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Multivariate Case

Lemma 5.3.3 Suppose
e {U,} are d-dimensional random vectors
e {a,} constants with a, — oco.
e a,(U,—u) £ V, for (d x 1) vector u.
o g: R? — RP has differential g (u) (p x d) at u,

Og(u)i
(1) = !
sl = 5,7
i=1,...,pandj=1,....d

Then
anlg(Un) — g(u)] == gM(u)V.

Proof: Multivariate delta method (Theorem 5.3.2).
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Multivariate Case

Theorem 5.3.4
@ Yi,..., Y, iid d-vectors
o E[|Y1)?] < c0.
E[Yi]]=m e R,
Var[Y1] = X (d x d) positive definite.
h: O — RP where O is an open subset of RY.
h=(h1,...,hp) and has a total differential

hD(m) = |

e o6 o

()
Then:
h(Y) = h(m) + KD (m)(Y — m) + op(n~1/?)

VAlA(Y) = h(m)] == Np(0p, KO (m)Z[HD(m)]T)

MIT 18.655 Asymptotics II: Limiting Distributions



Delta Method: Multivariate Case
Asymptotic Normality of Exponential Family MLE
Asymptotics |l Asymptotic Normality of M-Estimators
ptotic Normali E
Super-Efficiency

Outline

@ Asymptotics |l

@ Asymptotic Normality of Exponential Family MLE

MIT 18.655 Asymptotics II: Limiting Distributions



Delta Method: N ivariate Case

Asymptotic Nori of Exponentlal Family MLE
Asymptotics |l Asymptotic Norr

Asymptotic Normality

Super-Efficiency

Asymptotic Normality of Exponential Family MLE

Theorem 5.3.5 Suppose:

@ P: canonical exponential family
o T(X1) = (T1(X1),..., Tq(X1))T".
e £ open

° Xi,...,Xyiid P, cP

e 7j: MLE (if it exists, otherwise constant c¢)
Then
1
() H=n+= ZA — A(n)) + op, (n"2).

(i) /(A — n) £~> Ng(0g, A~2(n))
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Proof:
e Applying the multivariate CLT to T:
with
o E[T | ] = AQy) = E[T(X) | ]
o Var[T | n] = A(n) = Var[T(X1) | ].
gives
(T — A()) == Na(0, A(n)).
=7 = %27:1 T(X;), so
), where h(t) = A~1(t).

§

ey = | 2O~ pa-s(e) = (DA = ()

e Apply Theorem 5.3.4 to T, using h(T), noting that
m = E[T | 1], h(t) = A=(¢).
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Asymptotic Normality of Minimum-Contrast Estimators

Minimum Contrast Estimator:

@ Xi,...,X,iid Py, 0 € ©, where ©(open) C R.
@ Contrast function:

p: X X0 =R,
@ Discrepancy function:

D(6o,0) = E[p(X1,0) — p(X1,60) | 6]

Uniquely minimized at 8 = 6.

® Minimum-contrast estimate:

0, minimizes p,(0) = 1 37| p(X;, 0).
@ Assumption Ag : ¢ = % is well defined:

0, solves

LS (X, 0) = P,(0) = 0.
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Asymptotic Normality of Minimum-Contrast Estimators

@ For a distribution P, define the parameter:
6(P): unique solution of
[ ¥(x,0)dP(x) = 0.
Note:
o For §(P) to be well-defined, assume that
[ 1¥(x,0)|dP(x) < 00, 8 €O, P € P.
e P may come from larger class than {Py,0 € ©}. The original
parameter of interest can be extended to larger class of

distributions.
e Consider Taylor expansion of 1,() at 6 = 6, centered at
0=0(P):
0= ¥,(0n) = ¥ (0(P)) + (B0 — O(P)) x $5[t0,(67)]
where 0% . 16" —0(P)| < |6, —0(P)|.
Sol0n(0)] = £ 0 55[0(Xi,0)]
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Asymptotic Normality of Minimum-Contrast Estimators

o Consider Taylor expansion of 1,(f) at 6 = 0, centered at
o=0(P): B B B
0 =1,(0n) = ¥a(0(P)) + (0 — (P)) x S5[tbn(67)]
where 0% 10" —0(P)| < [0, — O(P)|.
ool = 5 Xila [0 (X, 0)]
@ Note components of Taylor expansion:
o ¢,(0(P)) = 2 374(X;,0(P)), a sample mean; CLT applies,
so long as:
A2 : Ep[t2(Xy, 0(P))] < oo, for all P € P.
o If A5: 8, - 0(P), then 0* -2 0(P)
o If Ad:
supe{|7 221 1(81/’()( t) = 55 (X, 0(P))| : |t = O(P)| < €n}
—> 0, ife, — 0.
then G l0n(09)] = Ep(1(X:,0(P)))
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@ Define
J(0(P)) = —Ep (5[ (X, 0)))lo=a(p)
Suppose A3 J(tg(P) # 0, then we can rewrite: B
0 =1,(0n) = ¥a(8(P)) + (0n — (P)) x S5[thn(67)]
as
TP
SR XN ()
%)
B J(O(P)) + op(1) _
= Vn(0,—0(P)) = [JO(P)+ op(1)]™" x /[y, (6(P))]
= [JOPN™ x [1+0p(1)] x v/n[1,(0(P))]
% N(0.0*(1, P))
where o%(¢), P) = Ep[t*(X1, 0(P))]/[J(0(P))]
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Remarks

@ The asymptotic normal distribution applies to solutions of the
estimating equations; these equations can be motivated by
M-Estimators (distinct from minimum-contrast estimators).

@ The limiting distribution results apply to sampling distribution
P & P so long as

O(P) is unique minimum of Ep(p(X1,0)) or
6(P) uniquely solves: Ep[i)(X1,0)] = 0.
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Maximum-Likelihood Estimators

o p(X,0) = —log[p(x | 0)] = —I(x,0)
e Y(X,0) = %(X )
@ Note that:

J(O) = —Ep(Lu(X,0))

= El(F(xa, 0)] = Varg[G5(X1,0)] = 1(6)
= V/n(0, — 0(P)) [J(O(P)I x v/n[,(0(P))] + op(1)
= N(0,0%(1), P))
) = Ep[v?(X1, 0(P))I/[J(O(P))I* = 1/1(6), and

&

where o2(3), P

7, - e(p)#@n((j(f)))MoP(wn(e(P)))

- Z 0Py 5106 O + os(n
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Theorem 5.4.3 If 0,, is a minimum contrast estimator
corresponding to p(x, 8) and ¥ (x, 8), which satistfy assumptions
A0 — A6, then

with equality if and only if (x,0) = a(6) a’gé’g), for some a(6) # 0.
Proof: Assuming that /(x,0) = —log(p(x | 0)) is differentiable:
Jw(x,0)p(x | 0)dx =0 implies (by differentiating),
Eol55 (X0, 0PN = —Eol (X0, 0)v(X0.0)]
= _COVH[aa(le 0), (X1, 0)] = —J(6(P))

The covariance inequality
[J(O(P)? < Var[5(X1,0)] Ee([w(Xl, 0)]?) gives

720, P) = W (Varl 0.0 =

with equality iff (X1, 6) is a linear multiple of 8I(X, 0)/06.

MIT 18.655 Asymptotics II: Limiting Distributions



Delta Method: Multivariate Case

Asymptotic Normality of Exponential Family MLE
Asymptotics |l Asymptotic Normality of M-Estimators

Asymptotic Normality of MLE

Super-Efficiency

Outline

@ Asymptotics |l

@ Super-Efficiency

Distributions

17 MIT 18.655 Asymptotics II: Limiti



DPH; Method: M

ntial Family MLE
Asymptotics |l /\S‘MTIDTOUC Nol M-Estimators
Asymptotic Nol
Super-Efficiency

Hodges' Super-Efficiency Example

Hodges’ Example:
@ Xi,...,X,iid N(6,1)
e X, is the MLE of

e /() =1
Consider the estimator: o
G0 if |Xal< n~1/4
"I X i [Xa| > 0l

G, is a “Pre-Test” Estimator:
@ Test Hy: 0 =0vs Hy : 0 #0.
o Reject Hp if X, > n~1/%.
e Use X, if Hy rejected, otherwise 0.
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Hodges' Super-Efficiency Example

Limiting Distribution: /n(f, — 6) —=-7

o Consider: .
Pold, =0] = P[X,| < n /4

= PN, 3)| < n /4
= o(z7) - 9(z)

n
where
sx _ n" Y40 _ 1/4 1/2
=" nl/4 — nl/2¢
« _ —n" V49 _ 1/4 1/2
Zn—w——n/—n/a

@ Suppose 0 # 0. Then since z}* — —oc0 and z}; — —oo,
Pylf, = 0] == 0 and Py[f, = X,] — 1.

@ Suppose 8 = 0. Then since z;* — +00 and z} — —o0,
Polf, = 0] =5 1 and Py[f, = X,] — 0.
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Hodges' Super-Efficiency Example

Limiting Distribution: /n(f, — 0) —£-7

(0, — 0) =5 N(0,52(0))
02(9):{ 1/1(0), if 60

where
0, if =0
The estimator GN,, is

o efficient for all # #0, and
o super-efficient at 6 = 0.
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