 
(Eφδ (yg) − Enφδ (yg)) / Eφδ(yg) ≤ K V Nm log 

δ 
/n + u/n 

with probability at least 1 − e−u . Using a technique developed earlier in this course, and taking the union 

bound over all m, δ, we get, with probability at least 1 − Ke−u , 

V Nm n u
P(yg ≤ δ) K inf Pn(yg ≤ 2δ) + 

· 
log + .≤ 

m,δ n δ n 

(Since EPn(yg ≤ 2δ) ≤ EPn(yf(x) ≤ 3δ) + EPn(σc 
2 ≥ r) + 1 with appropriate choice of N , based on n 

the same reasoning as inequality 24.1, we can also control Pn(yg ≤ 2δ) by Pn(yf ≤ 3δ) and Pn(σc 
2 ≥ r) 

probabilistically).


To bound the second term on the right side of inequality 24.1, we approximate σc 
2 by


σ2 1 �N 1 
� 

(1) (2) 
�2 

(1) (2)

N = N k=1 2 Zk − Zk where Zk and Zk are independent copies of Zk . We have 

E (1,2) σ2 = σc 
2


Y1, ,N 
N


··· 

1 � 
(1) (2) 

�2 1 � 
(1) (2) 

�2 
var

Y (1,2) Zk − Zk = var Zk − Zk
1, ,N 2 4··· 

1 � 
(1) (2) 

�4 
≤ 

4 
E Zk − Zk � � �2 

� 

−1 ≤ Zk 
(1) 

, Zk 
(2) ≤ 1 ,and Zk 

(1) − Zk 
(2) ≤ 4 � �2 

≤ E Zk 
(1) − Zk 

(2) 

= 2σ2 
c 

var (1,2) σ2 2 σc 
2 .

Y1, ,N 
N ≤ · 

··· 
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We start with 

(σ2 (σ2 (σ2 σ2PY1, ,N c ≥ 4r) ≤ P (1,2) N ≥ 3r) + P (1,2) c ≥ 4r| N ≤ 3r)··· Y1, ,N Y1, ,N··· ··· � � 1 
(1,2) φr N ≥ 3r

Y
≤ E

1,··· ,N 
σ2 + 

n 

with appropriate choice of N , following the same line of reasoning as in inequality 24.1. We note that 

PY1,··· ,YN (σ
2 
N ≥ 3r) ≤ EY1,··· ,YN φr(σ2 

N ), and Enφδ(σ2 
N ) ≤ Pn(σ2 

N ≥ 2r) for some φδ. 

4δ s

ϕ (s)δ

1

2δδ 3δ
Since � �2 

σ2 1 
N � 

(1) (2) 
� 

(1) (2) 
N ∈ { 

2N
αc hk,c − hk,c : hk,c, hk,c ∈ H} ⊂ convNm {hi · hj : hi, hj ∈ H}, 

k=1 c 

and log D({hi · hj : hi, hj ∈ H}, �) ≤ KV log 2 by the assumption of our problem, we have log D(convNm {hi · 

hj : hi, hj ∈ H}, �) ≤ KV · Nm · log 2 
� by the VC inequality, and � � � �� 

n � � 

Eφr(σ2 φr(σ2 ) / Eφr(σ2 ) K V Nm log /n + u/nN ) − En N N ≤ · 
r 

with probability at least 1 − e−u . Using a technique developed earlier in this course, and taking the union 

bound over all m, δ, r, with probability at least 1 − Ke−u , 

P(σ2 ≥ 4r) K inf Pn(σ2 ≥ 2r) + 
1 

+ 
V · Nm log 

n 
+ 

u
.c N≤ 

m,δ,r n n δ n 

As a result, with probability at least 1 − Ke−u, we have 

P(yf(x) ≤ 0) K inf (yg ≤ 2 δ) + Pn(σ2 ≥ r) + 
V · min(rm/δ2, Nm) 

log 
n 

log n + 
u ≤ · 

r,δ,m 
Pn · N n δ n 

for all f ∈ convH. 
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Let Z(x1, . . . , xn) : X n �→ R. We would like to bound Z − EZ. We will be able to answer this question if for 

any x1, . . . , xn, x�1, . . . , x
�
n, 

(25.1) |Z(x1, . . . , xn) − Z(x1, . . . , xi−1, xi
� , xi+1, . . . , xn)| ≤ ci. 

Decompose Z − EZ as follows 

Z(x1, . . . , xn) − Ex� Z(x1
� , . . . , x�n) = (Z(x1, . . . , xn) − Ex� Z(x1

� , x2, . . . , xn)) 

+ (Ex� Z(x�1, x2, . . . , xn) − Ex� Z(x�1, x2
� , x3, . . . , xn)) 

. . . 

+ Ex� Z(x�1, . . . , xn
�
−1, xn) − Ex� Z(x1

� , . . . , x� )n

= Z1 + Z2 + . . . + Zn 

where 

Zi = Ex� Z(x�1, . . . , xi
�
−1, xi, . . . , xn) − Ex� Z(x�1, . . . , xi

� , xi+1, . . . , xn). 

Assume 

(1) |Zi| ≤ ci 

(2) EXi Zi = 0 

(3) Zi = Zi(xi, . . . , xn) 

Lemma 25.1. For any λ ∈ R, 

Exi e λZi ≤ e λ
2 ci 

2/2 . 

Proof. Take any −1 ≤ s ≤ 1. With respect to λ, function eλs is convex and 

λs λ( 1+s )+(−λ)( 1−s )
e = e 2 2 .


Then 0 ≤ 1+s , 1−s ≤ 1 and 1+s + 1−s = 1 and therefore 2 2 2 2 

e λs ≤ 
1 + 

2 
s
e λ +

1 −
2 

s
e−λ = 

eλ +
2 
e−λ 

+ s
eλ −

2 
e−λ 

≤ e λ
2 /2 + s · sh(x) 

using Taylor expansion. Now use Zi 
ci 

= s, where, by assumption, −1 ≤ Zi 
ci 

e λZi = e λci · 
Zi 
ci ≤ e λ

2 c 2 
i /2 + 

Zi 

ci 
sh(λci). 

≤ 1. Then 

Since Exi Zi = 0, 

Exi e λZi ≤ e λ
2 c 2 

i /2 . 

� 

We now prove McDiarmid’s inequality 
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Lecture 25	 Martingale-difference inequalities. 18.465 

Theorem 25.1. If condition (25.1) is satisfied, 
2 

n 2 
t

P (Z − EZ > t) ≤ e
− 

2 
P 

i=1 ci . 

Proof. For any λ > 0 

P (Z − EZ > t) = P e λ(Z−EZ) > eλt ≤ 
Eeλ(Z−EZ) 

. 
eλt 

Furthermore, 

Ee λ(Z−EZ)	 = Ee λ(Z1+...+Zn) 

= EEx1 e λ(Z1+...+Zn) 

= E e λ(Z2+...+Zn)Ex1 e λZ1 

λ(Z2+...+Zn) λ2 c1
2/2 e≤ E e 

λ2 c 21/2EEx2 
λ(Z2 +...+Zn )= e e 

= e λ
2 c1

2/2E e λ(Z3+...+Zn)Ex2 e λZ2 

≤ e λ
2 (c 21+c 22)/2Ee λ(Z3+...+Zn) 

λ2 P n
i=1 c 2 

i /2≤ e 

Hence, 
n 2 
i=1 ci /2P (Z − EZ > t) ≤ e−λt+λ2 P 

and we minimize over λ > 0 to get the result of the theorem.	 � 

Example 25.1. Let F be a class of functions: X �→ [a, b]. Define the empirical process 

1 
n

Z(x1, . . . , xn) = sup f(xi)Ef − . 
nf ∈F i=1 

Then, for any i, 

Z(x1, . . . , x
�
i, . . . , xn) − Z(x1, . . . , xi, . . . , xn)| | 

1 
sup Ef − (f(x1) + . . . + f(x�i) + . . . + f(xn)) 

f n 
= 

1 − sup Ef − (f(x1) + . . . + f(xi) + . . . + f(xn)) 
f n 

≤ sup 
n 
1 |f(xi) − f(x�)| ≤ 

b − 
n

a 
= cii

f ∈F 

because 

sup f(t) − sup g(t) ≤ sup(f(t) − g(t)) 
t	 t t 
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Lecture 25 Martingale-difference inequalities. 18.465 

and 

|c| − |d| ≤ |c − d|. 

Thus, if a ≤ f(x) ≤ b for all f and x, then, setting ci = b−a for all i,n 

t2 2nt

= e
− 

2(b−a)2P (Z − EZ > t) ≤ exp − . 
n (b−a)2 

22 i=1 n

By setting t = 2u (b − a), we get n 

2u
P Z − EZ > (b − a) ≤ e−u . 

n 

Let ε1, . . . , εn be i.i.d. such that P (ε = ±1) = 1 . Define 2 

Z((ε1, x1), . . . , (εn, xn)) = sup 
f∈F 

1 
n 

n

i=1 

εif(xi) . 

Then, for any i, 

Z((ε1, x1), . . . , (ε�i, x
�
i), . . . , (εn, xn)) − Z((ε1, x1), . . . , (εi, xi), . . . , (εn, xn))| | 

1 2M ≤ 
n 

= ci(ε�if(x�) − εif(xi))i≤ sup 
f ∈F n 

where −M ≤ f(x) ≤ M for all f and x. 

Hence, 
2t2 

nt

= e− 
8M2P (Z − EZ > t) ≤ exp − 

2 
. 

n (2M)2 

i=1 n2 

By setting t = 8
n
u M , we get 

8u
P Z − EZ > M ≤ e−u . 

n 

Similarly, 
8u

P EZ − Z > M ≤ e−u . 
n 
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Define the following processes: 

1 
n

Z(x) = sup Ef − f(xi) 
f∈F n 

i=1 

and 
1 

n

R(x) = sup εif(xi). 
f ∈F n 

i=1 

Assume a ≤ f(x) ≤ b for all f, x. In the last lecture we proved Z is concentrated around its expectation: 

with probability at least 1 − e−t , 
2t 

Z < EZ + (b − a) . 
n 

Furthermore, 

1 
n

EZ(x) = E sup Ef − 
n

f(xi) 
i=1f∈F 

1 
n 1 

n

= E sup E 
n

f(x�) − 
n

f(xi)i
f∈F i=1 i=1 

1 
n

≤ E sup (f(x�i) − f(xi)) 
f∈F n 

i=1 

n1 � 
= E sup εi(f(x�) − f(xi))i

f∈F n 
i=1 

n n1 � 1 � 
≤ E sup 

n
εif(x�) + sup − 

n
εif(xi)i

f∈F f ∈Fi=1 i=1 

≤ 2ER(x). 

Hence, with probability at least 1 − e−t , 

2t 
Z < 2ER + (b − a) . 

n 

It can be shown that R is also concentrated around its expectation: if −M ≤ f(x) ≤ M for all f, x, then 

with probability at least 1 − e−t , 
2t

ER ≤ R + M . 
n 

Hence, with high probability, 
2t 

Z(x) ≤ 2R(x) + 4M . 
n 

Theorem 26.1. If −1 ≤ f ≤ 1, then 

2t
P Z(x) ≤ 2ER(x) + 2 ≥ 1 − e−t . 

n 
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Lecture 26	 Comparison inequality for Rademacher processes. 18.465 

If 0 ≤ f ≤ 1, then �	 � � 
2t

P Z(x) ≤ 2ER(x) + ≥ 1 − e−t . 
n 

Consider EεR(x) = Eε supf ∈F n 
1 

i
n 
=1 εif(xi). Since xi are fixed, f(xi) are just vectors. Let F ⊆ Rn , f ∈ F , 

where f = (f1, . . . , fn). 

Define contraction ϕi : R �→ R for i = 1, . . . , n such that ϕi(0) = 0 and |ϕi(s) − ϕi(t)| ≤ |s − t|. 

Let G : R �→ R be convex and non-decreasing. 

The following theorem is called Comparison inequality for Rademacher process. 

Theorem 26.2. � � � � 

EεG	 sup εiϕi(fi) ≤ EεG sup εifi . 
f∈F f ∈F 

Proof. It is enough to show that for T ⊆ R2 , t = (t1, t2) ∈ T 

EεG sup t1 + εϕ(t2) ≤ EεG sup t1 + εt2 , 
t∈T	 t∈T 

i.e. enough to show that we can erase contraction for 1 coordinate while fixing all others. 

Since P (ε = ±1) = 1/2, we need to prove 

1 1	 1 1 
G sup t1 + ϕ(t2) + G sup	 G sup t1 + t2 + G sup .

2 t∈T 2 t∈T 
t1 − ϕ(t2) ≤ 

2 t∈T 2 t∈T 
t1 − t2 

Assume supt∈T t1 + ϕ(t2) is attained on (t1, t2) and supt∈T t1 − ϕ(t2) is attained on (s1, s2). Then 

t1 + ϕ(t2) ≥ s1 + ϕ(s2) 

and 

s1 − ϕ(s2) ≥ t1 − ϕ(t2). 

Again, we want to show 

Σ = G(t1 + ϕ(t2)) + G(s1 − ϕ(s2)) ≤ G(t1 + t2) + G(t1 − t2). 

Case 1: t2 ≤ 0, s2 ≥ 0 

Since ϕ is a contraction, ϕ(t2) ≤ |t2| ≤ −t2, −ϕ(s2) ≤ s2. 

Σ = G(t1 + ϕ(t2)) + G(s1 − ϕ(s2)) ≤ G(t1 − t2) + G(s1 + s2) 

sup + G sup t1 + t2 .≤ G	
t∈T 

t1 − t2 
t∈T 

Case 2: t2 ≥ 0, s2 ≤ 0 

Then ϕ(t2) ≤ t2 and −ϕ(s2) ≤ −s2. Hence 

Σ ≤ G(t1 + t2) + G(s1 − s2) ≤ G sup t1 + t2 + G sup t1 − t2 . 
t∈T t∈T 
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Lecture 26 Comparison inequality for Rademacher processes. 18.465 

Case 3: t2 ≥ 0, s2 ≥ 0 

Case 3a: s2 ≤ t2 

It is enough to prove 

G(t1 + ϕ(t2)) + G(s1 − ϕ(s2)) ≤ G(t1 + t2) + G(s1 − s2). 

Note that s2 − ϕ(s2) ≥ 0 since s2 ≥ 0 and ϕ – contraction. Since |ϕ(s)| ≤ |s|, 

s1 − s2 ≤ s1 + ϕ(s2) ≤ t1 + ϕ(t2), 

where we use the fact that t1, t2 attain maximum. 

Furthermore, 

G (s1 − s2) + (s2 − ϕ(s2)) − G s1 − s2 ≤ G (t1 + ϕ(t2)) + (s2 − ϕ(s2)) − G t1 + ϕ(t2)� �� � � �� � 
u x 

Indeed, Ψ(u) = G(u+x)−G(u) is non-decreasing for x ≥ 0 since Ψ�(u) = G�(u+x)−G�(u) > 0 by convexity


of G.


Now,


(t1 + ϕ(t2)) + (s2 − ϕ(s2)) ≤ t1 + t2 

since 

ϕ(t2) − ϕ(s2) ≤ |t2 − s2| = t2 − s2. 

Hence, 

G s1 − ϕ(s2) − G s1 − s2 = G (s1 − s2) + (s2 − ϕ(s2)) − G s1 − s2 

≤ G t1 + t2 − G t1 + ϕ(t2) . 

Case 3a: t2 ≤ s2 

Σ ≤ G(s1 + s2) + G(t1 − t2) 

Again, it’s enough to show 

G(t1 + ϕ(t2)) − G(t1 − t2) ≤ G(s1 + s2) − G(s1 − ϕ(s2)) 

We have 

t1 − t2 ≤ t1 − ϕ(t2) ≤ s1 − ϕ(s2) 

since s1, s2 achieves maximum and since t2 + ϕ(t2) ≥ 0 (ϕ is a contraction and t2 ≥ 0). 

Hence, 

G (t1 − t2) + (t2 + ϕ(t2)) − G t1 − t2 ≤ G (s1 − ϕ(s2)) + (t2 + ϕ(t2)) − G s1 − ϕ(s2)� �� � � �� � 
u x 
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Lecture 26 Comparison inequality for Rademacher processes. 18.465 

Since 

ϕ(t2) − ϕ(s2) ≤ |t2 − s2| = s2 − t2, 

we get 

ϕ(t2) − ϕ(s2) ≤ s2 − t2. 

Therefore, 

s1 − ϕ(s2) + (t2 + ϕ(t2) ≤ s1 + s2 

and so 

G(t1 + ϕ(t2)) − G(t1 − t2) ≤ G(s1 + s2) − G(s1 − ϕ(s2)) 

Case 4: t2 ≤ 0, s2 ≤ 0 

Proved in the same way as Case 3. � 

We now apply the theorem with G(s) = (s)+ . 

Lemma 26.1. 

E sup 
t∈T 

εiti 

n n

i=1 i=1t∈T 
εiϕi(ti) ≤ 2E sup 

= ( )+ + ( ) = ( )+ + ( )+−| | −x x x x x . 

� 

Proof. Note that 

We apply the Contraction Inequality for Rademacher processes with G(s) = (s)+ . 

n n n
⎛ ⎞ ⎝ ⎠εiϕi(ti) εiϕi(ti) + (−εi)ϕi(ti)E sup 

t∈T 
= E sup 

t∈Ti=1 i=1 i=1 

n

≤ 2E sup εiϕi(ti) 
t∈T i=1 

n

≤ 2E sup εiti ≤ 2E sup 
t∈T 

n

i=1 i=1t∈T 
εiti . 
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Lecture 27 Application of Martingale inequalities. Generalized Martingale inequalities. 18.465 

Let F ⊂ {f ∈ [0, 1]} be a class of [0, 1] valued functions, Z = supf Ef − n 
1 

i
n 
=1 f(xi) , and R = 

supf f n 
1 

i
n 
=1 �if(xi) for any given xi, , xn where �1, �n are Rademarcher random variables. For · · · · · · 

any f ∈ F unknown and to be estimated, the empirical error Z can be probabilistically bounded by R in the 

following way. Using the fact that Z ≤ 2R and by Martingale inequality, P Z ≤ EZ + 2u ≥ 1−e−u, and � � � � � � n 

P ER ≤ R + 2 2
n
u ≥ 1 − e−u . Taking union bound, P Z ≤ R + 5 2

n
u ≥ 1 − 2e−u . Taking union bound � � � � � 

2u � nk�2 set 
again over all (nk)k>1 and let � = 5 n , P ∀n ∈ (nk)k≥1 ∀f ∈ F , Z ≤ 2R + � ≥ 1 − exp − k 50 ≥ 

1 − δ. Using big O notation, nk = O �
1 
2 log δ

1 
2 . 

For voting algorithms, the candidate function to be estimated is a symmetric convex combination of some 

base functions F = convH, where H ⊂ {h ∈ [0, 1]}. The trained classifier is sign(f(x)) where f ∈ F is our 

estimation, and the training error is P(yf(x)). The training error can be bounded as the following, 

P(yf(x) < 0) ≤ Eφδ(yf(x)) 
n1 � 

φδ(yf(x)) + sup (Eφδ(yf(x)) − φδ (yif(xi)))≤ En
f∈F n 

i=1 

Z 

n1 � 2u ≤ Enφδ(yf(x)) + 2 · E sup( �iφδ(yif(xi)))+ 
n���� n 

i=1
with probability 1−e−u � f ∈F �� � 

R 

n2 1 � 2u ≤ Enφδ(yf(x)) + 
δ 

E sup �iyif(xi) + 
n���� n 

i=1f ∈F
contraction 

2 1 
n 2u 

= Enφδ(yf(x)) + E sup �if(xi) + 
δ n n 

i=1f ∈F 

2 1 
n 2u

Pn(yf(x) < 0) + E sup �ih(xi) + .≤ 
δ h∈H n n 

i=1 

To bound the second term (E suph∈H 
1 n 

�ih(xi)) above, we will use the following fact. n i=1 

Fact 27.1. If P(ξ ≥ a + b t) ≤ exp(−t2), then Eξ ≤ K (a + b) for some constant K.· · 

If H is a VC-subgraph class and V is its VC dimension, D(H, �, dx) ≤ K 
� 

1 
�2·V by D. Haussler. By 

Kolmogorov’s chaining method (Lecture 14), � 
n � � 1 � �� 

1 � 1 u 
= P sup �ih(xi) ≤ K log1/2 D(H, �, dx)d� + 

h n n 0 n 
i=1 � 
n

� � 1 
� � �� 

1 � 1 1 u 
= P sup �ih(xi) ≤ K V log d� + 

h n n 0 � n 
i=1 

≥ 1 − e−u . 
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Lecture 27 Application of Martingale inequalities. Generalized Martingale inequalities. 18.465 

�� � � � 
Thus E sup n 

1 �ih(xi) ≤ K V
n + n 

1 ≤ K V
n , and 

1 V 2u
P P(yf(x) < 0) ≤ Pn(yf(x) < 0) + K

δ n 
+ 

n 
≥ 1 − e−u . 

Recall our set up for Martingale inequalities. Let Z = Z(x1, , xn) where x1, , xn are independent · · · · · · 

random variables. We need to bound Z − EZ. Since Z is not a sum of independent random variables, certain 

classical concentration inequalities is not applicable. But we can try to bound Z − EZ with certain form of 

Martingale inequalities. 

Z − EZ = Z � − Ex1 (Z��|x2, · · · , xn�) + E� x1 (Z|x2, · · · , xn) −�� Ex1 ,x2 (Z|x3, · · · , xn�) + 

d1 (x1 , ,xn) d2 (x2 , ,xn)··· ··· 

+ Ex1, ,xn−1 (Z xn) − Ex1 , ,xn (Z)· · · � ··· | �� ··· � 
dn(xn) 

with the assumptions that Exi di = 0, and �di�∞ ≤ ci. 

We will give a generalized martingale inequality below. n 
di = Z − EZ where di = di(xi, , xn),i=1 · · · 

maxi �di�∞ ≤ C, σi 
2 = σi 

2(xi+1, , xn) = var(di), and Edi = 0. Take � > 0,· · · 

n n

P( di − � σi 
2 ≥ t) 

i=1 i=1 

n

≤ e−λtE exp( λ(di − �σ2))i 
i=1 

n−1

= e−λtE exp( λ(di − �σ2) E exp(λdn) exp(λ�σ2 )i n· · 
i=1 

The term exp(λdn) can be bounded in the following way. 

E exp(λdn) 

λ2 λ3 

= E 1 + λdn + dn 
2 + dn 

3 +���� 2! 3! 
· · · 

Taylor expansion 

λ2 λC λ2C2 

≤ 1 + 
2 

σ2 1 + 
3 

+
3 4

+ · · · n · · 
λ2 σ2 1 ≤ exp 

2 
· n · 

(1 − λC) 
. 

Choose λ such that λ2 
≤ λ�, we get λ ≤ 2� , and Edn exp(λdn) exp(λ�σ2 ) ≤ 1. Iterate over 2 (1−λC) 1+2�C n· 

i = n, · · · , 1, we get 
·

n n

P di − � σi 
2 ≥ t ≤ exp (−λ · t) 

i=1 i=1 
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Lecture 27 Application of Martingale inequalities. Generalized Martingale inequalities. 18.465 

. Take t = u/λ, we get 
n n

P di ≥ � σi 
2 +

2
u

� 
(1 + 2�C) ≤ exp (−u) 

i=1 i=1 

To minimize the sum � i
n 
=1 σi 

2 + 2
u
� (1 + 2�C), we set its derivative to 0, and get � = 

2 
Pu

σ2 . Thus 
i ⎛ ⎞ 

P ⎝ di ≥ 3 u σi 
2/2 + Cu ⎠ ≤ e−u 

i 

. This inequality takes the form of the Bernstein’s inequality. 
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Lecture 28 Generalization bounds for neural networks. 18.465 

Let H be a class of ”simple” functions (VC-subgraph, perceptrons). Define recursively 

Hi+1 = σ αj hj : hj ∈ Hi, αj ∈ R 

where σ is sigmoid function such that σ(0) = 0 and |σ(s) − σ(t)| ≤ L|s − t|, −1 ≤ σ ≤ 1. 

Example: 
e

σ(x) = 
x − e−x 

. 
ex + e−x 

Assume we have data (x1, y1), . . . , (xn, yn), −1 ≤ yi ≤ 1. We can minimize 

n

n 

over Hk, where k is the number of layers. 

� 

i=1 

1 
(yi − h(xi))2 

Define L(y, h(x)) = (y − h(x))2, 0 ≤ L(y, h(x)) ≤ 4. We want to bound EL(y, h(x)). 

From the previous lectures, 

εiL(yi, h(xi)) + 4 
n n

i=1 

with probability at least 1 − e−t . 

� 

i=1 

Define 

1 1 2t 
n 

EL(y, h(x)) − L(yi, h(xi)) ≤ 2E supsup 
n n 

Hi+1(A1, . . . , Ai+1) = σ αj hj : |αj | ≤ Ai+1, hj ∈ Hi . 

For now, assume bounds Ai on sum of weights (although this is not true in practice, so we will take union 

bound later). 

Theorem 28.1. 
n k n1 1 8 

εiL(yi, h(xi)) ≤ 8 (2L Aj )· εih(xi)E E sup +sup .√
n

·
n nh∈Hh∈Hk (A1,...,Ak ) i=1 j=1 i=1 

2Proof. Since −2 ≤ y − h(x) ≤ 2, (y−h(x))2 

: [−2, 2] �→ R is a contraction because largest derivative of s on4 

[−2, 2] is 4. Hence, 

1 
n 

n

i=1 

εi(yi − h(xi))2 
� 

i=1 � 

n

n

1 
n 

εi(yi − h(xi))2E = EEεsup sup 
h∈Hk (A1,...,Ak ) h∈Hk (A1,...,Ak ) 

(yi − h(xi))2 

4 
1

= 4EEε εisup 
nh∈Hk (A1,...,Ak ) i=1 �n1 ≤ 8EEε 

≤ 8E 
1 

( ( ))ε h−y xi i i

�n
sup 

nh∈Hk (A1,...,Ak ) 

n

+ 8E 

i=1 

1 
εih(xi)εiyi sup 

n n 
i=1 h∈Hk (A1,...,Ak ) i=1 
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Lecture 28 Generalization bounds for neural networks. 18.465 

Furthermore, ⎛ ⎞�2 1/2 

1 ⎠E 
n 

n n� 

i=1 

� 

i=1 

1⎝Eεiyi εiyi≤ 
n �1/2n

n2 

� 

i=1 

1 
ε2 2 

i y= E i 

�1/21 1
Ey 2= ≤1 n n 

Using the fact that σ/L is a contraction, 
n n� 

i=1 �n
1 1 

n 
σ 

αj hj (xi) αj hj (xi)Eε = LEε sup 
h 

εiσ εisup 
Lnh∈Hk (A1,...,Ak ) i=1 

1 ≤ 2LEε sup 
h 

εi αj hj (xi) 
n 

i=1 

n

αj εihj (xi)
1

= 2LEε sup 
h n 

j i=1 

n

α�j εihj (xi)
|αj |= 2LEε sup 

h n 
j i=1 

where αj
� = Pαj . Since for the layer k,αj | ≤ Ak|j

j |αj | 

n

α�j εihj (xi)
|αj |2LEε sup 
nh∈Hk (A1 ,...,Ak) j i=1 

1 
n 

n

α�j εihj (xi)≤ 2LAkEε sup 
h∈Hk (A1,...,Ak ) j i=1 

n1
= 2LAkEε εihj (xi)sup 

nh∈Hk−1(A1 ,...,Ak−1) i=1 

The last equality holds because sup λj sj = maxj sj , i.e. max is attained at one of the vertices. 

By induction, 
n k n1 1 8 

εi(yi − h(xi))2 ≤ 8 (2LAj ) εih(xi)E E sup +sup ,√
n

·
n nh∈Hh∈Hk (A1,...,Ak ) i=1 j=1 i=1 

where H is the class of simple classifiers. 
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Lecture 29 Generalization bounds for neural networks. 18.465 

In Lecture 28 we proved 

1 1 8 
n n 

n� 

i=1 

εih(xi) + 
n k� 

i=1 j=1 

εi(yi − h(xi))2 ≤ 8 (2LAj )E E supsup √
n

· 
h∈Hh∈Hk (A1,...,Ak ) 

Hence, 

L(yi, h(xi)) 

8 t 

n� 

i=1 

1 
Z (Hk(A1, . . . , Ak)) := EL(y, h(x)) − 

n

sup 
h∈Hk (A1,...,Ak ) n 

k

≤ 8 (2LAj ) 
1 

εih(xi) + 8 E sup + √
n

· 
n n 

j=1 h∈H i=1 

with probability at least 1 − e−t .


Assume H is a VC-subgraph class, −1 ≤ h ≤ 1.


We had the following result:


⎛ �⎞P 
K 

n 
n i=1 h

2(xi)n � √ 
1 n

i=1 

≥ 1 − e−t , 

1 1t
log1/2⎝ ⎠∀h ∈ H,

n 
εih(xi) ≤ √

n 
D(H, ε, dx)dε + K h2(xi)Pε 

n n0i=1 

where �1/2n

n 
i=1 

Furthermore, 

εih(xi) 

1 
(f(xi) − g(xi))2dx(f, g) = . 

⎝ h∀ ∈ H, 

⎛ �⎞P n 
n i=1 h

2(xi)� √ 
1n

i=1 

n

i=1 

≥ 1 − 2e−t , 

1 t 1K 
log1/2 ⎠D(H, ε, dx)dε + K h2(xi)Pε ≤ √

n 
. 

n n n0 

Since −1 ≤ h ≤ 1 for all h ∈ H, 

n � 11 K 
log1/2 D(H, ε, dx)dε + K

t ≥ 1 − 2e−t 

n 
εih(xi)Pε sup 

h∈H 
≤ √

n 
, 

n 0i=1 

Since H is a VC-subgraph class with V C(H) = V , 

2
log D(H, ε, dx) ≤ KV log . 

ε 
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Lecture 29 Generalization bounds for neural networks. 18.465 

Hence, � 1 � 1 
� 

2
log1/2 D(H, ε, dx)dε ≤ KV log dε 

ε0 0 � 1 
� 

≤ K
√

V log 
2 
dε ≤ K

√
V 

ε0 

Let ξ ≥ 0 be a random variable. Then 

∞ a ∞
Eξ = P (ξ ≥ t) dt = P (ξ ≥ t) dt + P (ξ ≥ t) dt 

0 0 a 
∞ ∞ 

≤ a + P (ξ ≥ t) dt = a + P (ξ ≥ a + u) du 
a 0 � � 2 

V t nu

Let K n = a and K n = u. Then e−t = e− 
K2 . Hence, we have 

� n � � 
nu� 1 � � V ∞ 2 

Eε sup � εih(xi)�� ≤ K + 2e− 
K2 du 

h∈H � n n 0i=1 

V ∞ K 2 

= K + e−x dx 
n 0 

√
n 

V K V ≤ K + √
n 
≤ K 

n n 

22 nufor V ≥ 2. We made a change of variable so that x = K2 . Constants K change their values from line to


line.


We obtain,

k� V 8 t 

Z (Hk(A1, . . . , Ak)) ≤ K (2LAj ) · 
n 

+ √
n 

+ 8 
n 

j=1 

with probability at least 1 − e−t . 

Assume that for any j, Aj ∈ (2−�j −1 , 2−�j ]. This defines �j . Let 

Hk(�1, . . . , �k) = Hk(A1, . . . , Ak) : Aj ∈ (2−�j −1 , 2−�j ] . 

Then the empirical process 

k� V 8 t 
Z (Hk(�1, . . . , �k)) ≤ K (2L · 2−�j ) · 

n 
+ √

n 
+ 8 

n 
j=1 

with probability at least 1 − e−t . 

For a given sequence (�1, . . . , �k), redefine t as t + 2 
�

j
k 
=1 log |wj | where wj = �j if �j =� 0 and wj = 1 if 

�j = 0. 

With this t, 

k
j=1

Z (Hk(�1, . . . , �k)) ≤ K 
� 

(2L · 2−�j ) · 
� 

V

n 
+ √8 

n 
+ 8 

t + 2 
�k 

n 

log |wj | 

j=1 
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Lecture 29 Generalization bounds for neural networks. 18.465 

with probability at least 
kPk � 1

1 − e−t−2 j=1 log |wj | = 1 − e−t . 
j=1 

|wj |2 

By union bound, the above holds for all �1, . . . , �k ∈ Z with probability at least � �kk� � 1 � 1
1 − 

2 
e−t = 1 − 

2 
e−t 

�1,...,�k ∈Z j=1 
|wj |

�1∈Z 
|w1|� �k

π2 

= 1 − 1 + 2 e−t ≥ 1 − 5k e−t = 1 − e−u 

6 

for t = u + k log 5. 

Hence, with probability at least 1 − e−u , � �kk

∀(�1, . . . , �k), Z (Hk(�1, . . . , �k)) ≤ K 
� 

(2L · 2−�j ) · V

n 
+ √8 

n 
+ 8 

2 j=1 log |wj 

n 

| + k log 5 + u
. 

j=1 

If Aj ∈ (2−�j −1 , 2−�j ], then −�j − 1 ≤ log Aj ≤ �j and |�j | ≤ | log Aj | + 1. Hence, |wj | ≤ | log Aj | + 1. 

Therefore, with probability at least 1 − e−u , 
k� V 8 ∀(A1, . . . , Ak), Z (Hk(A1, . . . , Ak)) ≤ K (4L · Aj ) · 

n 
+ √

n 
j=1 

+8 
2 
�k log (| log Aj | + 1) + k log 5 + u

. j=1 

n 

Notice that log (| log Aj | + 1) is large when Aj is very large or very small. This is penalty and we want the 

product term to be dominating. But log log Aj ≤ 5 for most practical applications. 
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Lecture 30 Generalization bounds for kernel methods. 18.465 

Let X ⊂ Rd be a compact subset. Assume x1, . . . , xn are i.i.d. and y1, . . . , yn = ±1 for classification and 

[−1, 1] for regression. Assume we have a kernel K(x, y) = ∞
λiφi(x)φi(y), λi > 0.i=1 

Consider a map 

x ∈ X �→ φ(x) = ( λ1φ1(x), . . . , λkφk(x), . . .) = ( λkφk(x))k≥1 ∈ H 

where H is a Hilbert space. 
∞Consider the scalar product in H: (u, v)H = i=1 uivi and �u�H = (u, v)H. 

For x, y ∈ X , 
∞

(φ(x), φ(y)) = λiφi(x)φi(y) = K(x, y).H 

i=1 

Function φ is called feature map. 

Family of classifiers: 

FH = {(w, z)H : �w�H ≤ 1}. 

F = {(w, φ(x))H : �w�H ≤ 1} � f : X �→ R. 

Algorithms: 

(1) SVMs 

n n

f(x) = αiK(xi, x) = ( αiφ(xi), φ(x))H 

i=1 i=1 

w 

Here, instead of taking any w, we only take w as a linear combination of images of data points. We 

have a choice of Loss function L: 

• L(y, f(x)) = I(yf(x) ≤ 0) – classification 

• L(y, f(x)) = (y − f(x))2 – regression 

(2) Square-loss regularization 

Assume an algorithm outputs a classifier from F (or FH), f(x) = (w, φ(x))H. Then, as in Lecture 20, 

n n1 � 1 � 
P (yf(x) ≤ 0) ≤ Eϕδ (yf(x)) = ϕδ (yif(xi)) + Eϕδ (yf(x)) − ϕδ (yif(xi)) 

n n 
i=1 i=1 

n n1 � 1 � 
≤ 

n
I(yif(xi) ≤ δ) + sup Eϕδ (yf(x)) − 

n
ϕδ (yif(xi)) 

i=1 f ∈F i=1 

By McDiarmid’s inequality, with probability at least 1 − e−t � � � � � 
1 

n 1 
n 2t 

sup Eϕδ (yf(x)) − ϕδ (yif(xi)) ≤ E sup Eϕδ (yf(x)) − ϕδ (yif(xi)) + 
f ∈F n f∈F n n 

i=1 i=1 
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Lecture 30 Generalization bounds for kernel methods. 18.465 

Using the symmetrization technique, 
n1 1

E sup εi . 
n� 

f ∈Fi=1 i=1 

�
( ( )) 1ϕ f −y xδ i iE(ϕδ (yf(x)) − 1) − (ϕδ (yif(xi)) − 1) ≤ 2E sup 

n nf∈F 

Since δ (ϕδ − 1) is a contraction, · 

1 
n 

1 
n 

n� 

i=1 

n� 

i=1 

2
2E sup 

f∈F 
ϕδ (yif(xi)) − 1 2E sup εiyif(xi)εi ≤ 

δ f∈F 

1 
n 

n n

�w�≤1 

n

� 

i=1 i=1 

4 4 1 
εif(xi) εi(w, φ(xi))E sup 

f∈F 
E= = sup H

δ δ n 

n

i=1 H 

4 4
(w, εiφ(xi)) εiφ(xi)E E= sup = supH

δn 

4 

δn �w�≤1 

n n

�w�≤1i=1 

4 
εiφ(xi), εiφ(xi) εiεj (φ(xi), φ(xi))E E= = H

δn δn 
i=1 i=1 i,jH 

4 
�� 4

E εiεj K(xi, xj ) ≤
δn 

εiεj K(xi, xj )E= 
δn 

i,j i,j 

n4 4 EK(x1, x1)EK(xi, xi) = = 
δn δ n 

i=1 

Putting everything together, with probability at least 1 − e−t , 
n1 4 EK(x1, x1) 2t

P (yf(x) ≤ 0) ≤ I(yif(xi) ≤ δ) + + . 
δn n n 

i=1 

Before the contraction step, we could have used Martingale method again to have Eε only. Then EK(x1, x1) 
1 nin the above bound will become K(xi, xi).n i=1 
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Lecture 31 Optimistic VC inequality for random classes of sets. 18.465 

As in the previous lecture, let F = {(w, φ(x))H, �w� ≤ 1}, where φ(x) = (
√

λiφi(x))i≥1, X ⊂ Rd .


Define d(f, g) = �f − g�∞ = supx∈X |f(x) − g(x)|.


The following theorem appears in Cucker & Smale:


Theorem 31.1. ∀h ≥ d, � � 2d 

log N (F , ε, d) ≤ 
Ch 

h 

ε 

where Ch is a constant. 

Note that for any x1, . . . , xn, � �1/2n1 � 
dx(f, g) = (f(xi) − g(xi))2 ≤ d(f, g) = sup 

n x 
|f(x) − g(x)| ≤ ε. 

i=1 

Hence, 

N (F , ε, dx) ≤ N (F , ε, d). 

Assume the loss function L(y, f(x)) = (y − f(x))2 . The loss class is defined as 

L(y, F ) = {(y − f(x))2, f ∈ F}. 

Suppose |y − f(x)| ≤ M . Then 

|(y − f(x))2 − (y − g(x))2| ≤ 2M |f(x) − g(x)| ≤ ε. 

So, 
ε N (L(y, F), ε, dx) ≤ N F , 

2M
,dx 

and � � 2d � �αh2MCh 2MChlog N (L(y, F), ε, dx) ≤ 
ε 

= 
ε 

α = 2h
d < 2 (see Homework 2, problem 4). 

Now, we would like to use specific form of solution for SVM: f(x) = i
n 
=1 αiK(xi, x), i.e. f belongs to a


random subclass. We now prove a VC inequality for random collection of sets.


Let’s consider C(x1, . . . , xn) = {C : C ⊆ X} - random collection of sets. Assume that C(x1, . . . , xn) satisfies:


(1) C(x1, . . . , xn) ⊆ C(x1, . . . , xn, xn+1) 

(2) C(π(x1, . . . , xn)) = C(x1, . . . , xn) for any permutation π. 

Let 

�C (x1, . . . , xn) = card {C ∩ {x1, . . . , xn}; C ∈ C} 

and 

G(n) = E�C(x1,...,xn)(x1, . . . , xn). 
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Lecture 31 Optimistic VC inequality for random classes of sets. 18.465 

Theorem 31.2. 

nt

P sup 
P (C) − n 

1 � i
n 
=1 I(xi ∈ C) 

≥ t ≤ 4G(2n)e− 4
2 

C∈C(x1,...,xn) P (C) 

Consider event 

Ax = x = (x1, . . . , xn) : sup 
P (C) − n 

1 � i
n 
=1 I(xi ∈ C) 

C∈C(x1,...,xn) P (C) 
≥ t 

So, there exists Cx ∈ C(x1, . . . , xn) such that 

P (Cx) − n� 
1 

i
n 
=1 I(xi ∈ Cx) 

≥ t. 
P (Cx) 

For x�1, . . . , x
�
n, an independent copy of x, 

1 
n 1

Px� P (Cx) ≤ 
n

I(x�i ∈ Cx) ≥ 
4 

i=1 

if P (Cx) ≥ n 
1 (which we can assume without loss of generality). 

Together, 

n1 � 
P (Cx) ≤ I(x�i ∈ Cx) 

n 
i=1 

and 

P (Cx) − n 
1 

i
n 
=1 I(xi ∈ Cx)� ≥ t 

P (Cx) 

imply 

n 
1 � 

n
i=1 I(x�i ∈ Cx) − n 

1 n
i=1 I(xi ∈ Cx) 

≥ t. 
n 

2
1 
n i=1(I(x�i ∈ Cx) + I(xi ∈ Cx)) 

Indeed, 

0 < t ≤ 
P (Cx) − n 

1 � i
n 
=1 I(xi ∈ Cx) 

P (Cx) 

P (Cx) − n 
1 

i
n 
=1 I(xi ∈ Cx) 

≤ � 
1 
� 
P (Cx) + 1 �n

i=1 I(xi ∈ Cx) 
� 

2 n 

n 
1 n

i=1 I(x�i ∈ Cx) − n 
1 n

i=1 I(xi ∈ Cx) 
≤ � 

1 
� 

1 �n
i=1 I(xi

� ∈ Cx) + 1 �n
i=1 I(xi ∈ Cx) 

� 
2 n n 
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Lecture 31 Optimistic VC inequality for random classes of sets. 18.465 

Hence, multiplying by an indicator, 

1 1 
n

4 
· I(x ∈ Ax) ≤ Px� P (Cx) ≤ 

n
I(xi

� ∈ Cx) · I(x ∈ Ax) 
i=1 ⎛ ⎞ ⎝ n 

1 n
i=1 I(xi

� ∈ Cx) − n 
1 n

i=1 I(xi ∈ Cx) ⎠≤ Px� � 
1 
� 

1 n
i=1 I(x�i ∈ Cx) + 1 n

i=1 I(xi ∈ Cx) 
� ≥ t 

2 n n ⎛ ⎞ ⎝ n 
1 n

i=1 I(xi
� ∈ Cx) − n 

1 n
i=1 I(xi ∈ Cx) ⎠≤ Px� sup � � � � � ≥ t 

C∈C(x1,...,xn) 1
2 n 

1 
i
n 
=1 I(x�i ∈ Cx) + n 

1 
i
n 
=1 I(xi ∈ Cx) 

Taking expectation with respect to x on both sides, 

P sup 
P (C) − n 

1 � i
n 
=1 I(xi ∈ C) 

≥ t

C∈C(x1,...,xn) P (C)
⎛ ⎞ ⎝ n 

1 n
i=1 I(xi

� ∈ Cx) − n 
1 n

i=1 I(xi ∈ Cx) ⎠≤ 4P sup � � � � � ≥ t 
C∈C(x1,...,xn) 1

2 n 
1 

i
n 
=1 I(x�i ∈ Cx) + n 

1 
i
n 
=1 I(xi ∈ Cx) ⎛ ⎞ 

≤ 4P ⎝ sup � n 
1 � n

i=1 I(x�i ∈ Cx) − n 
1 n

i=1 I(xi ∈ Cx) � ≥ t⎠ 
C∈C(x1,...,xn,x�

1 ,...,xn
� ) 1

2 n 
1 n

i=1 I(xi
� ∈ Cx) + n 

1 n
i=1 I(xi ∈ Cx) ⎛ ⎞ 

= 4P ⎝ sup � n 
1 n

i=1 εi(I(xi
� ∈ Cx) − I(xi ∈ Cx)) ⎠ 

C∈C(x1,...,xn,x�
1 ,...,x

�
2
1 
� 

n 
1 �

i
n 
=1 I(x�i ∈ Cx) + n 

1 �
i
n 
=1 I(xi ∈ Cx) 

� ≥ t 
n ) ⎛ ⎞ 

n 
1 n

i=1 εi(I(xi
� ∈ Cx) − I(xi ∈ Cx))

= 4EPε ⎝ sup � � � � � ≥ t⎠ 
C∈C(x1,...,xn,x�

1,...,x� ) 
2
1 

n 
1 

i
n 
=1 i ∈ Cx n i

n 
=1n I(x� ) + 1 I(xi ∈ Cx) 

By Hoeffding, ⎛ ⎞ 

4EPε ⎝ sup � n 
1 n

i=1 εi(I(xi
� ∈ Cx) − I(xi ∈ Cx)) ⎠ 

C∈C(x1 ,...,xn ,x�
1,...,x�

2
1 
� 

n 
1 �

i
n 
=1 I(x�i ∈ Cx) + n 

1 �
i
n 
=1 I(xi ∈ Cx) 

� ≥ t 
n) ⎛ ⎞ ⎜ t2 ⎟ ⎜ ⎟ ≤ 4E�C(x1,...,xn,x�

1,...,x� )(x1, . . . , xn, x�1, . . . , x
�
n) exp ⎜ � �2 ⎟ 

n 
· ⎝− � 1 (I(x�

i∈Cx )−I(xi∈Cx )) ⎠ 
n 

n 
2 √ 

2
1 
n 

P 
i=1(I(xi

�∈Cx)+I(xi∈Cx)) 

2 

4≤ 4E�C(x1,...,xn,x�
1,...,x� )(x1, . . . , xn, x�1, . . . , xn

� ) e− nt

n 
· 

2 

4= 4G(2n)e− nt
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Lecture 32 Applications of random VC inequality to voting algorithms and SVM. 18.465 

Recall that the solution of SVM is f(x) = i
n 
=1 αiK(xi, x), where (x1, y1), . . . , (xn, yn) – data, with yi ∈ 

{−1, 1}. The label is predicted by sign(f(x)) and P (yf(x) ≤ 0) is misclassification error.


Let H = H((x1, y1), . . . , (xn, yn)) be random collection of functions, with card H ≤ N (n). Also, assume that


for any h ∈ H, −h ∈ H so that α can be positive.


Define

T	 T

F = λihi, T ≥ 1, λi ≥ 0, λi = 1, hi ∈ H . 
i=1	 i=1 

For SVM, H = {±K(xi, x) : i = 1, . . . , n} and card H ≤ 2n.


Recall margin-sparsity bound (voting classifiers): algorithm outputs f = 
�

i
T 
=1 λihi. Take random approxi­


mation g(x) = k 
1 �

j
k 
=1 Yj (x), where Y1, . . . , Yk i.i.d with P (Yj = hi) = λi, EYj (x) = f(x). 

Fix δ > 0. 

P (yf(x) ≤ 0) = P (yf(x) ≤ 0, yg(x) ≤ δ) + P (yf(x) ≤ 0, yg(x) > δ) ⎛	 ⎞ 
1 

k

≤ P (yg(x) ≤ δ) + Ex,yPY ⎝y Yj (x) > δ, yEY Y1(x) ≤ 0⎠ 
k 

j=1 ⎛	 ⎞ 
1 

k

≤ P (yg(x) ≤ δ) + Ex,yPY ⎝ (yYj (x) − E(yYj (x))) ≥ δ⎠ 
k 

j=1 

/2≤ (by Hoeffding) P (yg(x) ≤ δ) + Ex,ye−kδ2

/2= P (yg(x) ≤ δ) + e−kδ2

/2= EY Px,y (yg(x) ≤ δ) + e−kδ2

Similarly to what we did before, on the data 

n n

EY 
n 
1 � 

I(yig(xi) ≤ δ) ≤ 
n 
1 � 

I(yif(xi) ≤ 2δ) + e−kδ2/2 

i=1 i=1 

Can we bound 

1 
n

Px,y (yg(x) ≤ δ) − I(yig(xi) ≤ δ) 
n 

i=1 

for any g? 

Define 

C = {{yg(x) ≤ δ}, g ∈ Fk, δ ∈ [−1, 1]} 

where	 ⎧ ⎫ ⎨ k ⎬1 � 
Fk = ⎩ k

hj (x) : hj ∈ H ⎭ 
j=1 

Note that H(x1, . . . , xn) ⊆ H(x1, . . . , xn, xn+1) and H(π(x1, . . . , xn)) = H(x1, . . . , xn). 
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Lecture 32 Applications of random VC inequality to voting algorithms and SVM. 18.465 

In the last lecture, we proved 

2nt

Px,y	 sup 
P (C) − n 

1 � i
n 
=1 I(xi ∈ C) 

≥ t ≤ 4G(2n)e− 2 

C∈C P (C) 

where 

G(n) = E�C(x1,...,xn)(x1, . . . , xn). 

How many different g’s are there? At most card Fk ≤ N (n)k . For a fixed g, 

card {{yg(x) ≤ δ} ∩ {x1, . . . , xn}, δ ∈ [−1, 1]} ≤ (n + 1). 

Indeed, we can order y1g(x1), . . . , yng(xn) → yi1 g(xi1 ) ≤ . . . ≤ yin g(xin ) and level δ can be anywhere along 

this chain. 

Hence, 

�C(x1 ,...,xn)(x1, . . . , xn) ≤ N (n)k(n + 1). 

nt

Px,y sup 
P (C) − n 

1 � i
n 
=1 I(xi ∈ C) 

≤ 4G(2n)e− 
2 

P (C) 
≥ t 2 

C∈C 

2 

2≤ 4N (2n)k(2n + 1)e− nt

Setting the above bound to e−u and solving for t, we get 

2 
t = (u + k log N (2n) + log(8n + 4)) 

n 

So, with probability at least 1 − e−u, for all C � � �2P (C) − n 
1 

i
n 
=1 I(xi ∈ C)	 2

(u + k log N (2n) + log(8n + 4)) .
P (C) 

≤ 
n 

In particular, 

�	 � �21 n

n i=1
P (yg(x) ≤ δ) 

P 

− 

(yg(x) ≤ 

I

δ

(
) 
yig(xi) ≤ δ) 

≤ 
n 
2

(u + k log N (2n) + log(8n + 4)) . 

Since	 (x−
x
y)2 

is convex with respect to (x, y), � �n �2EY Px,y (yg(x) ≤ δ) − EY 
1 I(yig(xi) ≤ δ)n i=1 

EY Px,y (yg(x) ≤ δ) �	 � �2P (yg(x) ≤ δ) − 1 n 
I(yig(xi) ≤ δ)n i=1(32.1)	 ≤ EY P (yg(x) ≤ δ) 

2 ≤ 
n 

(u + k log N (2n) + log(8n + 4)) . 

Recall that 

/2(32.2)	 P (yf(x) ≤ 0) ≤ EY P (yg(x) ≤ δ) + e−kδ2
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and 

(32.3) EY 
1 

n

I(yig(xi) ≤ δ) ≤ 
1 

n

I(yif(xi) ≤ 2δ) + e−kδ2/2 . 
n n 

i=1 i=1


/2 1 2 log n
Choose k such that e−kδ2
= n , i.e. k = δ2 . Plug (32.2) and (32.3) into (32.1) (look at (a−

a
b)2 

). Hence, 

� � �2 � �
P (yf(x) ≤ 0) − 2 1 n 

I(yif(xi) ≤ 2δ) 2 2 log n n − n i=1 
2 u + 

δ2 
log N (2n) + log(8n + 4) 

P (yf(x) ≤ 0) −
≤ 

n 
n 

with probability at least 1 − e−u . 

Recall that for SVM, N (n) = card {±K(xi, x)} ≤ 2n. 
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Lecture 33 Talagrand’s convex-hull distance inequality. 18.465 

Lemma 33.1. For 0 ≤ r ≤ 1, 

inf e 
1
4 (1−λ)2 

r−λ ≤ 2 − r. 
0≤λ≤1 

Proof. Taking log, we need to show 

1
inf (1 − λ)2 − λ log r − log(2 − r) ≤ 0. 

0≤λ≤1 4 

Taking derivative with respect to λ, 
1 − 
2
(1 − λ) − log r = 0 

λ = 1 + 2 log r ≤ 1 

0 ≤ λ = 1 + 2 log r 

Hence, 

e−1/2 ≤ r. 

Take ⎧ 

λ = 
⎨ 1 + 2 log r e−1/2 ≤ r ⎩ 0 e−1/2 ≥ r 

Case a): r ≤ e−1/2 , λ = 0 

1 
4 − log(2 − r) ≤ 0 ⇔ r ≤ 2 − e 

1
4 . e−1/2 ≤ 2 − e 

1
4 . 

Case a): r ≥ e−1/2 , λ = 1 + 2 log r 

(log r)2 − log r − 2(log r)2 − log(2 − r) ≤ 0 

Let 

f(r) = log(2 − r) + log r + (log r)2 . 

Is f(r) ≥ 0? Enough to prove f �(r) ≤ 0. Is 

1 1 1 
f �(r) = −

2 − r 
+ 

r 
+ 2 log r · 

r 
≤ 0. 

r 
rf �(r) = − 

2 − r 
+ 1 + 2 log r ≤ 0. 

Enough to show (rf �(r))� ≥ 0: 

(rf �(r))� =
2 
r 
− 

2
(2
−
− 
r

r

+
)2 

r 
=

2 
r 
− 

(2 − 
2 
r)2 

. 
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Lecture 33 Talagrand’s convex-hull distance inequality. 18.465 

Let X be a set (space of examples) and P a probability measure on X . Let x1, . . . , xn be i.i.d., (x1, . . . , xn) ∈ 

X n , P n = P × . . . × P . 

Consider a subset A ∈ X n . How can we define a distance from x ∈ X n to A? Example: hamming distance 

between two points d(x, y) = I(xi =� y1). 

We now define convex hull distance. 

Definition 33.1. Define V (A, x), U(A, x), and d(A, x) as follows: 

(1) V (A, x) = {(s1, . . . , sn) : si ∈ {0, 1}, ∃y ∈ A s.t. if si = 0 then xi = yi} 

x = ( x1, x2, . . . , xn) 

= =� . . . = 

y = ( y1, y2, . . . , yn) 

s = ( 0, 1, . . . , 0) 

Note that it can happen that xi = yi but si = 0� . 

(2) U(A, x) = conv V (A, x) = λiu
i , ui = (u1

i , . . . , un
i ) ∈ V (A, x), λi ≥ 0, λi = 1 

1 

(3) d(A, x) = minu∈U (A,x) |u|2 = minu∈U(A,x) u2 
i 

Theorem 33.1. 
1 1d(A,x)4

and 
1 

P n(d(A, x) ≥ t) ≤ 
P n(A) 

e−t/4 . 

d(A,x)dP n(x) ≤Ee = e 4

P n(A) 

A
t

Proof. Proof is by induction on n. 

n = 1 : 

d(A, x) = 

⎧ ⎨ ⎩ 

0, 

1, 

x ∈ A 

x /∈ A 
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Hence, 

11 1d(A,x)dP n(x) = P (A) 1 + (1 − P (A))e· 4 4 ≤e 
P (A) 

because 

e 
1 
4

1 + P (A)≤ 
P (A) 

. 

n n + 1 :→ 

Let x = (x1, . . . , xn, xn+1) = (z, xn+1). Define 

A(xn+1) = {(y1, . . . , yn) : (y1, . . . , yn, xn+1) ∈ A} 

and 

B = {(y1, . . . , yn) : ∃yn+1, (y1, . . . , yn, yn+1) ∈ A} 

B

n+1

n+1

z
X

n

X

x

A(x    )

One can verify that 

and 

s ∈ U(A(xn+1, z)) ⇒ (s, 0) ∈ U(A, (z, xn+1)) 

Take 0 ≤ λ ≤ 1. Then 

t ∈ U(B, z) ⇒ (t, 1) ∈ U(A, (z, xn+1)). 

λ(s, 0) + (1 − λ)(t, 1) ∈ U(A, (z, xn+1)) 
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Lecture 33 Talagrand’s convex-hull distance inequality. 18.465 

since U(A, (z, xn+1)) is convex. Hence, 

d(A, (z, xn+1)) = d(A, x) ≤ |λ(s, 0) + (1 − λ)(t, 1)|2 

n

= (λsi + (1 − λ)ti)2 + (1 − λ)2 

i=1 

≤ λ si 
2 + (1 − λ) ti 

2 + (1 − λ)2 

So, 

d(A, x) ≤ λd(A(xn+1), z) + (1 − λ)d(B, z) + (1 − λ)2 . 

Now we can use induction: 

1 1 
4 d(A,x)dP n+1(x) = 4 d(A,(z,xn+1))dP n(z)dP (xn+1).e e 

X X n 

Then inner integral is 

1 1 
4 d(A,(z,xn+1))dP n(z) ≤ 4 (λd(A(xn+1),z)+(1−λ)d(B,z)+(1−λ)2)dP n(z)e e 

X n X n � 
1 

= e 4 (1−λ)2 

e( 4
1 d(A(xn+1),z))λ+( 14 d(B,z))(1−λ)dP n(z) 

We now use H ̈older’s inequality: � �� �1/p �� �1/q 1 1 
fgdP ≤ fpdP gq dP where + = 1 

p q 

1 
e 4 (1−λ)2 

e( 
1
4 d(A(xn+1),z))λ+( 41 d(B,z))(1−λ)dP n(z) 

≤ e 
1
4 (1−λ)2 

�� 
e 4

1 d(A(xn+1),z)dP n(z) 
�λ � 

e 
1
4 d(B,z)dP n(z) 

�1−λ 

≤ (by ind. hypoth.) e 4
1 (1−λ)2 

� 
1 

�λ � 
1 

�1−λ 

P n(A(xn+1)) P n(B) 

11 
4 (1−λ)2 P n(A(xn+1)) 

−λ 

= e 
P n(B) P n(B) 

Optimizing over λ ∈ [0, 1], we use the Lemma proved in the beginning of the lecture with 

0 ≤ r = 
P n(A(xn+1)) ≤ 1. 

P n(B) 

Thus, 

1 
4 (1−λ)2 

� 
P n(A(xn+1)) 

�−λ 1 
� 

P n(A(xn+1)) 
� 

1 
e . 

P n(B) P n(B) 
≤ 

P n(B)
2 − 

P n(B) 
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Now, integrate over the last coordinate. When averaging over xn+1, we get measure of A. 

1 1 
4 d(A,x)dP n+1(x) = 4 d(A,(z,xn+1))dP n(z)dP (xn+1)e e �X X n � �

1 P n(A(xn+1))≤ 
P n(B)

2 − 
P n(B) 

dP (xn+1) 
X � � 

= 
P n

1
(B)

2 − 
P

P 

n

n

+1

(B
(A
)
) 

P n+1

1
(A) 

P

P 

n

n

+1

(B
(A
)
) 

2 − 
P

P 

n

n

+1

(B
(A
)
)

= 

1 
P n+1(A)

≤ 

because x(2 − x) ≤ 1 for 0 ≤ x ≤ 1. � 
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Lecture 34 Consequences of Talagrand’s convex-hull distance inequality. 18.465 

Let X = {0, 1}, (x1, . . . , xn) ∈ {0, 1}n , P (xi = 1) = p, and P (xi = 0) = 1 − p. Suppose A ⊆ {0, 1}n . What 

is d(A, x) in this case? 

x

conv A

d

For a given x, take all y ∈ A and compute s: 

x = ( x1, x2, . . . , xn) 

= =� . . . = 

y = ( y1, y2, . . . , yn) 

s = ( 0, 1, . . . , 0) 

Build conv V (A, x) = U(A, x). Finally, d(A, x) = min{|x − u|2; u ∈ conv A} 

Theorem 34.1. Consider a convex and Lipschitz f : Rn �→ R, |f(x) − f(y)| ≤ L|x − y|, ∀x, y ∈ Rn . Then 

P 
� 
f(x1, . . . , xn) ≥ M + L

√
t 
� 
≤ 2e−t/4 

and 

P 
� 
f(x1, . . . , xn) ≤ M − L

√
t 
� 
≤ 2e−t/4 

where M is median of f : P (f ≥ M) ≥ 1/2 and P (f ≤ M) ≥ 1/2. 

Proof. Fix a ∈ R and consider A = {(x1, . . . , xn) ∈ {0, 1}n , f(x1, . . . , xn) ≤ a}. We proved that ⎛ ⎞ ⎜ ⎟ 1 
e−t/4 1 

e−t/4P ⎝d(A, x) ≥ t = � �� �⎠ ≤ 
P (A) P (f ≤ a) 

event E 

d(A, x) = min{|x − u|2; u ∈ conv A} = |x − u0|2 

for some u0 ∈ conv A. Note that |f(x) − f(u0)| ≤ L|x − u0|. � 
Now, assume that x is such that d(A, x) ≤ t, i.e. complement of event E. Then |x − u0| = d(A, x) ≤

√
t. 

Hence, 

|f(x) − f(u0)| ≤ L|x − u0| ≤ L
√

t. 
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Lecture 34 Consequences of Talagrand’s convex-hull distance inequality. 18.465 

What is f(u0)? We know that u0 ∈ conv A, so u0 = λiai, ai ∈ A, and So, f(x) ≤ f(u0) + L
√

t. 

λi ≥ 0, λi = 1. Since f is convex, 

f(u0) = f λiai ≤ λif(ai) ≤ λia = a. 

This implies f(x) ≤ a + L
√

t. We proved 

{d(A, x) ≤ t} ⊆ {f(x) ≤ a + L
√

t}. 

Hence, 
1 

f(x) ≤ a + L
√

te−t/41 − ≤ P (d(A, x) ≤ t) ≤ P .
P (f ≥ a) 

Therefore, 
1 

f(x) ≥ a + L
√

t e−t/4P ≤ .
P (f ≥ a) 

To prove the first inequality take a = M . Since P (f ≤ M) ≥ 1/2, 

P f(x) ≥ M + L
√

t ≤ 2e−t/4 . 

To prove the second inequality, take a = M − L
√

t. Then 

1 � e−t/4P (f ≥ M) ≤ 
f ≤ M − L

√
t 

,
P 

which means 

P f(x) ≤ M − L
√

t ≤ 2e−t/4 . 

Example 34.1. Let H ⊆ Rn be a bounded set. Let 

n

i=1 

hixi .f(x1, . . . , xn) = sup 
h∈H 

Let’s check: 

(1) convexity: 

n

i=1 

hi(λxi + (1 − λ)yi)f(λx + (1 − λ)y) = sup 
h∈H 

= sup 
h∈H 

n n

λ hixi + (1 − λ) hiyi 

n n

i=1 i=1 

+ (1 − λ) sup ≤ λ sup hixi hiyi 

i=1 i=1h∈H h∈H 

= λf(x) + (1 − λ)f(y) 
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Lecture 34 Consequences of Talagrand’s convex-hull distance inequality. 18.465 

(2) Lipschitz: 

= sup hixi hiyi 
h∈H 

n n

n

� 

h∈Hi=1 i=1

|f(x) − f(y)| − sup 

hi(xi − yi)≤ sup 
h∈H i=1 

sup hi 
2≤ (by Cauchy-Schwartz) (xi − yi)2 

h∈H 

sup h2 
i = |x − y| 

h∈H 

L=Lipschitz constant 

We proved the following 

Theorem 34.2. If M is the median of f(x1, . . . , xn), and x1, . . . , xn are i.i.d with P (xi = 1) = p and 

n

P sup 

n

P sup 

P (xi = 0) = 1 − p, then 

h2 
√

t ≤ 2e−t/4 
i ·hixi ≥ M + sup 

h∈Hh∈H i=1 

and 

h2 
√

t ≤ 2e−t/4 
i ·hixi ≤ M − sup 

h∈H i=1 h∈H 
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Lecture 35 Talagrand’s concentration inequality for empirical processes. 18.465 

Assume we have space X and a class of functions F = {f : X �→ R}, not necessarily bounded. Define 

Z(x) = Z(x1, . . . , xn) = sup f(xi) 
f ∈F 

(or supf ∈F | f(xi)|). 

Example 35.1. f → 1 (f − Ef). Z(x) = supf ∈F 
1 n 

f(xi) − Ef . n n i=1 

Consider x� = (x�1, . . . , x
�
n), an independent copy of x. Let 

n

V (x) = Ex� sup (f(xi) − f(x�))2 
i

i=1f∈F 

be ”random uniform variance” (unofficial name) 

Theorem 35.1. 

P Z(x) ≥ EZ(x) + 2 V (x)t ≤ 4e e−t/4 · 

P Z(x) ≤ EZ(x) − 2 V (x)t ≤ 4e e−t/4 · 

Recall the Symmetrization lemma: 

Lemma 35.1. ξ1, ξ2, ξ3(x, x�) : X ×X �→ R, ξ� = Ex� ξi. If i 

P ξ1 ≥ ξ2 + ξ3t ≤ Γe−γt , 

then 

P ξ1
� ≥ ξ2

� + ξ3
� t ≤ Γe e−γt .· 

We have 
n

EZ(x) = Ex� Z(x�) = Ex� sup f(x�i) 
i=1f∈F 

and 
n

V (x) = Ex� sup (f(xi) − f(x�i))
2 . 

i=1f ∈F 

Use the Symmetrization Lemma with ξ1 = Z(x), ξ2 = Z(x�), and 
n

ξ3 = sup (f(xi) − f(x�))2 .i

i=1f∈F 

It is enough to prove that ⎛ � ⎞ 
n

P ⎝Z(x) ≥ Z(x�) + 2 �t sup (f(xi) − f(x�))2⎠ ≤ 4e−t/4 ,i
f ∈F i=1 

i.e. ⎛ � ⎞ 
n n n

P ⎝sup f(xi) ≥ sup f(x�) + 2 �t sup (f(xi) − f(x�))2⎠ ≤ 4e−t/4 .i i
f ∈F i=1 f∈F i=1 f∈F i=1 
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Lecture 35 Talagrand’s concentration inequality for empirical processes. 18.465 

If we switch xi ↔ x� , nothing changes, so we can switch randomly. Implement the permutation xi ↔ x� :i i

I = f(x�) + εi(f(xi) − f(x�))i i

II = f(xi) − εi(f(xi) − f(x�i)) 

where εi = 0, 1. Hence, 

(1) If εi = 1, then I = f(xi) and II = f(x�i). 

(2) If εi = 0, then I = f(x�i) and II = f(xi). 

Take ε1 . . . εn i.i.d. with P (εi = 0) = P (εi = 1) = 1/2. ⎛ � ⎞ 
n n n

Px,x� ⎝sup f(xi) ≥ sup f(xi
�) + 2 �t sup (f(xi) − f(x�))2⎠ 

i
f ∈F f∈F f ∈Fi=1 i=1 i=1 

n n

= Px,x�,ε sup (f(x�) + εi(f(xi) − f(x�))) ≥ sup (f(xi) − εi(f(xi) − f(x�)))i i i

i=1 i=1f∈F f ∈F � ⎞ 
n

+2�t sup (f(xi) − f(x�))2⎠ 
i

f ∈F i=1 

= Ex,x� Pε sup . . . ≥ sup . . . + 2√. . . for fixed x, x� 

f ∈F f∈F 

Define 
n

Φ1(ε) = sup (f(x�) + εi(f(xi) − f(x�)))i i

i=1f∈F 

and 
n

Φ2(ε) = sup (f(xi) − εi(f(xi) − f(x�i))). 
i=1f ∈F 

Φ1(ε), Φ2(ε) are convex and Lipschitz with L = supf∈F 
n (f(xi) − f(x�))2. Moreover, Median(Φ1) = i=1 i

Median(Φ2) and Φ1(ε1, . . . , εn) = Φ2(1 − ε1, . . . , 1 − εn). Hence, 

Pε 

� 
Φ1 ≤ M (Φ1) + L

√
t 
� 
≥ 1 − 2e−t/4 

and 

Pε 

� 
Φ2 ≤ M(Φ2) − L

√
t 
� 
≥ 1 − 2e−t/4 . 

With probability at least 1 − 4e−t/4 both above inequalities hold: 

Φ1 ≤ M(Φ1) + L
√

t = M(Φ2) + L
√

t ≤ Φ2 + 2L
√

t. 

Thus, 

Pε 

� 
Φ1 ≥ Φ2 + 2L

√
t 
� 
≤ 4e−t/4 

and 

Px,x�,ε Φ1 ≥ Φ2 + 2L
√

t ≤ 4e−t/4 . 

96 



� 

� 
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The ”random uniform variance” is 
n

V (x) = Ex� sup (f(xi) − f(x�))2 .i
f ∈F i=1 

For example, if F = {f}, then 

1 1 
n

V (x) = Ex� (f(xi) − f(x�i))
2 

n n 
i=1 

n1 �� � 
f(xi)2 − 2f(xi)Ef + Ef2

n 
i=1 

= f̄2 − 2f̄Ef + Ef2 

= f̄2 − (f̄)2 +( f̄)2 − 2f̄Ef + (Ef)2 + Ef2 − (Ef)2 � �� � � �� � � �� � 
sample variance (f̄−Ef )2 variance 
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Let x ∈ X n . Suppose A1, A2 ⊆ X n . We want to define d(A1, A2, x). 

Definition 36.1. 

d(A1, A2, x) = inf{card {i ≤ n : xi =� yi 
1 and xi =� yi 

2}, y 1 ∈ A1, y 2 ∈ A2} 

Theorem 36.1. 
1

E2d(A1 ,A2 ,x) 2d(A1,A2,x)dP n(x) ≤= 
P n(A1)P n(A2) 

and 
1

P (d(A1, A2, x) ≥ t) ≤ 
P n(A1)P n(A2) 

· 2−t 

We first prove the following lemma: 

Lemma 36.1. Let 0 ≤ g1, g2 ≤ 1, gi : X �→ [0, 1]. Then � � � � �
1 1

min 2,
g1(x) 

,
g2(x) 

dP (x) · g1(x)dP (x) · g2(x)dP (x) ≤ 1 

Proof. Notice that log x ≤ x − 1. 

So enough to show � � � � �
1 1

min 2, , dP + g1dP + g2dP ≤ 3 
g1 g2 

which is the same as � � � � �
1 1

min 2, , + g1 + g2 dP ≤ 3 
g1 g2 

It’s enough to show � �
1 1

min 2, , + g1 + g2 ≤ 3. 
g1 g2 

If min is equal to 2, then g1, g2 ≤ 1 and the sum is less than 3. 2 

If min is equal to 1 , then g1 ≥ 1 and g1 ≥ g2, so min +g1 + g2 ≤ 1 + 2g1 ≤ 3. � g1 2 g1 

We now prove the Theorem: 

Proof. Proof by induction on n. 

n = 1 : 

d(A1, A2, x) = 0 if x ∈ A1 ∪ A2 and d(A1, A2, x) = 1 otherwise 

1 1
2d(A1 ,A2 ,x)dP (x) = min 2, , dP (x)

I(x ∈ A1) I(x ∈ A2) 
1 ≤ � 

I(x ∈ A1)dP (x) 
� 

I(x ∈ A2)dP (x)· 
1 

= 
P (A1)P (A2) 
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Lecture 36 Talagrand’s two-point inequality. 18.465 

n n + 1 :→ 

Let x ∈ X n+1 , A1, A2 ⊆ X n+1 . Denote x = (x1, . . . , xn, xn+1) = (z, xn+1). 

Define 

A1(xn+1) = {z ∈ X n : (z, xn+1) ∈ A1} 

A2(xn+1) = {z ∈ X n : (z, xn+1) ∈ A2} 

and 

 

 
B1 = A1(xn+1), B2 = A2(xn+1) 

xn+1 xn+1 

Then 

d(A1, A2, x) = d(A1, A2, (z, xn+1)) ≤ 1 + d(B1, B2, z), 

d(A1, A2, (z, xn+1)) ≤ d(A1(xn+1), B2, z), 

and 

d(A1, A2, (z, xn+1)) ≤ d(B1, A2(xn+1), z). 

Now, � � � 
2d(A1,A2,x)dP n+1(z, xn+1) = 2d(A1,A2,(z,xn+1 ))dP n(z) dP (xn+1) 

I(xn+1) 

The inner integral ca ne bounded by induction as follows 

I(xn+1) ≤ 21+d(B1,B2 ,z)dP n(z) 

= 2 2d(B1,B2,z)dP n(z) 

1 ≤ 2 · 
P n(B1)P n(B2) 

Moreover, by induction, 

1 
I(xn+1) ≤ 2d(A1(xn+1),B2,z)dP n(z) ≤ 

P n(A1(xn+1))P n(B2) 

and 
1 

I(xn+1) ≤ 2d(B1,A2(xn+1),z)dP n(z) ≤ 
P n(B1)P n(A2(xn+1)) 

Hence, 

2 1 1 
I(xn+1) ≤ min 

P n(B1)P n(B2) 
,
P n(A1(xn+1))P n(B2) 

,
P n(B1)P n(A2(xn+1)) ⎛ ⎞ ⎜ ⎟1 ⎜ 1 1 ⎟ = min ⎜2, , ⎟ 

P n(B1)P n(B2) ⎝ P n(A1(xn+1)/P n(B1) P n(A2(xn+1)/P n(B2) ⎠ � �� � � �� � 
1/g1(xn+1) 1/g2(xn+1) 
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So, 

1 1 1 
I(xn+1)dP (xn+1) ≤ 

P n(B1)P n(B2) 
min 2,

g1 
,
g2 

dP 

1 1 ≤ 
P n(B1)P n(B2) 

· � 
g1dP 

� 
g2dP· 

1 1 
= 

P n(B1)P n(B2) 
· 
P n+1(A1)/P n(B1) P n+1(A2)/P n(B2)· 

1 
= 

P n+1(A1)P n+1(A2) 

because P n(A1(xn+1))dP (xn+1) = P n+1(A1). � 
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Lemma 37.1. Let 
n

V (x) = Ex� sup (f(xi) − f(x�))2 
i

f∈F i=1 

and a ≤ f ≤ b for all f ∈ F . Then 

P V ≤ 4EV + (b − a)2t ≥ 1 − 4 2−t .· 

Proof. Consider M -median of V , i.e. P (V ≥ M) ≥ 1/2, P (V ≤ M) ≥ 1/2. Let A = {y ∈ X n, V (y) ≤ M} ⊆


X n . Hence, A consists of points with typical behavior. We will use control by 2 points to show that any


other point is close to these two points.


By control by 2 points,

1

P (d(A,A, x) ≥ t) ≤ 
P (A) P (A) 

· 2−t ≤ 4 · 2−t 

Take any x ∈ X n . With probability at least 1 − 4 2−t , d(A,A, x) ≤ t. Hence, we can find y1 ∈ A, y2 ∈ A· 

such that card {i ≤ n, xi =� yi 
1, xi =� yi 

2} ≤ t. 

Let 

I1 = {i ≤ n : xi = yi 
1}, I2 = {i ≤ n : xi =� yi 

1 , xi = yi 
2}, 

and 

I3 = {i ≤ n : xi =� yi 
1 , xi =� yi 

2} 

Then we can decompose V as follows 
n

V (x) = Ex�	 sup (f(xi) − f(x�i))
2


f ∈F
 i=1 

= Ex�	 sup (f(xi) − f(x�i))
2 + (f(xi) − f(x�i))

2 + (f(xi) − f(x�i))
2 

f ∈F i∈I1 i∈I2 i∈I3 

≤ Ex� sup (f(xi) − f(x�))2 + Ex� sup (f(xi) − f(x�))2 + Ex� sup (f(xi) − f(x�))2 
i i i

f ∈F i∈I1 
f∈F i∈I2 

f ∈F i∈I3 

n n

≤ Ex�	 sup (f(yi 
1) − f(xi

�))2 + Ex� sup (f(yi 
2) − f(x�i))

2 + (b − a)2t

f ∈F f ∈F
i=1	 i=1 

= V (y 1) + V (y 2) + (b − a)2t 

≤ M + M + (b − a)2t 

because y1, y2 ∈ A. Hence, 

P V (x) ≤ 2M + (b − a)2t ≥ 1 − 4 2−t .· 

Finally, M ≤ 2EV because 

EV 1 1
P (V ≥ 2EV ) ≤ 

2EV 
= 

2 
while P (V ≥ M) ≥ 

2 
. 
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Lecture 37 Talagrand’s concentration inequality for empirical processes. 18.465 

Now, let Z(x) = supf∈F | 
n 

f(xi)|. Then i=1 

Z(x) ≤ EZ + 2 V (x)t ≤ EZ + 2 (4EV + (b − a)2t)t. ���� ���� 
with prob. ≥1−(4e)e−t/4 with prob. ≥1−4 2−t ·

Using inequality 
√

c + d ≤
√

c + 
√

d, 

Z(x) ≤ EZ + 4
√

EV t + 2(b − a)t 

with high probability. 

We proved Talagrand’s concentration inequality for empirical processes: 

Theorem 37.1. Assume a ≤ f ≤ b for all f ∈ F . Let Z = supf∈F | 
n 

f(xi)| and V = supf∈F 
n (f(xi)−i=1 i=1

f(x�i))
2 . Then 

P 
� 
Z ≤ EZ + 4

√
EV t + 2(b − a)t 

� 
≥ 1 − (4e)e−t/4 − 4 2−t .· 

This is an analog of Bernstein’s inequality: 

4
√

EV t −→ Gaussian behavior 

2(b − a)t −→ Poisson behavior 

Now, consider the following lower bound on V . 
n

V = E sup (f(xi) − f(x�i))
2 

i=1 

n

f∈F 

> sup E (f(xi) − f(x�i))
2 

i=1f∈F 

= sup nE(f(x1) − f(x�1))
2 

f∈F 

= sup 2nVar(f) = 2n sup Var(f) = 2nσ2 

f∈F f ∈F 

As for the upper bound, 
n n

E sup (f(xi) − f(x�))2 = E sup (f(xi) − f(x�))2 − 2nVar(f) + 2nVar(f)i i

i=1 i=1


n


f ∈F f∈F 

≤ E sup (f(xi) − f(x�i))
2 − E(f(xi) − f(x�i))

2 + 2n sup Var(f) 
i=1f∈F f∈F 

(by symmetrization) 

n

≤ 2E sup εi(f(xi) − f(x�i))
2 + 2nσ2 

i=1f ∈F 

n

≤ 2E sup εi(f(xi) − f(xi
�))2 + 2nσ2 

i=1f ∈F 
+ 
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Lecture 37 Talagrand’s concentration inequality for empirical processes. 18.465 

Note that the square function [−(b−a), (b−a)] �→ R is a contraction. Its largest derivative on [−(b−a), (b−a)] 

is at most 2(b − a). Note that |f(xi) − f(x�i)| ≤ b − a. Hence, 
n n

2E sup εi(f(xi) − f(x�i))
2 + 2nσ2 ≤ 2 2(b − a)E sup εi(f(xi) − f(x�i)) + 2nσ2 · 

i=1 i=1f ∈F 
+ 

f∈F 
+ 

n

≤ 4(b − a)E sup εi|f(xi) − f(x�)| + 2nσ2 
i

i=1f ∈F 

n

≤ 4(b − a) · 2E sup 
i=1 

εi|f(xi)| + 2nσ2 

f∈F 

= 8(b − a)EZ + 2nσ2 

We have proved the following 

Lemma 37.2. 

EV ≤ 8(b − a)EZ + 2nσ2 , 

where σ2 = supf ∈F Var(f). 

Corollary 37.1. Assume a ≤ f ≤ b for all f ∈ F . Let Z = supf ∈F | 
n 

f(xi)| and σ2 = supf∈F Var(f).i=1 

Then 

P Z ≤ EZ + 4 (8(b − a)EZ + 2nσ2)t + 2(b − a)t ≥ 1 − (4e)e−t/4 − 4 2−t .· 

Using other approaches, one can get better constants: � t
P Z ≤ EZ + (4(b − a)EZ + 2nσ2)t + (b − a)

3 
≥ 1 − e−t . 
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Lecture 38 Applications of Talagrand’s concentration inequality. 18.465 

If we substitute f − Ef instead of f , the result of Lecture 37 becomes: 

sup 
f ∈F 

n n� 

f∈Fi=1 i=1 

(f(xi) − Ef) (f(xi) − Ef)≤ E sup 

n

f∈F 

with probability at least ≥ 1 − e−t . Here, a ≤ f ≤ b for all f ∈ F and σ2 = supf∈F Var(f). 

Now divide by n to get 

n

� 

i=1 

t
4(b − a)E sup (f(xi) − Ef) + 2nσ2 t + (b − a)+ 

3 

1 t t 
f(xi) − Ef 4(b − a)E sup |. . .| + 2σ2 

f∈F 
+ (b − a)≤ E sup |. . .| + 

f∈F 
sup 
f∈F 3nn n 

i=1 

Compare this result to the Martingale-difference method (McDiarmid): 

n1 2(b − a)2t 
f(xi) − Ef ≤ E sup |. . .| + 

f∈F 
sup 
f∈F n n 

i=1 

The term 2(b − a)2 is worse than 4(b − a)E supf ∈F |. . .| + 2σ2 . 

An algorithm outputs f0 ∈ F , f0 depends on data x1, . . . , xn. What is Ef0? Assume 0 ≤ f ≤ 1 (loss 

function). Then 

n� n�1 1 
f0(xi) f(xi) ≤ use Talagrand’s inequality .Ef0 − Ef −≤ sup 

n n 
i=1 f ∈F i=1 

What if we knew that Ef0 ≤ ε and the family Fε 

1 

= {f ∈ F , Ef ≤ ε} is much smaller than F . Then looking 
n 

f(xi)i=1 is too conservative. Ef −at supf∈F n 

Pin down location of f .0�n Pretend we know Ef0 ≤ ε, f0 ∈ Fε. 

1 
n

Then with probability at least 1 − e−t , ���Ef� −0� 1 
f0(xi) f(xi)Ef −≤ sup 

n n 
i=1 f∈Fε i=1 

n

f(xi)
1 t t

4E sup . . . + 2σε 
2≤ E sup Ef − + +| | 

3nn nf ∈Fεi=1f ∈Fε 

where σε 
2 = supf∈Fε 

Var(f). Note that for f ∈ Fε 

Var(f) = Ef2 − (Ef)2 ≤ Ef2 ≤ Ef ≤ ε 

since 0 ≤ f ≤ 1. 

Denote ϕ(ε) = E supf∈Fε 

1 n 
f(xi) Then Ef − 

Ef0 − 

.i=1n �n1 t t 
f0(xi) ≤ ϕ(ε) + (4ϕ(ε) + 2ε) 

n 
+ 

3nn 
i=1 

with probability at least 1 − e−t . 
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Lecture 38 Applications of Talagrand’s concentration inequality. 18.465 

Take ε = 2−k , k = 0, 1, 2, . . .. Change t t + 2 log(k + 2). Then, for a fixed k, with probability at least → 

11 − e−t 
(k+2)2 , 

n

For all k ≥ 0, the statement holds with probability at least 
∞� 

k=1�

� 

i=1 

1 t + 2 log(k + 2) t + 2 log(k + 2) 
f0(xi) ≤ ϕ(ε) + (4ϕ(ε) + 2ε)Ef0 − + 

3nn n 

1
1 − e−t ≥ 1 − e−t 

(k + 2)2 

π2 
6 −1 

For f0, find k such that 2−k−1 ≤ Ef0 < 2−k (hence, 2−k ≤ 2Ef0). Use the statement for εk = 2−k , 

k ≤ log2
1 .Ef0 

n

t + 2 log(log2 E
1 
f0 

+ 2) t + 2 log(log2 E
1 
f0 

+ 2) 

� 

i=1 

1 t + 2 log(k + 2) t + 2 log(k + 2) 
f0(xi) ≤ ϕ(εk) + (4ϕ(εk) + 2εk)Ef0 − + 

3n 

= Φ(Ef0) 

n n 

≤ ϕ(2Ef0) + (4ϕ(2Ef0) + 4Ef0) + 
3nn 

f ̄+ Φ(x).Hence, Ef0 ≤ 1 n 
f0(xi) + Φ(Ef0). Denote x = Ef0. Then x ≤n i=1 

x

f + 

x

x

∗

Φ(  )

1 nTheorem 38.1. Let 0 ≤ f ≤ 1 for all f ∈ F . Define Fε = {f ∈ F , Ef ≤ ε} and ϕ(ε) = E supf∈Fε 
f(xi) .Ef − n i=1 

Then, with probability at least 1 − e−t, for any f0 ∈ F , Ef0 ≤ x∗, where x∗ is the largest solution of 
n

n 
i=1 

Main work is to find ϕ(ε). Consider the following example. 

Example 38.1. If 

sup log D(F , u, dx) ≤ D(F , u), 
x1,...,xn 

n

1 
f0(xi) + Φ(x∗).x∗ = 

then � √ε1 k 
log1/2f(xi) D(F , ε)dε. E sup Ef − ≤ √

nf∈Fε n 
i=1 0 
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Lecture 39 Applications of Talagrand’s convex-hull distance inequality. Bin packing. 18.465 

Let x ∈ X n , x = (x1, . . . , xn). Suppose A ⊆ X n . Define 

V (A, x) = {(I(x1 =� y1), . . . , I(xn =� yn)) : y = (y1, . . . , yn) ∈ A}, 

U(A, x) = conv V (A, x) 

and 
n

d(A, x) = min{|s 2 = si 
2 , s ∈ U(A, x)} 

In the previous lectures, we proved 

Theorem 39.1. 
1

P (d(A, x) ≥ t) ≤ 
P (A) 

e−t/4 . 

Today, we prove 

� 
|

i=1 

Theorem 39.2. The following are equivalent: 

(1) d(A, x) ≤ t 
n n = yi) ≤ iαiI(xi � α2(2) ∀α = (α1, . . . , αn), ∃y ∈ A, s.t. ti=1 i=1 · 

Proof. (1) (2): ⇒

Choose any α = (α1, . . . , αn). 

n n n

(39.1) min αiI(xi = yi) = min αis 0 

y∈A 
�

s∈U(A,x) 
αisi ≤ i 

i=1 i=1 i=1 

n n n

(39.2) ≤ α2 
i (s0 

i )2 ≤ α2 
i · t 

i=1 i=1 i=1 

where in the last inequality we used assumption (1). In the above, min is achieved at s0 . 

(2) (1): ⇒

Let α = (s1
0, . . . , s0 

n n

). There exists y ∈ A such that n

αiI(xi =� yi) ≤ α2 
i · t 

i=1 i=1 

0 is constant on L because s0 is perpendicular to the face. iNote that αis

αisi 
0 ≤ αiI(xi =� yi) ≤ αi 

2t 

(s0)2t and (s0)2 ≤
√

t.i i 
0)2 
i 

0)2 
i ≤ t.Hence, (s Therefore, d(A, x) ≤ (s≤ 

We now turn to an application of the above results: Bin Packing. 
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Lecture 39 Applications of Talagrand’s convex-hull distance inequality. Bin packing. 18.465 

s

0
L

conv V

0

Example 39.1. Assume we have x1, . . . , xn, 0 ≤ xi ≤ 1, and let B(x1, . . . , xn) be the smallest number of 

bins of size 1 needed to pack all (x1, . . . , xn). Let S1, . . . , SB ⊆ {1, . . . , n} such that all xi with i ∈ Sk are � � 
packed into one bin, Sk = {1, . . . , n}, i∈Sk 

xi ≤ 1. 

Lemma 39.1. B(x1, . . . , xn) ≤ 2 xi + 1. 

Proof. For all but one k, 2
1 ≤ i∈Sk 

xi. Otherwise we can combine two bins into one. Hence, B − 1 ≤ 

2 k i∈Sk 
xi = 2 xi � 

Theorem 39.3. 

P B(x1, . . . , xn) ≤ M + 2 x2 
i t + 1 ≥ 1 − 2e−t/4 .· 

Proof. Let A = {y : B(y1, . . . , yn) ≤ M}, where P (B ≥ M) ≥ 1/2, P (B ≤ M) ≥ 1/2. We proved that 

1
P (d(A, x) ≥ t) ≤ 

P (A) 
e−t/4 . 

Take x such that d(A, x) ≤ t. Take α = (x1, . . . , xn). Since d(A, x) ≤ t, there exists y ∈ A such that 

x t.xiI(xi =� yi) ≤ i 
2 · 

To pack the set {i : xi = yi} we need ≤ B(y1, . . . , yn) ≤ M bins. 

To pack {i : xi =� yi}: 

B(x1I(x1 �= y1), . . . , xnI(xn �= yn)) ≤ 2 xiI(xi �= yi) + 1 

≤ 2 xi 
2 t + 1 · 

by Lemma. 

Hence, 

B(x1, . . . , xn) ≤ M + 2 x2 t + 1 i · 

with probability at least 1 − 2e−t/4 . 
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Lecture 39 Applications of Talagrand’s convex-hull distance inequality. Bin packing. 18.465 

By Bernstein’s inequality we get �� � 2 
� 

2
 2
1


2
1
 ≥ 1 − e−t .P ≤ nEx + nEx · t + t

3

x
i


Hence, 

B(x1, . . . , xn) � M + 2 nEx2
1
 t· 

108 



� � �� � � � �� � � � � � 

� �� � � 

� 

� �

� 

Lecture 40 Entropy tensorization inequality. Tensorization of Laplace transform. 18.465 

In this lecture, we expose the technique of deriving concentration inequalities with the entropy tensorization 

inequality. The entropy tensorization inequality enables us to bound the entropy of a function of n variables 

by the sum of the n entropies of this function in terms of the individual variables. The second step of this 

technique uses the variational formulation of the n entropies to form a differential inequality that gives an 

upper bound of the log-Laplace transform of the function. We can subsequently use Markov inequality to 

get a deviation inequality involving this function. 

Let (X , F , P) be a measurable space, and u : X → R+ a measurable function. The entropy of u with regard 

to P is defined as EntP(u) def= 
. � 

u log udP − 
� 
u 

� 
log 

�� 
udP 

�� 
dP. If Q is another probability measure and · 

u = d
d
Q
P , then EntP(u) = 

� � 
log dd

Q
P 

� 
dQ is the KL-divergence between two probability measures Q and P. 

The following lemma gives variational formulations for the entropy. 

Lemma 40.1. �� � 

EntP(u) = inf (u · (log u − log x) − (u − x)) dP : x ∈ R+ 

�� � � 

= sup (u · g) dP : exp(g)dP ≤ 1 . 

Proof. For the first formulation, we define x pointsizely by ∂ (u (log u − log x) − (u − x)) dP = 0, and ∂x · 

get x = udP > 0. 

For the second formulation, the Laplacian corresponding to sup (u g) dP : exp(g)dP ≤ 1 is L(g, λ) = · 

(ug) dP − λ exp(g)dP − 1 . It is linear in λ and concave in g, thus supg infλ≥0 L = infλ≥0 supg L. Define 

∂ g pointwisely by ∂g L = u − λ exp(g) = 0. Thus g = log uλ , and supg L = u log uλ dP − udP + λ. We set 
∂ 

R 
udP � 

∂λ supg L = − λ + 1 = 0, and get λ = udP. As a result, infλ supg L = EntP(u). � 

Entropy EntP(u) is a convex function of u for any probability measure P, since 

� �� �� � � � 

EntP( λiui) = sup λiui · g dP : exp(g)dP ≤ 1 

≤ λi sup (ui · gi) dP : exp(gi)dP ≤ 1 

= λiEntP(ui). 

Lemma 40.2. [Tensorization of entropy] X = (X1, · · · , Xn), Pn = P1 × · · · × Pn, u = u(x1, · · · , xn), 

EntPn (u) ≤ ( n EntPi (u)) dPn .i=1 

Proof. Proof by induction. When n = 1, the above inequality is trivially true. Suppose 

� � � � n

u log udPn ≤ udPn log udPn + EntPi (u)dPn . 
i=1 
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Lecture 40 Entropy tensorization inequality. Tensorization of Laplace transform. 18.465 

Integrate with regard to Pn+1, 

u log udPn+1 

⎛ ⎞ v v � �� �� � �� �� � � n⎜ ⎟ � 
≤ ⎜ ⎟ (u)dPn+1 ⎝ udPn log udPn ⎠ dPn+1 + EntPi 

i=1 ⎛ ⎞ ⎛ ⎞ v v v � �� �� � � �� �� � �� �� � � n⎜ ⎟ ⎜ ⎟ � ⎜ ⎟ ⎜ ⎟ (u)dPn+1= ⎝log ⎠ + EntPn+1 udPn EntPi���� udPn dPn+1 · udPn dPn+1 ⎝ ⎠ + 

definition of entropy i=1
� � � � �� � � n


= udPn+1 log udPn+1 + EntPn+1 udPn + EntPi (u)dPn+1 · 
Foubini’s theorem i=1
� � � � � � n


≤ udPn+1 · log udPn+1 + EntPn+1 (u)dPn + EntPi (u)dPn+1 

convexity of entropy i=1
� � � � � � n


= udPn+1 log udPn+1 + EntPn+1 (u)dPn+1 + EntPi (u)dPn+1 · 
i=1
� � � � � n+1


≤ udPn+1 · log udPn+1 + EntPi (u)dPn+1 .

i=1


By definition of entropy, EntPn+1 (u) ≤ n+1 EntPi (u)dPn+1 . �i=1 

The tensorization of entropy lemma can be trivially applied to get the following tensorization of Laplace 

transform. 

Theorem 40.3. [Tensorization of Laplace transform] Let x1, , xn be independent random variables and · · · 
xx�1, · · · , x� their indepent copies, Z = Z(x1, · · · , xn), Zi = Z(x1, · · · , xi−1, xi

� , xi+1, · · · , xn), φ(x) = e −n 

xx − 1, and ψ(x) = φ(x) + exφ(−x) = x (e − 1), and I be the indicator function. Then · 

n� � � � � 
E e λZ · λZ − Ee λZ · log Ee λZ ≤ Ex1,··· ,xn,x�

1,··· ,x� e λZ φ −λ(Z − Zi)
n 

i=1 

n� � � � � 
E e λZ · λZ − Ee λZ · log Ee λZ ≤ Ex1,··· ,xn,x� ··· ,x� e λZ ψ −λ(Z − Zi) · I(Z ≥ Zi). 

1, n 

i=1 
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Lecture 40 Entropy tensorization inequality. Tensorization of Laplace transform. 18.465 

Proof. Let u = exp(λZ) where λ ∈ R, and apply the tensorization of entropy lemma, 

E e λZ λZ − Ee λZ log Ee λZ � 
· �� 

· � 
EntPn log u 

n

≤ E EntPi e 
λZ 

i=1 

n �� � 

= E inf e λZ (λZ − λx) − (e λZ λx) dPi : x ∈ R+ ���� − e 
i=1variational formulation 
n � � 

≤ E Exix�
i 
e λZ (λZ − λZi) − (e λZ − e λZi 

) 
i=1


n
� � � � �� � 
= E Exixi

� e λZ e−λ(Z−Zi) − −λ · Z − Zi − 1 
i=1 

n� � � �� 
= Ex1, ,xn,x�

1, ,x�
n 
e λZ φ −λ Z − Zi . ··· ··· · 

i=1 

Moreover, 
n� � � �� 

Ee λZ φ −λ Z − Zi· 
i=1 ⎛ ⎞ 

n� 
λZ φ 

� � �� ⎜ � � � 
Zi 

�⎟
= E e −λ Z − Zi ⎝I Z ≥ Zi + I ≥ Z ⎠
· · � �� � � �� � 
i=1 

I II ⎛ ⎞ 
n� ⎜ λZi � � �� � � 

λZ φ 
� � �� � �⎟ = E ⎝e � 

φ −λ · Zi −�� 
Z · I Z ≥ Zi� 

+ e � 
−λ · Z −�� 

Zi · I Z ≥ Zi�⎠ 
i=1 

switch Z and Zi in II I ⎛ ⎞ 
n� 

λZ 
� � ⎜ λ(Zi � � �� � � ��⎟ = E e I Z ≥ Zi ⎝e −Z) φ −λ Zi − Z + φ −λ Z − Zi ⎠· · � 

· �� 
· � � 

· �� � 
i=1 

II I 

n� � � � � �� 
= E e λZ I Z ≥ Zi ψ −λ Zi − Z .· · · 

i=1 
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Lecture 41 Application of the entropy tensorization technique. 18.465 

Recall the tensorization of entropy lemma we proved previously. Let x1, , xn be independent random · · · 

variables, x�1, , x� be their independent copies, Z = Z(x1, , xn), Zi = (x1, , xi−1, x
�
i, xi+1, , xn),· · · n · · · · · · · · · 

and φ(x) = ex − x − 1. We have EeλZ − EeλZ log EeλZ ≤ EeλZ 
i
n 
=1 φ(−λ(Z − Zi)). We will use the ten­

sorization of entropy technique to prove the following Hoeffding-type inequality. This theorem is Theorem 9 of 

Pascal Massart. About the constants in Talagrand’s concentration inequalities for empiri­

cal processes. The Annals of Probability, 2000, Vol 28, No. 2, 863-884. 

Theorem 41.1. Let F be a finite set of functions |F| < ∞. For any f = (f1, · · · , fn) ∈ F , ai ≤ fi ≤ bi, 
n n

L = supf 

�
(bi − ai)

2, and Z = supf 

�
fi. Then P(Z ≥ EZ + 

√
2Lt) ≤ e−t .i=1 i=1 

Proof. Let 

⎛ ⎞ 

Zi = sup ⎝ai + fj ⎠ 

=i
f∈F 

j �

n n
def. 

Z = sup fi = fi
◦. 

i=1 i=1f∈F 

It follows that 

0 ≤ Z − Zi ≤ fi
◦ − fj

◦ − ai = fi
◦ − ai ≤ bi(f◦) − ai(f◦). 

i j=i 

Since φ(x) = e x−x−1 is increasing in R and limx
φ(x) 1 , it follows that ∀x < 0, φ(x) ≤ 1 x2, and x2 x2 0 x2 2 2→ → 

Ee λZ λZ − Ee λZ log Ee λZ ≤ Ee λZ φ −λ(Z − Zi) 
i 

≤ 
2
1 

Ee λZ 
� 

λ2(Z − Zi)2 

i 

1 
Lλ2Ee λZ .≤ 

2 

Center Z, and we get 

Ee λ(Z−EZ)λ(Z − EZ) − log Ee λ(Z−EZ) ≤ 
2
1 
Lλ2Ee λ(Z−EZ). 
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Lecture 41 Application of the entropy tensorization technique. 18.465 

Let F (λ) = Eeλ(Z−EZ). It follows that F � (λ) = Eeλ(Z−EZ)(Z − EZ) and λ

1 
λF � (λ) − F (λ) log F (λ) ≤ 

2 
Lλ2F (λ)λ

λ 
1 F
F 
λ
�

(
(
λ

λ

)
) − 

λ

1 
2 

log F (λ) ≤ 
2
1 
L 

1 � 1 
λ 

log F (λ) ≤ 
2 
L 

λ 

1 1 � � λ � 
1 

��
log F (λ) = log F (t)� + log F (t) dt 

λ t t→0
0 t t 

1 ≤ 
2 
Lλ 

1 
F (λ) ≤ exp(

2 
Lλ2). 

By Chebychev inequality, and minimize over λ, we get 

P(Z ≥ EZ + t) e−λtEe λ(Z−EZ)≤ 

≤ e−λt 2
1 Lλ2 

e 
minimize over λ 2

P(Z ≥ EZ + t) ≤ e−t /(2L) 

Let fi above be Rademacher random variables and apply Hoeffding’s inequality, we get P(Z ≥ EZ+ Lt/2) ≤ 

e−t . As a result, The above inequality improves the constant of Hoeffding’s inequality. 

The following Bennett type concentration inequality is Theorem 10 of 

Pascal Massart. About the constants in Talagrand’s concentration inequalities for empiri­

cal processes. The Annals of Probability, 2000, Vol 28, No. 2, 863-884. 

Theorem 41.2. Let F be a finite set of functions |F| < ∞. ∀f = (f1, · · · , fn) ∈ F , 0 ≤ fi ≤ 1, Z = 
n	 h(x/EZ)supf 

�
fi, and define h as h(u) = (1+u) log(1+u)−u where u ≥ 0. Then P(Z ≥ EZ +x) ≤ e−EZ· .i=1 

Proof. Let 

n n
def. 

Z =	 sup fi = fi
◦ 

f ∈F i=1 i=1 

Zi =	 sup fj . 
f ∈F 

j=� i 

xIt follows that 0 ≤ Z − Zi ≤ fi
◦ ≤ 1. Since φ = e − x − 1 is a convex function of x, 

φ(−λ(Z − Zi)) = φ(−λ (Z − Zi) + 0 (1 − (Z − Zi))) ≤ (Z − Zi)φ(−λ)· · 
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Lecture 41 Application of the entropy tensorization technique. 18.465 

and � � n � � 
E λZeλZ − Ee λZ log Ee λZ ≤ E e λZ φ −λ(Z − Zi) 

i=1 

≤ E e λZ φ(−λ) Z − Zi

i 

≤ φ(−λ)E e λZ · fi
◦ 

i 

= φ(−λ)E Z e λZ .· 

Set Z̃ = Z − EZ (i.e., center Z), and we get � � � � �� � � 
E λ ̃ Z − Ee λZ̃ log Ee λZ̃ ≤ φ(−λ)E Z̃ · e λZ̃ ≤ φ(−λ)E Z̃ + EZ · e λZ̃Zeλ ˜

˜(λ − φ(−λ)) E ZeλZ̃ − Ee λZ̃ log Ee λZ̃ ≤ φ(−λ) · EZ · Ee λZ̃ . 

Let v = EZ, F (λ) = EeλZ̃ , Ψ = log F , and we get 

(λ − φ(−λ)) 
F

F 
λ
�

(
(
λ

λ

)
) − log F (λ) ≤ vφ(−λ) 

(41.1) (λ − φ(−λ)) (log F (λ))�λ − log F (λ) ≤ vφ(−λ). 

Solving the differential equation ⎛ ⎞ ⎜ ⎟(41.2) (λ − φ(−λ)) ⎝log F (λ)⎠ − log F (λ) = vφ(−λ),� �� � � �� � 
Ψ0 λ Ψ0 

yields Ψ0 = v φ(λ). We will proceed to show that Ψ satisfying 41.1 has the property Ψ ≤ Ψ0:· 

Substract 41.2 from 41.1, and let Ψ1=Ψ−Ψ0 

(1 − e−λ)Ψ�
1 − Ψ1 ≤ 0 

λ 1 λ eλ(e −1)(1−e−λ) =1−e−λ ,and (e −1)(1−e−λ) 
−1)2 =1 

eλ −1 (eλ� � � � 1 eλ 

e λ − 1 1 − e−λ
eλ − 1

Ψ1
� − 

(eλ − 1)2 Ψ1 ≤ 0 

“ ” 
Ψ1 

� 

e −1 λ
λ

Ψ1(λ) Ψ1(λ)
lim = 0. 

eλ − 1 
≤ 

λ→0 eλ − 1 

It follows that Ψ ≤ vφ(λ), and F = EeλZ ≤ evφ(λ). By Chebychev’s inequality, P (Z ≥ EZ + t) ≤ e−λt+vφ(λ). 

Minimizing over all λ > 0, we get P (Z ≥ EZ + t) ≤ e−v·h(t/v) where h(x) = (1 + x) log(1 + x) − x. �· 

The following sub-additive increments bound can be found as Theorem 2.5 in 

Olivier Bousquet. Concentration Inequalities and Empirical Processes Theory Applied to the 

Analysis of Learning Algorithms. PhD thesis, Ecole Polytechnique, 2002. 
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� � def.
Theorem 41.3. Let Z = supf ∈F fi, Efi = 0, supf ∈F var(f) = supf∈F 

n 
f2 = σ2 , n}, fi ≤i=1 i� � � 

, ∀i ∈ {1, · · · 

u ≤ 1. Then P Z ≥ EZ + (1 + u)EZ + nσ2x + x 
3 ≤ e−x . 

Proof. Let 

n n
def. 

Z = sup fi = fi
◦ 

i=1 i=1f∈F 

Zk = sup fi 
i=k

f∈F �

Zk
� = fk such that Zk = sup fi. 

f∈F 
i=� k 

It follows that Zk
� ≤ Z − Zk ≤ u. Let ψ(x) = e−x + x − 1. Then 

e λZ ψ(λ(Z − Zk)) = e λZk − e λZ + λ(Z − Zk)e λZ 

= f(λ) (Z − Zk) e λZ + (λ − f(λ)) (Z − Zk) e λZ + e λZk − e λZ 

= f(λ) (Z − Zk) e λZ + g(Z − Zk)e λZk . 

In the above, g(x) = 1 − eλx + (λ − f(λ)) xeλx, and we define f(λ) = 1 − eλ + λeλ / eλ + α − 1 where 

α = 1/ (1 + u). We will need the following lemma to make use of the bound on the variance. 

Lemma 41.4. For all x ≤ 1, λ ≥ 0 and α ≥ 2
1 , g(x) ≤ f(x) αx2 − x . 

Continuing the proof, we have 

e λZ ψ(λ(Z − Zk)) = f(λ) (Z − Zk) e λZ + g(Z − Zk)e λZk 

≤ f(λ) (Z − Zk) e λZ + e λZk f(λ) α (Z − Zk)
2 − (Z − Zk) 

≤ f(λ) (Z − Zk) e λZ + e λZk f(λ) α (Zk
� )2 − Zk

� . 

Sum over all k = 1, , n, and take expectation, we get · · · 

e λZ ψ(λ(Z − Zk)) ≤ f(λ)ZeλZ + f(λ) e λZk α (Zk
� )2 − Zk

�

k k 

λZ λZkEe ψ(λ(Z − Zk)) ≤ f(λ)EZeλZ + f(λ) Ee α (Zk
� )2 − Zk

� . 
k k 
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Since EZ � = 0, EXk (Z
� )2 = Ef2 = var(fk) ≤ supf∈F var(f) ≤ σ2, it follows that k k k 

Ee λZk α (Zk
� )2 − Zk

� = Ee λZk αEfk (Zk
� )2 − Efk Zk

�

≤ ασ2Ee λZk 

≤ ασ2Ee λZk+λEZ�k 

Jensen’s inequality 

≤ ασ2Ee λZk +λZk
�

≤ ασ2Ee λZ . 

Thus 

E λZeλZ − Ee λZ log Ee λZ ≤ Ee λZ ψ(λ(Z − Zk)) 
k 

≤ f(λ)EZeλZ + f(λ)αnσ2Ee λZ . 

Let Z0 = Z − E, and center Z, we get 

E λZ0e 
λZ0 − Ee λZ0 log Ee λZ0 ≤ f(λ)EZ0e 

λZ0 + f(λ) αnσ2 + EZ Ee λZ0 . 

Let F (λ) = EeλZ0 , and Ψ(λ) = log F (λ), we get 

(λ − f(λ)) F �(λ) − F (λ) log F (λ) ≤ f(λ) αnσ2 + EZ F (λ) 

(λ − f(λ)) 
F �(λ) − log F (λ) f(λ) 

� 
αnσ2 + EZ 

� 
. 

F (λ) � �� � ≤ 

Ψ(λ) 
Ψ�(λ) 

Solve this inequality, we get F (λ) ≤ evψ(−λ) where v = nσ2 + (1 + u)EZ. � 
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This lecture reviews the method for proving concentration inequalities developed by Sourav Chatterjee based 

on Stein’s method of exchangeable pairs. The lecture is based on 

Sourav Chatterjee. Stein’s method for concentration inequalities. Probab. Theory Relat. 

Fields (2007) 138:305-321. DOI 10.1007/s00440-006-0029-y. 

Theorem 42.1. Let (X, X �) be an exchangeable pair on X (i.e., dP(X, X �) = dP(X �, X). Let F (x, x�) = 

−F (x, x�) be antisymmetric, f(x) = E(F (x, x�)|x). Then Ef(x) = 0. If further 

1
Δ(x) = 

2 
E |(f(x) − f(x�)) F (x, x�)| x ≤ Bf(x) + C, 

2
then P(f(x) ≥ t) ≤ exp − t .2(C+Bt) 

Proof. 

by definition of f(X) 

E (h(X)f(X)) = E (h(X) · E (F (X, X �)|X)) = E (h(X) · F (X, X �)) 
X,X� are exchangeable 

= E (h(X �) F (X �, X))· 
F (X,X�) is anti-symmetric 

= −E (h(X �) F (X, X �))· 
1 

=
2 

E ((h(X) − h(X �)) · F (X, X �)) . 

Take h(X)=1, we get Ef(x) = 0. Take h(X) = f(X), we get Ef2 = 1 E ((f(X) − f(X �)) F (X, X �)).2 · 

We proceed to bound the moment generating function m(λ) = E exp(λf(X)), and use Chebychev’s inequality 

to complete the proof. The derivative of m(λ) satisfies, 

f(X) 

⎞⎠ 

⎛ ⎝e λf(X) ·
h(X) 

|m�
λ(λ)| E= 

1 
2 

E e λf(X) − e λf (X�) F (X, X �)· = 

1 λf(X) λf (X�)− e F (X, X �)·≤ E e
2 R Rba 1 1 ���� 

dt≤ 0 (te
b+t(a−b) b 1 a b

2 (e
−e 

a−b 
e a+(1−t)e )dt= )+e= e0 

1 1λf (X) + e λf(X�) (f(X) − f(X �)) F (X, X �)·≤ |λ| · E e ·
2 2 

· 1λf (X) (f(X) − f(X �)) F (X, X �)· = |λ| · E e 
2 ⎞⎛ 

X 

⎜⎜⎜⎜⎝ 
e λf(X) · 

⎟⎟⎟⎟⎠ 

1 
(f(X) − f(X �)) F (X, X �)· = |λ| · E E 

2 

Δ(X) 

≤ |λ| · E e λf(X) · (B · f(X) + C) = |λ| · (B · m�
λ(λ) + C · m(λ)) 
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Since m(λ) is a convex function in λ, and m�(0) = 0, m�(λ) always has the same sign as λ. In the interval 

0 ≤ λ < 1/B, the above inequality can be expressed as 

m�(λ) ≤ λ · (B · m�(λ) + C · m(λ)) 

(log m(λ))�λ 

λ · C ≤ 
(1 − λB) � λ � λ s C C 1 C λ2 

log m(λ) ≤ 
0 1 −

· 
s B

ds ≤ 
1 − λ B 0 

sds =
2 
· 
1 −

· 
λ B

. 
· · · 

By Chebyshev’s inequality P(f(x) ≥ t) ≤ exp −λt + 12 1
C
−
·
λ
λ2 

B . Minimize the inequality over 0 ≤ λ < B 
1 , � � 

· ·
2 

we get λ = t , and P(f(x) ≥ t) ≤ exp − ·
t . �C+Bt 2 (C+Bt) 

We will use the following three examples to illustrate how to use the above theorem to prove concentration 

inequalities. 

Example 42.2. Let X1, · · · , Xn be i.i.d random variables with Exi = µi, var(xi) = σ2, and |xi − µi| ≤ ci.i 

Let X = i
n 
=1 Xi, our goal is to bound |X − EX| probabilistically. To apply the above theorem, take Xi

� be 

an independent copy of Xi for i = 1, , n, I ∼ unif{1, , n} be a random variable uniformly distributed · · · · · · 

over 1, , n, and X � = i=I Xi + XI . Define F (X, X �), f(X), and Δ(X) as the following, · · · �

def. 
F (X, X �) = n (X − X �) = n (XI − X � )· · I 

n
def. 1 � 

f(X) = E (F (X, X �)|X) = E (n · (XI − X � )|X) = 
n 

E (n · (XI − X � )|X) = X − EXI I 
I=1 

def. 1 � � � 
Δ(X) = 

2 
E |(f(X) − f(X �)) · F (X, X �)| �X 

n
n 1 � � � � 

=
2 
· 
n 

E (XI − XI
� )2 �X 

I=1 ⎛ ⎞ ⎛ ⎞ 

1 �⎜ � � �⎟n ⎜ ⎜ ⎟ )2 ⎟ = ⎜E ⎝(XI − EXI )
2 �X⎠ + E (XI

� − EX � ⎟
2 

I=1 
⎝ � �� � � �� I �⎠ 

2≤ci =σ2 
i 

1 
n � � 

≤ 
2 

ci 
2 + σ2 .i


I=1


It follows that �� � � � 
t2 � 

P Xi − E Xi ≥ t ≤ exp − � 
+ σ22 

i ci i �� � � � � � � � 
t2 � 

P − Xi − E − Xi ≥ t ≤ exp − � 
i ci 

2 + σi 
2 

� union bound �� � 
t2 ���� � � 

P � Xi − E Xi� ≥ t ≤ 2 exp − � 
i c

2 
i + σi 

2 . 
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Example 42.3. Let (aij )i,j=1, ,n be a real matrix where aij ∈ [0, 1] for 1 ≤ i, j ≤ n, π be a random variable ··· 

uniformly distributed over the permutations of 1, , n. Let X = n
i=1 ai,π(i), then EX = 1 

i,j ai,j , and n· · · 

our goal is to bound |X − EX| probabilistically. To apply the above theorem, we define exchangeable pairs 

of permutations in the following way. Given permutation π, pick I, J uniformly and independently from 

{1, , n}, and construct π� = π (I, J) where (I, J) is a transposition of I and J . The two random · · · ◦ 

variables π and π� are exchangeable. We can define F (X, X �), f(X), and Δ(X) as the following, 

� � 

F (X, X �) def. = 
n 
2 

(X − X �) = 
n 
2 

n� 
ai,π(i) − 

n� 
ai,π�(i) 

i=1 i=1 

f(X) def. = E (F (X, X �)|X) 

n � � 
= 

2 
aI,π(I) + aJ,π(J) − aI,π(J) − aJ,π(I)|π 

n 1 � n 1 � n 1 � n 1 � 
= 

2 
· 
n 

aI,π(I) + 
2 
· 
n 

aJ,π(J) − 
2 
· 
n2 

aI,J − 
2 
· 
n2 

aI,J 

I J I,J I,J � 1 � 
= ai,π(i) − 

n 
ai,j 

i i,j 

Δ(X) 

= 

def. = 

= 

≤ 

X − EX 

1 
2 
· n 

2 
E 
� 
(X − X �)2 |π 

� 

n 
4 

E 
�� 

aI,π(I) + aJ,π(J) − aI,π(J) − aJ,π(I) 

�2 |π 
� 

n 
2 

E 
� 
aI,π(I) + aJ,π(J) − aI,π(J) − aJ,π(I)|π 

� 
= X + EX 

= f(X) + 2EX. 

2
Apply the theorem above, and take union bound, we get P (|X − EX| ≥ t) ≤ 2 exp − t .4EX+t 

Example 42.4. In this example, we consider a concentration behavior of the Curie-Weiss model. Let 

σ = (σ1, · · · , σn) ∈ {−1, 1}n be random variables observing the probability distribution 

⎛ ⎞ 
n1 β � � 

G ((σ1, , σn)) = exp ⎝ σiσj + β h σi
⎠ .· · · 

Z n 
· 

i<j i=1 

We are interested in the concentration of m(σ) = n 
1 

i σi around tanh (β m(σ) + β h) where tanh(x) = · · 
e x−e−x 

. Given any σ, we can pick I uniformly and independently from {1, , n}, and generate σ� according ex+e−x I· · · 

to the conditional distribution of σi on {σj : j = i} (Gibbs sampling): �
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exp( βn j=i σj + β h)

P(σ� = +1|{σj : j = i}) = � 

� · �
i β
�

2 (exp( β σj + β h) + exp(− σj − β h))n j=i n j=i· � · � · 

exp(− n
β 

j=i σj − β h)
P(σ� = � 

� · � .i = −1|{σj : j =� i}) 
2 (exp( n

β 
j=i σj + β h) + exp(− n

β 
j=i σj − β h))· � · � · 

Let σj
� = σj for j =� I. The two random variables σ and σ� are exchangeable pairs. To apply the above 

theorem, we define F (X, X �), f(X), and Δ(X) as the following, 

def. 
F (σ, σ�) = σi − σi

� = σI − σI
�

def. 
f(σ) = E (F (σ, σ�)|σ) 

= E (σI − σI
� |σ) 

1 
n

= 
n 

E (σi − σi
�|σ) , where σ1

� , · · · , σn
� are all by Gibbs sampling. 

i=1 ⎛ ⎞ 
n n1 � 1 � β � 

= σi − tanh ⎝ σj + βh ⎠ 
n n n 

i=1 i=1 j=i 

def. 1 � � � 
Δ(X) = 

2 
E |(f(X) − f(X �)) · F (X, X �)| �X 

|F (σ,σ�)|≤2,|f (σ)−f(σ�)|≤2(1+β)/n 

1 2(1 + β)
≤ 
2 
· 2 · 

n
.
��� � 

1 � � 
β � ��� � � 

t2 n 
�


Thus P � n 
1 

i σi − n i tanh n j=i σi + βh � ≥ t ≤ 2 exp 4(1+β) . Since tanh(βmi(σ) + βh) −� � �� �− | � � 
tanh(βm(σ)+βh) β

n where mi(σ) = n 
1 

j=i σi, we have P � n 
1 

i σi − tanh (β m(σ) + βh)� β
n + √t

n� � 
| ≤ � · ≥ ≤ 

2
2 exp − t n .4(1+β) 
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