Example: Rolling Cylinder Inside A Fixed Tube 1

2.003J/1.053J Dynamics and Control I, Spring 2007
Professor Thomas Peacock
3/19/2007

Lecture 12

2D Motion of Rigid Bodies: Rolling Cylinder
and Rocker Examples

Example: Rolling Cylinder Inside A Fixed Tube

Initial Configuration:

E Directional Axis

A Painted Line

Figure 1: Initial configuration of rolling cylinder inside fixed tube. Figure by
MIT OCW.

Derive the equations of motion.
Assume no slip.
Displaced configuration:

Directional Axis

o
.

Figure 2: Displaced configuration of rolling cylinder inside fixed tube. Figure
by MIT OCW.
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Kinematics
May not know everything but at least choose generalized coordinates.
How many generalized coordinates? 3 coordinates initially.
2 constraints.
1: Rolling on inside of cylinder.
2: No slip.
Only need 1 generalized coordinate: either ¢ or 6.
We will choose 6.
Recognize angular velocity w = —q'Séz.

Must express ¢ in terms of 6.

No-slip condition:

A

Figure 3: Kinematic diagram of rolling cylinder inside fixed tube. Figure by
MIT OCW.

RO=r(0+¢) = ¢=ETg =g

Kinetics

3 different methods of solution.
e Angular momentum about B
e Conservation of energy

e Angular momentum about C
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Angular Momentum about B

Figure 4: Kinematic diagram of cylinder in fixed tube. Point B is an imaginary
particle marking the point of contact. Point B moves. B on cylinder. B” on
tube. If you choose B/, at a later point in time B’ would have moved away from
the contact marker B. Likewise B . Figure by MIT OCW.

vp = Réy || mu, = ROég = m(R — r)6ég

Therefore:

vgx P =10

EB5 ﬁc + rpo X P
rpc X P: rpe is perpendicular to P.

—rm(R—71)0é, =rge x P

Ho=Ilcw= %mrz (—7(}2 —") ééz)

r

Hp= [—%mT(R —7)0 —mr(R — r)@} é.

Hp= —gmr(R —r)0é,
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mg

Figure 5: Free body diagram of cylinder. Figure by MIT OCW.

mgrsin 0é,

Therefore:

mgrsinf = —gmr(R —r)f

. 2
(R—r)0 + ggsinO =0

Conservation of Energy

Finngent

mg

Figure 6: Free body diagram of rolling cylinder in fixed tube. Figure by MIT
OCW.
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N: normal force
Fiangent: tangential force
mg: gravity is a conservative force
There is zero velocity at the instant the normal and tangential forces are
acting. None of those forces do work, because of the no-slip condition.

T + V = Constant

1 1
imvg + §Icw2 =T

V:

Define potential energy to be zero at the center of tube (O).

‘V = —mg(R—r)cosQ‘

Figure 7: Rolling cylinder in fixed tube. Figure by MIT OCW.

%(T +V)=0: gm(R —7)2200 — mg(R — r)(—sin#f) = 0

(R—1)0 + ggSmH =0
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Angular Momentum About C

P=my, (Insame direction
A astangential)
e

Figure 8: Angular momentum of cylinder about C. Figure by MIT OCW.

Always consider taking angular momentum about the center of mass.

ve | P—u,x P=0

d
=—H
Te ™ @
T, =rF€,
1 7).
EE Icg - a 2 (R T) eéz
2 T

1
rF = —Emr(R — )0
We have introduced a force F'. Use linear momentum to find expression for F'
(in F direction).
Apply in direction of F.

(F —mgsin®)é; = %mycét = %[m(R —7)0] = m(R — r)fé,

F —mgsind =m(R—r)6

There is an error in this analysis.
Where is it?

The error is in %mycét =m(R— r)éét. é; is changing with respect to time, so
we should write & (mu.éy).
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(F —mgsinf)é, = y (mu.é;)

d
t
d
T dt

[m(R — r)0é,
= m(R —r)6é; + m(R — r)é%ét

= m(R —r)fé; + m(R — r)6%¢,

Eét = 0é,

Angular Momentum about C: F = m(R —r)§

Linear Momentum é,: F —mgsinf = m(R —r)f
Eliminate F from these:

(R—1)0 + ggSmH =0

Example: Rocker with Point Mass

n
/11 AT

Figure 9: Rocker. All mass at m. No slip. Figure by MIT OCW.

Derive equations of motion.
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Kinematics

Figure 10: Kinematic diagram of rocker. Figure by MIT OCW.

1 generalized coordinate 6.

x = RO —asinf
y=R—acosf

i = RO — acoshf
4§ = asin 66
Because of no slip, (R —a)f = AB.

Kinetics

Conservation of Energy

Usable, similar argument to one in rolling cylinder example based on no-slip
condition.

Angular Momentum about B

TBZEB‘FEB x P

vp X P: This term is not zero.

B always lies below point O.

vp = ROE,

P = m(RO — acosbf)é, + m(asinfh)é,
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Solution to Mass Particle in Rocking Chair Example

0

e
/1177177

Figure 11: Mass particle in rocking chair. Assume pure rolling. Figure by MIT
OCW.

Kinematics

Figure 12: Kinematic diagram of mass particle in rocking chair. Figure by MIT
OCW.

Center of mass (particle) coordinates: x, y

Due to rolling: |OP| = Rf

r=RO—asinf =i = RO — ab cos f

y=R—acosf = i = asin

= RO+ ab?sinf — ab cos
Y= af sin 0 + a cos 062

1 generalized coordinate 6.
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Kinetics (Forces)

N

Figure 13: Free body diagram of mass particle and rocking chair. Figure by
MIT OCW.

Angular Momentum Principle: Moments Taken around P

To eliminate N, F take.moments about point P that moves such that it is
always under O. vp = ROi.

ZI}eDIt = %ﬂp—i—yp x P
Zz}?t = mgasin 0é,
P =mii+ myj
vp X P = mRab? sin 6,
Hp=Hq+rxP=rxm(ii+y))
r=—asinfL + (R —acos0)j
Hp =[-mi&(R — acosf) — myasinblé,

%ﬂp = —[(R? — 2Racosf + a®)0 + 2a6>sin 0]é.

Use the above to substitute for the terms in > 73" = %ﬂp +up x P.

(R? — 2Racos 0 + a?)f + Rab?sin 0 + gasinf = 0

Second order nonlinear: Given #(0) and #(0) may integrate (Matlab) to find
time history for ¢ > 0.
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Conservation of Energy

Could we get this equation from other means? Is system conservative? Yes, N
and F' do no work.
Then:

T 4+ V = Constant
1 1 . . .
T= §m(:b2 + %) = Em[(Rb' — af cos 0)* + a?6? sin® ]
= %m(R2 — 2Racos b + a?)6?
V =mgy = mg(R — acos0)

1 :
mg(R —acosf) + §m(R2 —2Racosf + a?)§? = Constant

Taking the time derivative:

mgafsin @ + mhf(R?* — 2Ra cosf + a®) + mRasin 0920 = 0

(R? — 2Racos 0 + a*)f + Rasin #* + gasind = 0

Angular Momentum Principle: Moments Taken About Center of
Mass

Forces:

N

Figure 14: Free body diagram of mass particle and rocking chair. Figure by
MIT OCW.
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S Ee = i+ )
— F = mi = m(RO + ah?sin 0 — af cos 0)
N —mg = mij = m(afsin 0 + ah? cos )
Need to relate N and F.

exr d
> rpt= prle
ECZO

%" =0= N-asinf = F- (R — acosf)

N = mg + mafsin b + mab? cos §
Nasinf = mgasinf + ma?6sin’ 0 + ma?6? cos O sin 6
From (Il):
F = —m(R — acos0)§ — mab? sin
F(R —acos) = —m(R — acos)?6 — mah? sin (R — a cos )

—m(R — acos0)%0 — mab? sin R = mga sin 6 + ma?6 sin® ¢

m(R? + a® cos? § — 2Ra cos )6 + mab? Rsin  + mgasin 6 + ma?fsin 6 = 0

(R? — 2Ra cos 0 + a®)0 + maf?Rsinf + mgasinf = 0

Analysis of Equation of Motion

Equilibrium: 6=6=0

mgasind =0=6=0

How do we describe the oscillatory motion about 8 = 07
For 6, 6, § small about § = 0 we may approximate:
sinf ~ 6

cosf ~ 0

m(R? — 2Ra + a?)0 + mgah = 0
(R—a)%0 4 gab =0
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Natural Frequency:

Use solutions of the form Ae™

ga
:O
= m? +(R—a)2

R~ 30cm, a~15cm, T =~ 0.785.

m:ii,/ﬁ
9~Ae W1 T +Be ' [C=ny = (Ccos (t RLLQ)Q)#—DSin (t (R97a2>
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