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Generalized Linear Model

Data: (y;,x;),/ =1,...,n where
Yi: response variable
X; = (Xi1,...,Xp) : p explanatory variables

Linear predictor: For 8 = (f1,...,08,) € RP:
xiB = 371 xiiB

Probability Model: {y;} independent, canonical exponential r.v.'s:
o Density: p(y; | ni) = e"Yi—Ai) p(x)
@ Mean Function: p; = E[Y]] = .( i)

o Link Function g(-) : g(pi) = xi3
With estimate 3: x;3 = g(ui).

Canonical Link Function: g(u;) = 7; = [A]"} (1) = x/ 3
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Matrix Notation

n X1,1 X12 ccc Xip B,
Y2 X21 X22 -t X2p )
y= . X= . . . . B = :
Yn Xn1 Xp2 - Xpn Bp
H1 /.4(771)
p2 A(2) .
Ebl=n=1| . |=| .7 |=AMm
Hn A(nn)
Examples:
yi ~ Bernoulli(6;) : n;i = log( 1fi9,-)
y; ~ Poisson()\;) : n; = log(\;)

yi ~ Gaussian(pj, 1) : nj = p;
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Generalized Linear Models

Log-Likelihood Function for Generalized Linear Model
UB) = > i(miyi — A(ni) + log[h(yi)])
o n'y—1TA(n)
= g(u)Ty —17A(n)
= [XB]Ty — 1T A(n) (for Canonical Link)
Note: T(y) = X"y is sufficient when g(-) is canonical

Maximum Likelihood Estimation of 3
Solve for {3,,,m=1,2,...} iteratively:
0= g(ﬁm—f—l) = Z(/Bm) + (Bm—f—l - IBm)E(IBm)

— Berl = lamjL[*f(Bm)]_l‘g(Bm)
“Fisher Scoring Algorithm” <= Newton-Raphson

B,, —C B (the MLE)
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For Canonical Link

UB) = I (miyi — A(mi) + log[h(y)])]

= S0 Bl0nivi — Ami) + log[h(y:)])]

= S0 (5 [myi — AGw) + loglh(yD)]) (5% )

= S (v - A00) (%)

= i i — ) xi =y xi (vi — pi) = [X]T(y — m)
18 = s2lie) = BT[Z, 1(y, ) (%))

2y (—TAT) xd 22 = Sy (TR ) xix]
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near Models

For Canonical Link
UB) = &Iy (miyi — Almi) + log[h(yi)])]
= X"(y—p)
1B = 52l = 52 e (vi = Am)) (%21
= 7 (~TAmT) xix]
= XTwX
where W = Cov(y) is diagonal with W;; = A(1;) = Varlyi]
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Iteratively Re-weighted Least Squares Interpretation
Given B,y, and f1(B,,) = A(XB,,),

Bm—l—l = 13m =+ [_E(l@m)]_lg(ﬁm)

= B+ XTWX]HX] T (y — (B))

A = (8,11 — Bn) is solved as the WLS regression of

Y« = [y - ﬂ(ﬁm)]
on X, =WX
using Y, =Cov(y,) =W

The WLS estimate of A is given by:

A = X I IX] XTIz 1y,
XTWW-IWX] X TWW Ly — ()]
= [XTWX]7IXT[y — 4(8)]
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Logistic Regression for Binary Responses

Binomial Data: Y; ~ Binomial(mj,m;), i =1,... k.
Log-Likelihood Function

Ums,. .. om) = [IC 1[(Ylog<

Covariates: {x;,i =1,..., k}

>) + m;log(1 — ;)]

Logistic Regression Parameter:
ni = log[ri/(L—7—i)]=x/B

W = Cov(Y) = diag(m;mi(1 — 7)), (k x k matrix)
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Likelihood Ratio Tests for Generalized Linear Models
Consider testing .
Ho : = py = A(XByp).
VS
Hap © = ., (general n-vector)
e.g., tt, = AX.8,) with X, = I,
and 3, =n.
Suppose y is in interior of convex support of {y : p(y | n) > 0}.
Then ) =n(y) = /2\_1(y) is the MLE under Hay
The Likelihood Ratio Test Statistic of Hy vs Hay:
2log A = 2[(n(Y)) — £(n(k))]
= 2([n(y) — n(ro)l"y — [A(n(y)) — A(n(ko))])
= "Deviance” Between y and
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Deviance Formulas for Distributions

Gaussian: Y (yi — pi)?/o3
Poisson : 2" .[yilog(yi/fi) — (vi — fi)]
Binomial : 2% _;[yilog(yi/fii) + (mi — yi) log[(mj — yi)/(mi — fi;)]
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Vector Generalized Linear Models

Data: (y;,x;),i =1,...,n where
y;: a g-dimensional response vector variable
x; = (xi1,...,Xp) : p explanatory variables

Probability Model: The conditional distributions of each y; given
x; is of the form

p(y ’ X; Ba¢) = f(yanlv""n/\/hQS)
for some known function f(-), where B = [3;8, - B] is a
p X M matrix of unknown regression coefficients.

M Linear Predictors: For j =1,..., M, the jth linear predictor is
nj = nj(x) = B x = 30_; Bk,

where x = (x1,...,X,)T with x3 = 1 when there is an intercept.
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Matrix Notation

T T
Y1 X1 X1,1 X122 0 Xip
T T
Y2 X2 X211 X2 -t X2p
Y = X=1| | | = . . .
T T
n Xn Xnl Xn2 - Xpn

B = [51|52| "'/BM]

Link Function: For each observation i

Elyi] = ni (g x 1 vectors) and
g(p;) =n; = B'x (M x 1 vectors)
where:
m(xi) Bl xi
n; =n(x;) = : = : =BTx;
nm(x;) Bl xi
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Multivariate Exponential Family Models
o Density: p(y; | n;) = e ¥~ AM)h(y,)
@ Mean Function: u; = Ely;| = /2\(77,-)
o Link Function g(-) : g(u;) = BTx;
Canonical Link Function: g(p;) =0, = [A]}(y;) = B x;

Examples:
y, ~ I\/Iu/tinomia/(m;,?T;,1,--~a7Ti,M+1)
i 20>J:17’M+1 and Zjl\i—]"._lw’.:j:]”
y;i ~ M-Variate—Gaussian(u,-,):o)
p; € RM and Xy known (M x M)

Case Study: Applying Generalized Linear Models.
Note: Reference Yee (2010) on the VGAM Package for R
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