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Consistency

Statistical Estimation Problem
® Xi,...,X,iid Py,0 € ©.
e g(0): target of estimation.
e §(Xi,...,X,): estimator of g(0).
Definition: §, is a consistent estimator of g(6), i.e.,
(X1, Xn) 255 q(0)
if for every € > 0,

limp—soo Po(|gn(X1,. .., Xn) — q(0)] > €) =0.
Example: Consider Py such that:

o E[X| 6] =0
e q(0)=20
0 g, = ==X

When is g, consistent for 07
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Consistency: Example

Example: Consistency of sample mean §,(X1,...,X,) = X = X,.

o If Var(Xy | 0) = 02(#) < oo, apply Chebychev's Inequality.

For any € > O:
_ V. Y,, 0 2(0)/€? oo
Po((Xa| = ) < VX 10) _ TO)E noeo,
€ n
o If Var(Xy | 0) = oo, X, is consistent if
E[[X] | 6] < .

Proof: Levy Continuity Theorem.
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Consistency: A Stronger Definition

Definition: §, is a uniformly consistent estimator of g(#), if for
every € > 0,

i (gl a0 )~ a(0) > ) =0
Example: Consider the sample mean g, = X, for which
o E[X,|0]=0
o Var[X, | 8] = o2(0).
Proof of consistency of §, = X, extends to uniform consistency if

Suppeo 02(0) < M < oo ().
Examples Satisfying ()

e X;i.i.d. Bernoulli(9).

o X;i.i.d. Normal(u,c?), where 0 = (u,0?)
© = {0} = (—o0, +0) x [0, M], for finite M < oco.
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Consistency: The Strongest Definition

Definition: §, is a strongly consistent estimator of g(¢), if
Py ( Ii_}m lgn(X1,...,Xn) — q(0)] < e)]) =1, for every € > 0.
n oo

dn 225 q(6). (a.s. = "almost surely”)
Compare to:
Definition: g, is a (weakly) consistent estimator of g(0), if for

every € > 0,
limp oo [P0(|Qn(X17 e aXn) - Q(9)| > 6)] =0.
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Consistency of Plug-In Estimators

Plug-In Estimators: Discrete Case

@ Discrete outcome space of size K:

X={x,....,xk}
@ Xi,...,X,iid Py, 0 € ©, where

0=(p1,---.Pk)

P(Xl = Xk | 9):pk, k:].,...,K

pxk >0for k=1,...,K and prkzl.
e © = Sk (K-dimensional simplex).
@ Define the empirical distribution:

On = (P1,.-.,PK)

2o 1(Xi = xi) _ N

P = =—
n n

where

A

e 0, € Sk.
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Asymptotics

Consistency of Plug-In Estimators

Proposition/Theorem (5.2.1) Suppose X, = (X1,...,X,) is a
random sample of size n from a discrete distribution § € S. Then:
o 0,is uniformly consistent for 6 € S.
e For any continuous function q : S — RY,
G = q(6n) is uniformly consistent for g(6).
Proof:

e For any € > 0, Py(|0, — 0] > €) — 0.
This follows upon noting that:
{xn 1 [0n(xn) = 02 <€} > O {xn 1 [(On(xn) = O)l* < €/K}
So
P({xy : |0n(xn) — 0] > €2}

< Zflp({xn-\(é( ) O)l> > €/K}
< Y  15:/(E/K) =

MIT 18.655 Asymptotics: Consistency and Delta Method



Asymptotics: Consistency
Asymptotics Delta Method: Approximating Moments
Delta Method: Approximating Distributions

Consistency of Plug-In Estimators

Proof (continued):

@ g(+): continuous on compact S
= q(+) uniformly continuous on S.
For every € > 0, there exists (¢) > 0 such that:

|01 — bo| < 0(e) = |q(61) — q(fo)| <,

uniformly for all 6y, 6, € ©.
o It follows that

{x:19(0n(x) —a(8)l <} S {x: 6, —6] <5(e)}°

= Pollan—q(0)| =] < Pollfn— 0] > 6(e)]
Note: uniform consistency can be shown; see B&D.
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Consistency of Plug-In Estimators

Proposition 5.2.1 Suppose:
og=1(g1,...,84): X =Y CR
o Ellgi(X1)|| 6] < oo, forj=1,...,d, forall § €O.
e mj(0) = E[gj(X1) | 0], for j=1,...,d.

Define:

where
m(0) = (m1(0), ..., mq(0))
h:Y — RP, is continuous.

(i)

is a consistent estimator of g(0).

Then:
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Consistency of Plug-In Estimators

Proposition 5.2.1 Applied to Non-Parametric Models

P ={P: Ep(lg(X1)[) < oo} and v(P) = h(Epg(X1))
v(P,) L v(P) where P, is empirical distribution.
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Consistency of MLEs in Exponential Family

Theorem 5.2.2 Suppose:

@ P is a canonical exponential family of rank d generated by
T=(Tu(X),..., Ta(X))T.

o p(x | n) = h(x)exp{T(x)n — A(n)}
o &= {n} is open.
@ Xi,...,Xyareiid P, cP

Then:

o P,[ the MLE 7 exists] === 1.

@ 7] is consistent.

12 MIT 18.655 Asymptotics: Consistency and Delta Method



Asymptotics: Consistency
Asymptotics Delta Method: Approximating Moments
Delta Method: Approximating Distributions

Consistency of MLEs in Exponential Family

Proof:
o (X1,...,X,) exists iff T, = T(X;)/ne C3 .
o If no is true, then to = E[T(X1) | no] € C3,
and /2\(770) = to.
@ By definition of the interior of the convex support, there exists
J>0: Se={t: [t — Eu[T(X1)| <0} C R .
° By the WLLN

Th= ZT — Ep[T(X1)]

n—oo

—> Py, [Th € C{ZJ —— 1.

@ 7 exists if it solves A(n) =T, ie,ifT,€ Con,

@ The mapn — /.4(17) is 1-to-1 on C2 and continuous on &, so
the inverse function A~1 is continuous, and Prop. 5.2.1

applies.
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Consistency of Minimum-Contrast Estimates

Minimum-Contrast Estimates
@ Xi,...,X,iid Py, 0 € © C RY.
e p(X,0): X x© — R, a contrast function
e D(6o,0) = E[p(X,0) | Oo]: the discrepancy function
0 = 6y uniquely minimizes D(6o, 0).
@ The Minimum- Contrast Estimate 0 minimizes:

pn(X,6) Zp Xi, ).

Theorem 5.2.3 Suppose

P
o;ug{ Zp X;,0) — D(6p,0)} —> 0
€ i=1

° 0 |(r91f‘ {D(60,0)} > D(6o,60), for all € > 0.
o[>

Then @ is consistent.
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Delta Method

Theorem 5.3.1 (Applying Taylor Expansions) Suppose that:

@ Xi,...,X, iid with outcome space X = R.
o E[Xi] = i, and Var[X;] = 02 < <.
] E[|X1|m] < 00.
e h: R— R, m—times differentiable on R, with m > 2.
N d/h(x) .
) = 2 5
h i L J=12,....m

o ||A(M]|oe = sup [A™(x)| < M < oo.
xeX

Then
E(h(X) Z (X — 1] + R
where |Rm |< I\/IE”X1| I p=m/2
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Proof:
e Apply Taylor Expansion to h(X) :

(X) =
m1 4G -
0+ 3 R )X g

j=1
where | X* — pu| < |X — y
@ Take expectations and apply Lemma 5.3.1: If
E|X1J < 00, > 2, then there exist constants C; > 0and
D; > 0 such that
EIX — b < GEXi[n 12
[E[(X — pY]| < DiE[X1l n=UTD/2 for j odd
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Applying Taylor Expansions

Corollary 5.3.1 (a).
If E|X1|? < oo and ||h®)]] < oo then

E[A(X)] = h(n) + 0+ [X] 22 1 O(n=3/2)

Corollary 5.3.1 (b).
If E|X1|* < 0o and ||h¥)]|o < oo then

E[A(X)] = h() + 0+ [2200) 2 4 O(n—2)

For (b), use Lemma 5.3.2 with j = 3 (odd) gives
[E(X = 1) < DsE[IX1P’] x 55 = O(n?)

Note: Asymptotic bias of h(X) for h(u) :
o If () #0, then O(n~1)
o If A)(u) =0, then O(n=3/?) if third-moment finite and
O(n—2) if fourth-moment finite.
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Applying Taylor Expansions: Asymptotic Variance

Corollary 5.3.2 (a).
If ||AD]|se < o0, for j=1,2,3, and E|Z;|® < oo, then

Var[h(X)] = 2[””()]+0(n3/2)
Proof: Evaluatg B B
Var[h(X)] = E[(h(X)?] — (E[h(X])?
From Corollary 5.3.1 (a):
E[h(X)] = h(u)+0+[ ”1“ +0(n~%7?)
— (E[A(X)])? = (h(n) + [P0 22)2 4 0(n=312)

= (h(u)* + [h( YA ()] % + O(n=372)
Taking Expectation of the Taylor Expansion:
E((hX)P) = [h(w)]* + E[X — ] (2[h(u)]AM) (1))
+3E[(X = 1)) (AN (w)]? + 2[h(1)] 5 (1))
+5ELX = 1)?] ([W? ()] (X))
Difference gives result.
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Note:
o Asymptotic bias of h(X) for h(u) is O(%).
e Asymptotic standard deviation of h(X) is O(\%)
unless (1) hM(u) = 0.
@ More terms in aTaylor Series with finite expectations of
E[|X — 6] yields finer approximation to order O(n—4/?)

@ Taylor Series Expansions apply to functions of vector-valued
statistics (See Theorem 5.3.2).
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Theorem 5.3.3 Suppose
@ Xi,..., X, iid with X = R.
o E[X?] < c0.
o u = E[Xi] and 0% = Var(Xy).
@ h: R — R is differentiable at p.

Then
L (v/n(h(X) — h(r))) = N(0,a3(h))

where o?(h) = [AD ()]0

Proof: Apply Taylor expansion of h(X) about y :
hX) = () + (X = @) A (1) + Ry
— Vn(h(X) = h(n)) = [Va(X = @] (1) + R
= [N(0,0%)] x D (n)
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Limiting Distributions of t Statistics

Example 5.3.3 One-sample t-statistic
@ Xi,...,.X,iid PeP
o Ep[Xi] =p
o Varp(X1) = 0% <
@ For a given g, define t-statistic for testing Hp : 1t = o versus
Hy o> pp. .
(X — o)

Ty = Vo
2= (X —X)/(n—1).

If H is true then T, —= N(0,1).
Proof: Apply Slutsky's theorem for limit of {U,/v,} where

where

o Uy= \/B(X;“O) £ N(O,1).

P
e v,=5s,/0 — L.
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Limiting Distributions of t Statistics

Example 5.3.3 Two-Sample t-statistic
o Xi,..., Xy iid with E[X1] = p1 and Var[Xi] = 02 < .
® Y1,..., Xy, iid with E[Y;] = p2 and Var[Y1] = 03 < .
@ Define t-statistic for testing Ho : p12 = pg versus Hy : pip > pig.
Y — X niny < Y — X>
Tn = =
52 52 \/ n S

n ny
where 82 = Ly [ (X — X)2 + S (Y - V)]

If H is true, 0 = 03, and all distributions are Gaussian, then

Th ~ th—2, (a t-distribution)
In general, if H is true, and n; — oo and ny — oo, with ny/n — A,
(0 < A< 1), then

L 2 2 (1-N)o2+ o3
T, — N(0,7%), where 7° = P v
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Additional Topics

e Monte Carlo simulations/studies: evaluating asymptotic
distribution approximations.

e Variance-stabilizing transformations: When E[X] = p, but
Var[X] = o%(1), consider h(X) such that
o2(1)[AV (1)]2 = constant
Asymptotic distribution approximation for h(X) will have a
constant variance.

o Edgeworth Approximations: Refining the Central Limit
Theorem to match nonzero skewness and non-Gaussian
kurtosis.
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Taylor Series Review

Power Series Representation of function f(x)
f(x) =370 Gi(x — ay, for x:|x—a| < d
a = center; and d = radius of convergence
Theorem: If f(x) has a power series representation, then
oo 00 _ &l
T T
o Define Ti(x) = > ¢i(x — ay, and Ry (x) = f(x) — Tm(x).
Ii£11 Tm(x) = f(x) and (&) Iigﬁ Rm(x) = 0.
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Power Series Approximation of f(x) where
o fU)(x): finite for 1 < j < m
o sup, || (x)]| < M.

For m = 2: (D) < M

= [Xf@(t)dt < [XMdt

— W)= fBE) < M(x-a)

= fOx) < @)+ M(x — a)

Integrate again:

[fFO@)dt < [X[FW(a) + M(t — a)]dt
=  f(x)-f(a) < fO)(x—a)+MEFL
— F(x) < fa)+ FD(a)(x — a) + MESL
Reverse inequality and use —M:
— () 2 f(a)+ @) (x —a) - MO
—  f(x) = f(a)+fD(a )(x a) 4+ Ro(x)
where  |Ry(x)] < MU
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Delta Method for Function of a Random Variable

e X ar.wv. with p = E[x]

h(-) function with m derivatives
h(X) = h(p) + (X — p)hM (1) + Re(X)
where |Ry(X)| < ¥ (X — p)2.

h(X) = h(p) + (X — )h® () + (X — w2200 4 Ry(X)
where [R3(X)| < H|X — pl3.
h(X) = h(p) + (X - u) (1) + (X — )22
+(X = P 1 Ry(X)
where |Ry(X)| < 41X — .
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Key Example: X =157 X, fori.i.d. X;

E[X1] = 0, E[(X1—-0)? = o2
CE[-p)’l = ops o E[[Xi—pf] = ks

With X for a given sample size n
E[X] = 0, E[(X-0p] = =

E(X-0y] = & ElX-uPl = 0l(5)°]
Taking Expectations of the Delta Formulas (cases m = 2, 3)
E[h(X)] = E[h(8) + (X —O)hN(6) + Rx(X)]
= h(0) + E[(X — 0)]hD(8) + E[R:(X)]
= h(0) + 0+ E[Ry(X)]

where | E[Ro(X )]\<E[\R2(X)|]S ME(X — 0] =M
E[A(X)] = E[h(6) + (X - 0) D(0) + (X~ 0)2500) 4 Ry(X)]
— h(0) + 21O 4 E[Ry(X))]

where
E[Rs(X)]| < [EIRs(X)I] < FTE[IX — 0P] = 51 0p(| 75 ).
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Taking Expectations of the Delta Formula (case m = 4)
E[(X)] = E[h(0) + (X — 0)AD(0) + (X — 022D]4
+E[(X = 03" + Ra(X)]
h(6) + z:igi +E[X 0y N4 L E[Ry(X))]
_ 3 A
RAtE ig;ajE[R“‘ /
2 P\ 2

because |E[Ry(X)]| < [E|Ra(X)[] < FEIX — 01*] = ZOplI % I-
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Taking Expectations of the Delta Formula (case m = 4)
E[(X)] = E[h(0) + (X — 0)AD(0) + (X — 022D]4
+E[(X = 03" + Ra(X)]
h(6) + z:igi +E[X 0y N4 L E[Ry(X))]
_ 3 A
RAtE ig;ajE[R“‘ /
2 P\ 2

because |E[Ry(X)]| < [E|Ra(X)[] < FEIX — 01*] = ZOplI % I-
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Key Example: X =157 X, fori.i.d. X;

E[X1] = 0, E[(X1 —0)?] = o2
CE[-p)’l = ops E[Xi—pf] = ks

With X for a given sample size n
E[X] =0, E[(X-0?% = 2

E(X-00°] = 2 ElX-uPl = 0l(5)]
Limit Laws from the Delta Formula (case m = 2)
_ h(X) = h(8) + (X~ 0)hD(6) + Re(X)
— VAlh(X) — h(®)] = VA(X — 0)AD(9) + /ARs(X)
= V(X — 0)AV(9) + Op( L)
£ N, [h(O))
since v/n|E[Ry(X)]| < vn¥ <
Note: if h(1)(#) = 0, then
o /n[h(X) — h(6)] P 0.

o Consider increasing scaling to n[h(X) — h(6)]
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