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Lecture 10

2D Motion of Rigid Bodies: Falling Stick
Example, Work-Energy Principle

Example: Falling Stick
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Figure 1: Falling Stick. Stick has mass, M and Length, L. Figure by MIT
OCW.

What is the equation of motion if the stick slides without friction along flat a
surface?

Application: Joint slipping and sliding.

Uniform Rod: Center of Mass C.

Kinematics

Constraint: yg = 0 = 3 - 1 generalized coordinates

So we choose z¢, ¢ to be the generalized coordinates because body is rigid. zp
is related to z¢.

Forces not asked for in problem.

. L. .
ro =2céy + 5 sin ¢é,
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L.
To = Tcty + §¢cos oey
L. L .
To=2cty + §¢cos¢ — 5(;52 sin ¢é,

Kinetics

Free Body Diagram
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Figure 2: Free Body Diagram of Falling Stick. Figure by MIT OCW.

Which principles to apply?

Want to avoid using N

(1) Angular momentum about B

(2) Linear momentum in x (No forces in x-direction)

Could use work-energy principle, because N does no work.

Linear Momentum in x-direction

d
F. =—P
= At

Angular Momentum about B

d
IB:%EB‘FQB x P
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d . d L R
vp = 7 TBé = %(xc - §COS¢)6I

L.
Vg = {fc + Efbsmﬁﬂ o

Hp=Ho+roxP

. L L L .
= Ic¢é, + (5 cos pé,, + 3 sin ¢éy) xm(:bcém + §¢cos ¢5éy)

. L2 . L
= Ledé, +m—cos” ¢de. - me sin ¢é,
L2 . mL
= {(IC + mz cos? ¢> ¢ — mT:bc sin qﬁ} é
L2 :
4 <Ic + = = cos” ¢> e,

Note: We cannot write in this problem that /pw = H 5. Point B is moving, not

stationary.

mL?

mIL?

. . . L L .
ﬂB:{(Ic—i- 1 cosz¢)¢— 1 -2cos¢sin¢¢2—mTﬂ'écsin¢—mT§cc¢cos¢ e,

L. L.
v X P = (:z':c + Etbsinczﬁ)éz X m<:’ccém + §¢cos¢éy>

L. L? ,
vg X P = <x’cm§¢cosq§+ m4 sin¢cos¢¢2>éz
Ip=-mgy cos €,

Notice all terms are in the é, or —¢é, direction.
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(L/2)cosO

Figure 3: Free Body Diagram of Falling Stick. Figure by MIT OCW.

Therefore:
I mL?* 5 \. mL? .o mL., .
—mgg cos ¢ = <Ic + Cos ¢) ¢ — D) cos ¢ sin ¢~ — TIC¢COS¢
+ mTLi?cécosqb + m4LQ sin ¢ cos ¢
= (IC + m4LQ cos® (b) ng — m4LQ cos ¢ sin ¢¢32
g~ cos 6 = <Ic + I o ¢) 5= L cos g sin g

Alternative Approach: Apply Angular Momentum About

Point C, The Center of Mass

We should get the same answer by applying angular momentum about C.

d d
To = Eﬂc = EIQ = Ic¢e,

L .
—NE cos pé, = Icpé,

Icé = —Ng cos ¢
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Figure 4: Free Body Diagram of Falling Stick. The approach employed here is
one that uses angular momentum about C. Figure by MIT OCW.

Simpler expression but must find N. Use linear momentum in y-direction.

L. L .
N —mg = m(a(bcosqﬁ — 5(;52 sinqS)
From above:

—2Ic¢
N =
Lcoso¢

2Ic$ +mgL cos¢ = —ml cosqﬁ(gécosqﬁ — gqﬁz sinqS)

2 2

mL

4

mL

L .
—mgg cosp = (Ic + cos >

cos? ¢) (b —

Notice the equations are the same.

Work-Energy Principle for Rigid Bodies

We need a kinetic energy expression.

If you can show that all non-conservative external forces do no work, V + 1T =
Constant. V is potential energy defined based on center of mass.
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Figure 5: Rigid Body. Figure by MIT OCW.
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>_imip, = 0 because of center of mass.

1 1
T = §Mv% + 510w2
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