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Kinematics of Rigid Bodies

Instant Centers or Instantaneous Centers

“Point on a rigid body whose velocity is zero at a given instant”
Instantaneous: May only have zero velocity at the instant under consideration.
Idea: If we know the location of an instant center in 2D motion and we know
the angular velocity of the rigid body, the velocities of all other points are easy
to determine.

Figure 1: Rigid body where I is the instant center. Figure by MIT OCW.

Vg = VUr+twXrrg
= O+£><ZIA (1)

Vg =WXTry
So body is undergoing rigid body rotation about I.
How to locate an instant center?

1. Draw lines in direction of motion of two points on a rigid body.
2. Draw perpendiculars to both these lines at points.

Cite as: Thomas Peacock and Nicolas Hadjiconstantinou, course materials for 2.003J/1.053J Dynamics and
Control I, Spring 2007. MIT OpenCourseWare (http://ocw.mit.edu), Massachusetts Institute of Technology.
Downloaded on [DD Month YYYY].



Instant Centers or Instantaneous Centers 2

3. I is the intersection of perpendiculars.

’ Line in direction of motion of A

Line in direction of motion of B

Figure 2: Rigid body with lines drawn to demonstrate how to find instant center.
Figure by MIT OCW.

Proof

Uy =04 +WXTyg

(w is angular velocity of rigid body.)

w X 1 47: Vector is L to r4;. Direction of motion is parallel to motion of A.

vy =UptWXrpy
w X rpr: Vector is L to rp;. Direction of motion is parallel to motion of B.
Cannot satisfy both of these unless v; = 0. (I is the instant center.)
Note: The instant center may not actually be a point on the rigid body. This

simply means that the body is instantaneously rotating about an external point.
The instant center can change in time.

Example: Rolling Disk

What is the velocity of point A?

Assume no slip.
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Figure 3: Rolling Disk. The disk rolls with angular velocity w in the x-direction.
Figure by MIT OCW.

Point I marks the contact with disk and ground: no slip, not moving for an
instant because ground is still. — Instant center.

Vg = wer XTIy
= wé, x (—V2Rcos45°¢, — V2Rsin 45°¢,) (2)
b éy é:
0 0 w | =

RvV2cos45° R\/2sin45° 0

é2(—V2Rwsin45°)—¢é,(—V2Rw cos 45°) = | —v2Rwsin 45°¢, + V2Rw cos 45°¢, = v,
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Example: Multibar Linkage

Figure 4: Multibar Linkage. Figure by MIT OCW.

Without Instant Centers

A is stationary.

Up = Uy WA XTyp
Vo =V tWpe XI'pc
Vo =VUp +Wep X I'pc

3 unknowns (ve, Wre, Wep), 3 equations. Take cross products and solve.

With Instant Centers

We know the directions of motion of B and C

vp = 10§(From motion of bar AB) = wpe - Im

Therefore:

Wpce = 107(_%)

Now we know that:

Vo = wpe -mV2=+2-10m/s
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ve = V210 = wepV2

‘ wep = 10rad/s(+é.)

Of course, this is a nice geometry — can easily become more complicated.

= Good method for multibar linkages, and ladders against walls.

Plane Kinetics (Dynamics) Of Rigid Bodies

Recall that for a system of particles

1. Linear Momentum: %B =F_.

2. Angular Momentum: %QB +ug x P=1%"

3. Work-Energy Principle: Ty + V£t = Ty + V£ (All external forces are po-
tential or do no work or no relative motion in line joining centers of particles)

Now for rigid bodies:

Linear Momentum Principle

d

—_pP= Fe:Et
dt— =
P =My,

M: Total Mass
v,.: Velocity of center of mass
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Angular Momentum Principle

c C = center of mass

Y ~ w=bd,

Figure 5: Rigid body that rotates with angular velocity w. Figure by MIT
OCW.

Hp Z(EB)Z' = Zf; XD,

i

= > rxmi(ve+wxp,)

i

= Y (to+p) x (@ +wxp,) (3)

2

Hp = Zmi(zc Xyc)—l-Z(zC xgxgi)—FZmi(Ei X£0)+Zmi(£i Xwxp.)
3 1 1 1

(e X w x p;) = 0 because > m;p; =0
2_imip; X ve) = 0 because Y mip; =0

ﬂB:TICXB—i—Zmi&_XQXﬁ
i

>_imip, X w x p;: Contains moment of inertia.
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