2.094— Finite Element Analysis of Solids and Fluids

— Fall ‘08 —
MIT OpenCourseWare



Contents

9

Large displacement analysis of solids/structures

1.1 Project Example . . . . . . . . .

1.2 Large Displacement analysis . . . . . . . . . . . .. . e
1.2.1 Mathematical model/problem . . . . . . .. ... .. L Lo
1.2.2 Requirements to be fulfilled by solution at time ¢ . . . . . .. .. ... ... ....
1.2.3  Finite Element Method . . . . . . . . . . .. ... .
1.24 Notation . . . . . . . .. L

Finite element formulation of solids and structures
2.1 Principle of Virtual Work . . . . . . . . . . ..
2.2 Example . . . ..

Finite element formulation for solids and structures
Finite element formulation for solids and structures
F.E. displacement formulation, cont’d

Finite element formulation, example, convergence

6.1 Example . . . . . . oL
6.1.1 F.E.model . ... .. .
6.1.2 Higher-order elements . . . . . . . . . . ...

Isoparametric elements
Convergence of displacement-based FEM

u/p formulation

10 F.E. large deformation/general nonlinear analysis

11 Deformation, strain and stress tensors

12 Total Lagrangian formulation

10

14

19

23
23
23
25

28

33

37

41

45

49



MIT 2.094 Contents
13 Total Lagrangian formulation, cont’d 53
14 Total Lagrangian formulation, cont’d 57
15 Field problems 61
15.1 Heat transfer . . . . . . . . . . . . e e e 61
15.1.1 Differential formulation . . . . . . . . .. .. L L 61

15.1.2 Principle of virtual temperatures . . . . . . . . . ... .. 62

15.2 Inviscid, incompressible, irrotational flow . . . . . . . . ... ..o 64

16 F.E. analysis of Navier-Stokes fluids 65
17 Incompressible fluid flow and heat transfer, cont’d 71
17.1 Abstract body . . . . . . 71
17.2 Actual 2D problem (channel flow) . . . .. . ... . .. L o 71
17.3 Basic equations . . . . . . . . .. Lo 72
17.4 Model problem . . . . . . . . L e e 72
17.5 FSI briefly . . . . . .« o e 75

18 Solution of F.E. equations 76
18.1 Slender structures . . . . . . . . . L e e 79
19 Slender structures 81
20 Beams, plates, and shells 85
21 Plates and shells 90



2.094 — Finite Element Analysis of Solids and Fluids Fall ‘08

Lecture 1 - Large displacement analysis of solids/structures

Prof. K.J. Bathe MIT OpenCourseWare

1.1 Project Example

Physical problem

Reading:
Ch. 1in
the text
= Yirldeq~
==
Y (M "
— Lno[L
——— s
el

“Simple” mathematical model

[NP

analytical solution

F.E. solution(s)

Z

More complex mathematical model

4/MNP

O D

holes included

large disp./large strains

e F.E. solution(s) =

e How many finite elements?

/

We need a good error measure (especially for FSI)

“Even more complex” mathematical model

LLLLﬁ

ff _ The “complex mathematical model” includes Fluid
%_ < &7 C:)j Structure Interaction (FSI).
/

You will use ADINA in your projects (and homework) for structures and fluid flow.
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MIT 2.094 1. Large displacement analysis of solids/structures

1.2 Large Displacement analysis

Lagrangian formulations:

e Total Lagrangian formulation

e Updated Lagrangian formulation

Y} n
7<1'f \Elt i ("h'ﬂﬁhbns on
CSuraze P preserrped dwpl ) A -;P-B X Sife S
- (“Loma; P Ut uutum)
Codz,.m) '

aﬁ,tml)

at

1.2.1 Mathematical model/problem

Given the original configuration of the body,
the support conditions,
the applied external loads,
the assumed stress-strain law
Calculate  the deformations, strains, stresses of the body.

Question Is there a unique solution? Yes, for infinitesimal small displacement /strain. Not necessarily

for large displacement /strain.
For example:
Snap-through problem
load, *R_

dsl, <f.

The same load. Two different deformed configurations.

4

Reading:
Ch. 6
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1. Large displacement analysis of solids/structures

Column problem, statics

fegl

Not physical

— R

Ton 2 [ e CamApression

M

'R is in “direction” of bending moment = Not in
equilibrium.

1.2.2 Requirements to be fulfilled by solution at time ¢

I. Equilibrium of stresses (Cauchy stresses, forces per unit area in ‘V and on *Sy) with the applied

body forces ! f2 and surface tractions * f°¢
I1. Compatibility

III. Stress-strain law

1.2.3 Finite Element Method

I. Equilibrium condition means now

e equilibrium at the nodes of the mesh

e equilibrium of each finite element
IT. Compatibility satisfied exactly

III. Stress-strain law satisfied exactly



MIT 2.094 1. Large displacement analysis of solids/structures

1.2.4 Notation

X3 (BXL txa)

X\
("x, *y ) (2=1,2,3)
') )('. P(EX\=ZiDX2=l,°X3:]>

Cauchy stresses (force per unit area at time ¢):

iy 4,5=1,2,3 ‘'m;="‘r; (1.1)
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Lecture 2 - Finite element formulation of solids and structures

Prof. K.J. Bathe MIT OpenCourseWare

Reading:
. . . . Ch. 1, Sec.
Assume that on 'S, the displacements are zero (and *S, is constant). Need to satisfy at time ¢: 6.1-6.2

t

o Equilibrium of Cauchy stresses "7;; with applied loads

="t ' fmz 'riz fmes 'man | 21)
(For : =1,2,3)

brys+ P = 0in 'V (sum over j) (2.2)
brijtng = tfisf on 'Sy (sum over j)

(e.g. tfisf = tTil t’fl1 + tTiQ t’n/g + t7'i3 t’n,3 ) (24)

S.
And: tTu tnl + tTlg tng = tfl I

«:_{35-51

e Compatibility The displacements ‘u; need to be continuous and zero on t9,,.

e Stress-Strain law

tTij = function (tuj) .



MIT 2.094 2. Finite element formulation of solids and structures

2.1 Principle of Virtual Work*

Ko

%,

/ b7ij tEijdtV:/ i ﬂidtv+/ tfisf Uff 'Sy (2.6)
% % tSy
where
1 ou; 8@]‘
i = = 2.7
] 2(8%]_'_8%1) ( )
with u; o = 0 (2.8)
2.2 Example
%y
>,
Assume “plane sections remain plane”
Principle of Virtual Work
/ tT11 e d Yy = / tle up d ty +/ tPT ﬂff d tSf (29)
tV tV tSf
Derivation of (2.9)
frua+ 'L =0 by (22) (2.10)
(2.11)

(‘ri1a+ tle)m =0

*or Principle of Virtual Displacements




MIT 2.094 2. Finite element formulation of solids and structures

— ns 01 Fll:[t

e

Hence,

/ (‘rua+ "fP)ud' V=0 (2.12)
ty

tTllﬂl| tzi _/ ﬂl,l t7—11 dtV +/ ﬂl tle d tV - O (2.13)
—_——— tV N~ tv

_Sy €11
to ot
wytry g tS

s
¢ _t
where Tll|t5f ="'P.

Therefore we have
/ t€11 tT11 AV = / Uy tle dtv —‘rﬂff tPT tSf (2.14)
274 vy

From (2.12) to (2.14) we simply used mathematics. Hence, if (2.2) and (2.3) are satisfied, then (2.14)
must hold. If (2.14) holds, then also (2.2) and (2.3) hold!

Namely, from (2.14)

/ ﬂl,ltTlldtV = ﬂltTllltgf - / HltTll’ldtV = / ﬂltledtV +Hff tPTtSf (215)
tV u tV tV
or
_ _S
/ (" + YP) AV ) (TP~ ) 'Sp=0 (2.16)
v

Now let uy = x (1 - %) (“ry11 4 'f), where L = length of bar.
Hence we must have from (2.16)
i+ =0 (2.17)
and then also

'‘P.o="r, (2.18)
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Lecture 3 - Finite element formulation for solids and structures

Prof. K.J. Bathe MIT OpenCourseWare

Reading:
. . Sec. 6.1-6.2
We need to satisfy at time ¢:

o Fquilibrium

t
01,

7
G:Ej
‘ t,S;

T tn .= f’L

+P=0 (i=1,2,3)in'V (3.1)
(i=1,2,3) on 'Sy (3.2)
o Compatibility

o Stress-strain law(s)

Principle of virtual displacements

/ 7,585 AV :/ ;' fP dtv+/ Wy f d's; (3.3)
ty ty tg f

f

_ 1 ou; ou;
t%ij = 5 ( + o ) (3.4)

0 txj 8t9ci

e If (3.3) holds for any continuous virtual displacement (zero on S, ), then (3.1) and (3.2) hold and
vice versa.

e Refer to Ex. 4.2 in the textbook.

10
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3. Finite element formulation for solids and structures

Major steps
I. Take (3.1) and weigh with ;:
( tTij,j + tle) u; = 0.

II. Integrate (3.5a) over volume 'V:

/ ( tTijyj + tfiB) u; d V=0
ty

1L
tS, U 1Sy

Iv.

Result: (3.3).

(3.5a)

(3.5b)

Use divergence theorem. Obtain a boundary term of stresses times virtual displacements on S =

But, on S, the @; = 0 and on *Sy we have (3.2) to satisfy.

Example
4 %
[} -{;v
/ 7T s
o= - _ B
o 0 C)//()/[/ /o/m Mo
o
S
f
ey dV = | w' T dls
T11€11 = u; fi f (3.6)
tV tSf
One element solution:
l“ <+ -
U, .. A,
| = 3
2 ; f\HJ Eyg%ﬂg nng humﬁmﬁﬁ
L E\emeﬁf"
Mig=) =+
il P
2 L)‘,. |
el 7 UG
node
NMAMV5

11



MIT 2.094 3. Finite element formulation for solids and structures

u(r):%(l—&—r)ul—l—%(l—r)l@
tu(r):%(1+r) tu1+%(1—r) g
E(r):%(1+r)ﬂl+%(1fr)62

Suppose we know 711, ‘V, 1S, tu ... use (3.6).

For element 1,

t€11 = iﬂ =BW ( wu )

otr Uz

for el. (1 T
/ €1y, d'V LW [y 52]/ BW" tr, dtv
% v

= tp(1)

e R )
= | U U, Us
~ =~ 0

U2 UL

tFl(l) _ th(l)
tFQ(l) _ tFl(l)

For element 2, similarly,

—_ 0
:U1 U2 Ug |:tﬁ1(2):|

Uz ur

R.H.S
(unknown reaction at left)
(U, U, U] 0
tg .t S
o7 f 1
Now apply,

12

(3.10)

(3.11)

(3.12)

(3.13)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)



MIT 2.094 3. Finite element formulation for solids and structures

This gives,
LR 0 unknown reaction
{ 0 }+{tp<z)]— t tsfot (3.21)
it t5y
We write that as
'F="'R (3.22)
tF =fn ( tUl, tU27 tUg) (323)

13
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Lecture 4 - Finite element formulation for solids and structures

Prof. K.J. Bathe MIT OpenCourseWare
We considered a general 3D body, Reading:
Ch. 4

X,
+ sj‘-
Xy E
X, ‘

5 t

Su

[

The exact solution of the mathematical model must satisfy the conditions:
e Equilibrium within 'V and on 'Sy,
o Compatibility

o Stress-strain law(s)

I. Differential formulation

II. Variational formulation (Principle of virtual displacements) (or weak formulation)

We developed the governing F.E. equations for a sheet or bar

We obtained

(4.1

where ' F is a function of displacements/stresses/material law; and ‘R is a function of time.

Assume for now linear analysis: Equilibrium within °V and on °Sy, linear stress-strain law and small
displacements yields

‘F=K-'U (4.2)

We want to establish,
KU (t) = R(t) (4.3)

14



4. Finite element formulation for solids and structures

MIT 2.094

Consider

i\d’ {\ﬂ'rqi f,-u.;-'h:’.

v'=[Uy i Wi U, Wy | (N nodes) (4.4)
where U7 is a distinct nodal point displacement vector.
Note: for the moment “remove S,”
We also say
U'=[U U, Us U, ] (n=3N) (4.5)
We now assume
(m)
w™ = HM™U, ™ =1 o (4.6a)
w
where H(™) is 3 x n and U is n x 1.
™ = By (4.6b)
where B(™) is 6 x n, and
T
e(m) = [ €xx C€yy €2z Yoy Vyz Vzz ]
o Ov Ou
8T = 90 Ty
We also assume
a™ = HMO (4.6¢)
gm BT 4.6d)

15
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4. Finite element formulation for solids and structures

Principle of Virtual Work:

—T
/V elrdv = /V U fPav (4.7)
(4.7) can be rewritten as
3 / em rmaytm = 37 / o B avem (4.8)
— Jym) — Jym
Substitute (4.6a) to (4.6d).
—T T
U Z B m) gyy(m) L
— Jvim
, (4.9)
= T (m)
U H™ B gy m)
{; Vv (m) f
+(m) — om)m) — o(m) gm)gr (4.10)
Finally,
ﬁ’/ 3 B™ T cm gm) qym L g —
— Jvm
(4.11)
,7/ 3 HT BT gym)
— Jvm
with
—T
em’ g pmT (4.12)
KU = Rp (4.13)
where K isn xn, and Rg isn x 1.
Direct stiffness method:
K = Z K(m) (4.14)
Ry = ZRS;”) (4.15)
KM — b )B(m)Tc(m)B(m) dv (™) (4.16)
R(Bm) _ H(?rL)TfB("'L) dv(ﬂl) (417)

v (m)

16



MIT 2.094 4. Finite element formulation for solids and structures

Example 4.5 textbook

o Aelet *y A (”‘2%)
A VM v p®

1

A
T o
£

o [
§

E = Young’s Modulus

Mathematical model Plane sections remain plane:

S

?{ Cehe S’e::[‘ﬁo ny

2 .fg__dl

rean F'ane. .

T -{36-;0.{-?

[= P e |
F.E. model
U, Ua Us,
e L : N
©~ (00 cam 7 o o /]
Uy
U= | U, (4.18)
Us
Element 1

r leo /‘
U,
uWH@)=[1-% & 0] Us (4.19)
Us

H@®

17



MIT 2.094 4. Finite element formulation for solids and structures

U, ,]\ 5 ((_,_,G"%)a[
Pl ("

U,
65611)():[ ﬁ 150 0] Us
Us
B
Element 2
u(2)(x):[0 1-%& & |U
H®)
Q@) =[0 -5 5 U
—_—
B®)
Then,
1 -1 0 0 O 0
13E
K:WEO—llOnL%Ol—l
0 0 O 0 -1 1
where,
1) _ (AE
100 — \ L
E-13 (13\ E
3-80  \ 3 /80
———
A*
A < A" < A
n=0 n=380

1 < 4333 < 9

18

(4.20)

(4.21)

(4.22)

(4.23)

(4.24)

(4.25)

(4.26)



2.094 — Finite Element Analysis of Solids and Fluids Fall ‘08
Lecture 5 - F.E. displacement formulation, cont’d
Prof. K.J. Bathe MIT OpenCourseWare
For the continuum Reading:
Ch. 4
e Differential formulation
e Variational formulation (Principle of Virtual Displacements)
Next, we assumed infinitesimal small displacement, Hooke’s Law, linear analysis
KU =R (5.1a)
lut™ = HMy | (5.1D)
K=> K™ (5.1c)
R=Y R} (5.1d)
m
e™ = BMyu 5.1e)
U'=[U Uy -+ U,], (n=all do. of element assemblage) (5.1f)
K — BT cm) gm) gy (m) (5.1g)
Vim)
R = HT B qym) (5.1h)
Vim)
Surface loads
Cos)
- 7/ — W Wﬁbm)
(’ m) 0L
Recall that in the principle of virtual displacements,
TR
“surface” loads = U f77dSy (5.2)
Sg
WS = g5y (5.3)
z5"™ = g™ (5.4)
evaluated at the surface

19
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5. F.E. displacement formulation, cont’d

Substitute into (5.2)

PR— m T m
U’ g5 S ggm) (5.5)
S(m)

for element (m) and one surface of that element.

myT m
Rgm) _ ( )HS( ) fS( )ds(m)
S m

Need to add contributions from all surfaces of all loaded external elements.

KU =R+ Rs+ R,

where R, are concentrated nodal loads.

Assume

e (5.7) has been established without any displacement boundary conditions.

e We, however, know nodal displacements U, (rewriting (5.7)).
K,. K U, R
KU — R = aa a a — a
I:Kba Kbb:|(Ub) (Rb>
Solve for U,:

KaaUa = Ra - KabUb

(5.9)
where U, is known!

Then use

Ky Uy + KUy = Ry + R, (5.10)

where R, are unknown reactions.

Example 4.6 textbook

(uethesmedral i

; 4 © Yheekness ‘t\’f‘}

T

/L{

. . .

Trx 1 v 0 [
Tyy | =71 E s|v 1 0 Eyy (5.11)
Tay -7 00 FTV Yoy

20



MIT 2.094 5. F.E. displacement formulation, cont’d

u.é U[z _T\uu " (P_
i. 3 . sy . =1

Ve paar $@~
@ @ 2 U, ] Ly,

J\uq Ut,o 7 U-é
® o—> D— —
2y, 5 Uy R P Ui 'r_ Eads
V5, P2 /[;&_)‘:

U
U2
us
[ U(l‘,y) :| - H Uy

) vy
V2
U3
Vg

If we can set this relation up, then clearly we can get HV, H® HG) H®
w™ = My
Also want €™ = B(MU. We want H. We could proceed this way

w(z,y) = a1 + ax + azy + agwy
v(z,y) = by + box + bsy + byxy

Express ay...aq, by...bs in terms of the nodal displacements uy...u4, v1...04.

(e.g.) u(l,1) =a1 +az +as + a4 = uy.

for node 1.

(1—-2)(1+y)

PN

h2($7y) =

21

2us TR T ek ek o elenedds

(5.12)

hi(z,y) = +(1 4 2)(1 4+ y) interpolation function



MIT 2.094 5. F.E. displacement formulation, cont’d

j ha(a,y) = 1 (1 —z)(1 - y)
Yy
b +
|
ha(a,y) = ;(1+z)(1 - y)
Ug=i
? %
’U(xa y) = hiur + houg + hauz + haug ‘ (5.16)
’U(% y) = h1vi + hova + havs + havy ‘ (5.17)
U
U
u3
u(x,y) . hl hQ h3 h4 0 0 0 0 Uy (5 18)
U(ZE, ’y) o 0 0 0 0 h1 hg h3 h4 (%1 ’
V2
H (2x8) Vs
vy
We also want,
U1
U2
us
€xx hl,z hZ,x hS,m h4,x 0 0 0 0 w
ey | =] 0 0 0 0 hiy hay hyy hay vf (5.19)
’me hLy h2,y hS,y h4,y hl,x h?,:p h37z h/4,z Vo
B (3x8) U3
V4
ou
Tr — 5.20
€z O ( )
v
Cyy = oy (5.21)
ou Ov
=5 T o 5.22
Tay y + Or ( )

22



2.094 — Finite Element Analysis of Solids and Fluids

Prof. K.J. Bathe

Lecture 6 - Finite element formulation, example, convergence

MIT OpenCourseWare

Fall ‘08

6.1 Example

jeo
%
e
7

t=0.1,

; By
V
7 :

I(U:I?,7 R:RB+R5+R0+RT

FE, v plane stress

Reading:
Ex. 4.6 in
the text

(6.1)
K=Y K™, K™= - BT ¢tm) gm) g y(m) (6.2)
Ry — Z Rgn); Rgn) _ / gmT FBm) gy (m) (6.3)
" Jvm)
6.1.1 F.E. model
6—-—2—1—4\(}‘? AT =
( 2 £2=Ve V=
3 16 1 Yia 0\ 2
b—> ul - U
) 2 20 u l It
U*/J\ @ nz
q > ( ‘7
Ui o© © M@ A%
U, > % + &
X
Uy U U3 Ug V1 V2 V3 Vg
T
O O A x x x x X — Uy
o ) . (6.4)

23



MIT 2.094 6. Finite element formulation, example, convergence

In practice,

Uy

K :/ BTCBdv; e=B| “ (6.5)
el Vv Ul
Vg
where K is 8x8 and B is 3x8.
Assume we have K (8x8) for el. (2)
Uy U Us Ug Us -+ Un -+ Uss

R T 2 e S

X X X X X X X X X U
K - : : : : (6.6)
~~ A O
assemblage . . O — Uy
| X X X X X X X X X | — Ut
Consider,
64 = Yo
Prawamsa £ 18
iy 3
/! @
/]
/
/
Rs = / H 548, HS=H f (6.7)
S on surrace

|: hl h2 h3 h4 0 0 0 0 :| <*U(Jf,y)
"= (r.)

0 0 0 0 h hy hs ha| —uzy (6.8)
Ui
Uy

U=\ u4 (6.9)
U1
2

24



MIT 2.094 6. Finite element formulation, example, convergence

H® — H|
y=+1
i1l+z) i1-2) 0 0 0 0 0
- 0 0 00 3142 21-2) 0 0
From (6.7);
+ %8+x§ 8 0
5(1—2
RSZ:/¥ 2 d1+2) [—pwﬁ} & @
0 5(1 — l’) thickness
0
0
RS: —po(o.l)
—po(0.1)

[TTT13*

/g

Tl ad = ¥

6.1.2 Higher-order elements

25

e X €. x 2

Want hq, ha, hs, ha, hs

u(e,y) = 35y hiui.

h; =1 at node 7 and 0 at all other nodes.

hs = $(1—2%)(1+y)

(6.10)

(6.11)

(6.12)

(6.13)



MIT 2.094 6. Finite element formulation, example, convergence

1 1
hs = 2(1—2)(1+y) — ~h
2 = 1 Y Yy D) 5
1
hs = 71— 2)(1 —y)
1
b= 1+ 2)(1-y)
Note:

Zhizl

We must have ), h; = 1 to satisfy the rigid body mode condition.

u(z,y) = Z hiu;

Assume all nodal point displacements = u*. Then,

u(z,y) = Zhiu* =u" Zhi =u*

From (6.1),

<%: K(m)> U=R

m T o(m) B<m>dv<m>] U-R

>

m V(rn)

where C™ B(MU = 7(™), (Assume we calculated U'.)

3 BT m) gyym) — R
< Jvim

S F™ —R; FM = B (m) gy m)
m V(m)

Two properties

I. The sum of the F(™)’s at any node is equal to the applied external forces.

26

(6.14)
(6.15)
(6.16)

(6.17)

(6.18)

(6.19)

(6.20)

(6.21)

(6.22)

(6.23)



MIT 2.094 6. Finite element formulation, example, convergence

II. Every element is in equilibrium under its F (™)

U F™_T » BT (m) g p(m) (6.24)
—e(mT
_ / T (m) g1/ (m) (6.25)
(m)
_ OV (6.26)

T
where U = virtual nodal point displacement.
Apply rigid body displacement.

If we move the element virtually in the rigid body modes, €™ is zero. Therefore the virtual work
obtained due to virtual motion of the element is zero. Then the element is in equilibrium under its F(™).

27
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Lecture 7 - Isoparametric elements

Prof. K.J. Bathe MIT OpenCourseWare

3 as

Reading:
Sec. 5.1-5.3
We want K = [, BTCB dV, Rp = [, H" f? dV. Unique correspondence (z,y) < (r,s) *
4\5\
- P &5 ‘ (_, L l)
|
\3_
7
A
’ +
e —
(r, s) are natural coordinate system or isoparametric coordinate system.
4
i=1
4
y=>_ hy (7.2)
i=1
where
1
hi = 1(1+T)(1+8) (7.3)
1
he = 1(1 —r)(1+s) (7.4)
4
u(r,s) = Z hiu; (7.5)
i=1
4
v(r,s) = Z hiv; (7.6)
i=1

28
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7. Isoparametric elements

e = Bu ATf[ul Us v4]

ou -

ox

v ~

oy = Bu
ou ov
oy T oz |
0 [ 9z Oy 9
or or or ox
0 oz Oy o
0s L Os Os Oy

—_————
J
0 o
ox or
=J!

0 0
oy Os

(7.10)

J must be non-singular which ensures that there is unique correspondence between (x,y) and (r, s).

Hence,

1 1
K:/ / BTCB tdet(J) dr ds
—1J-1 ——
av

1 1
Also, Rp :/ / HT P tdet(J) dr ds
—1J-1

Numerical integration (Gauss formulae) (Ch. 5.5)

K=t> > BJCB;; det(J;;) x (weight i, j)
i g

-
-

2x2 Gauss integration,

(j=1,2) (weight 4,7 =1 in this case)
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MIT 2.094 7. Isoparametric elements

9-node element

£
& 2 51 !
? 7 %+

9
T = Z hix; (7.16)
=1
9
y = Z hiyi (7.17)
1=1
9
u=>_ hu; (7.18)
=1

9
0=3 haw, (7.19)
i=1

Use 3x3 Gauss integration

For rectangular elements, J = const

Consider the following element,

(7.20)

Then, we can determine the number of appropriate integration points by investigating the maximum
order of BTCB.

For a rectangular element, 3x3 Gauss integration gives exact K matrix. If the element is distorted,
a K matrix which is still accurate enough will be obtained, (if high enough integration is used).
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Convergence Principle of virtual work: Reading:
Sec. 5.5.5,
T __ 4.3
€ CedV =R(u) (7.21)
v

Find w, solution, in V, vector space (any continuous function that satisfies boundary conditions),
satisfying

/ e'CedV = a(u,v) = (f,v) forall v, an element of V. (7.22)
\% —— e Vad

bilinear form R(v)
Example:

f'
,(r&,nr‘ /i _
¥

Finite Element problem Find u, € V}, where V}, is F.E. vector space such that

a(up,vp) = (f,vn) Yo, €Vy (7.23)

Size of V;, = # of independent DOFs (here it’s 12).

Note:

a(w,w) >0forweV (w#0)
——

2x (strain energy when imposing w)
Also,

a(wp,wy) > 0 for w, €V, (V, CV, wy, #0)
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7. Isoparametric elements

Property I Define: e;, = u — uy.

From (@)a a(u,vp) = (f,vn)

From (7.23), a(up,vy) = (f,vn)

Hence,

a(u —up,vp) =0

a(eh, ’Uh) =0

(error is orthogonal in that sense to all vy, in F.E. space).

Property I1

’ alup, up) < a(u,u) ‘

Proof:

a(u,u) = a(up, + ep, up + €p)

U’a( e

0 by Prop. I
= a(uh, uh) + 2a T €h —+ a(eh, eh)
>0
coa(u,u) > alup, up)
e
Eilery
Al
e - i?'v;a.c-l:
X

X

Vh; l/'h:_
C he Y ohy)

32
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Lecture 8 - Convergence of displacement-based FEM

Prof. K.J. Bathe MIT OpenCourseWare
(A) Find
u € V such that a(u,v) = (f,v) Vv €V (Mathematical model) (8.1)
a(v,v) >0 YveV, v#0. (8.2)

where (8.2) implies that structures are supported properly. E.g.

f
%
/
[,
(B) F.E. Problem Find
uy, € Vp, such that a(uh, 'Uh) = (f,’l)h) Yvp, € Vy, (8.3)
CL(’Uh, ’Uh) >0 VYo, € Vi, wvp 7é 0 (8.4)
Properties e, = u — uy,
(I) a(eh,vh) =0 VYov, € Vy (8.5)
(I1) a(up,up) < a(u,u) (8.6)
Q‘hﬂ'-‘n
Bilerg
At
] - i?'v;a.c-l:
X Value

i t > ‘/h
{/hi l/'h:_

C he > hy)
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“is contained in” Mesh
ha

(C) Assume Mesh

h1

by ha
R glh Heol,
A “+
L 1 y 1 i
ME I }_E
LR .
s

not contained in Mesh

e.g. Mesh .
1

ha

oo
-\.
M
L
2 i)
s
o \§
v
p—
[
.,_j_-—('-—

; L
hy :
| [
h,
We assume (C), but need another property (independent of (C))
(III) alen,ep) < alu —vp,u—vp) Yo, € Vy (8.7)
w;, minimizes! (Recall e, = u — up,)
Proof: Pick wy, € Vy,.
0
a(ep + wp, ep +wy) = alep, en) + 2aler;wy + a(wp, wp 8.8
( ) = alen, en) + 2alers@r)  + al ) (88)
>0
Equality holds for (wy, = 0)
a(en,en) < alen + wp, en + wp) (8.9)
=a(u — up + wp, u — up, + wy) (8.10)
Take wy, = up, — vy,.
(8.11)

alen,ep) < alu — v, u —vp)

Using property (IIT) and (C), we can say that we will converge monotonically, from below, to a(u,u):
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Hme. P

e
W__ / —_— E=exork  Shom eneryy
Loluu
R )

It

B
o b
h
Pascal triangle (2D)
4—1(!90\0_
element.
N / -
R G /2 - ke
N g/
_—a— = N B 4-node element is complete to k = 1.

3

(X/} \\({13' %3 // %_
+ 5 \ 3 a // 13 4
VANIES SN & S S

/
Q'Y\ooqﬁ /\;

= 9-node element is complete to k = 2.

elemmemt. ° C)"’/W—P\e'\'énag o‘?" ryMMAS
(Ch. 4.3)
error in displacement ~ C' - h**1 (8.12)

(C is a constant determined by the exact solution, material property...)

error in stresses ~ C' - h¥ (8.13)
error in strain energy ~ C - h?¥ ‘ (¢« these C are different) (8.14)
Hence,
E—E,=C -h* (roughly equal to) (8.15)
By theory,
log (E — Ey) =1logC + 2klogh (8.16)
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)

2k

> Jog b
6

By experiment, we can evaluate log(E — Ej) for different meshes and plot log(E — Ep,) vs. logh

We need to use graded meshes if we have high stress gradients.

Example Consider an almost incompressible material:
ey = vol. strain (8.17)
or

V -v — very small or zero (8.18)

We can “see” difficulties:

p= —krey k= bulk modulus (8.19)

As the material becomes incompressible (v = 0.3 — 0.4999)

K — 00
} p — finite number (8.20)
€y — 0

(Small error in ey results in huge error on pressure as K — 0o, the constant C' in (8.15) can be very large
= locking)
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Lecture 9 - u/p formulation

Prof. K.J. Bathe

MIT OpenCourseWare

Fall ‘08

We want to solve
I. Equilibrium
{Tij,j + fB =0 in Volume
Tijng = fisf on Sf
II. Compatibility

ITI. Stress-strain law

Use the principle of virtual displacements

/ e'CedV =R
v

We recognize that if v — 0.5

ey =0 (ey = €gy + €4y + €22)
E

K= g5g—F">< — 00

3(1—2v)

p = —key must be accurately computed

Solution

Tij = Keydij + 2Ge);

where

1 i=j
0;; = Kronecker delta = Y
0 i#]

Deviatoric strains:

v
€ij = €ij = 3 0ij
Tkk

(9.2) becomes

/ elce av +/ evkey dV =R
v v

/ elcle v — / EpdV =R
14 \4

(9.2)

(9.10)

(9.11)

37

Reading:
Sec. 4.4.3
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9. u/p formulation

We need another equation because we now have another unknown p.

p+ rey =0

/ﬁ(p-i—nev) dv =0
14

—/Vﬁ<ev+§> dvV =0

For an element,

u=Hu
€/ = BD’EL
€y = Bv’l),
p= Hpﬁ
Example El

e — | o~ (€xa + €yy)
Vzy
*% (€xz + €yy)
Note: ¢,, =0 but ¢, # 0!
p=Hpp = [1]{po}
p(z,y) = po

We obtain from (

1?& (9.14)
i

o]

K, :/ BLC'Bp dV
14
K, =— / B{ H, dV
\%4

Kpuz—/ H] By dV

=

38

Plane strain (e,, = 0)
X 4/1 element

(9.12)

(9.13)

(9.19)

(9.20)

(9.24a)
(9.24b)
(9.24¢)

(9.24d)

Reading:
Ex. 4.32 in
the text



MIT 2.094 9. u/p formulation

In practice, we use elements that use pressure interpolations per element, not continuous between
elements. For example:

el

Then, unless v = 0.5 (where K, = 0), we can use static condensation on the pressure dof’s.
Use p equations to eliminate p from the @ equations.
(Kuw — KupK, ) Kpy) =R (9.25)

(In practice, v can be 0.499999...)

The “best element” is the 9/3 element. (9 nodes for displacement and 3 pressure dof’s).

p(x,y) = po + p17 + p2y (9.26)

The inf-sup condition Reading:
Sec. 4.5

=ey
. fVIQhV"vh dVol
inf  sup 2

N~

—~ llgn |l [lvnll
ah€Qr v, eV, ——

>8>0 (9.27)

for normalization

Q@ pressure space.

If “this” holds, the element is optimal for the displacement assumption used (ellipticity must also be
satisfied).

Note:

infimum = largest lower bound

supremum = least upper bound
For example,

inf {1,2,4} =1
sup {1,2,4} =4
inf{reR;, 0<z<2}=0
sup{z€eR; O0<z<2}=2

(9.23) rewritten (k = oo, full incompressibility). Diagonalize using eigenvalues/eigenvectors.

For a mesh of element size h we want as we refine the mesh, h — 0
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MIT 2.094 9. u/p formulation

- J:——(‘;L L )
61 \ S“F- —Lih Witz hee ,Ph\

€ ;
For \% (entry [3,1] in matrix) assume the circled entry is the minimum (inf) of % .

Also, all entries in the matrix not shown are zero.

Casel f3,=0

0-upl; =0 (from the bottom equation)
= & unl; + 0 pul; = Rpl; (from the top equation)
#0
= no equation for ph\j

= spurious pressure! (any pressure satisfies equation)

Case 2 [, =small =¢

=0 =[ul =0

co€o puljtounl; o= Ral;

Ry ispl. = .
= ph\j = 7h|7 = ( disp 0 ) as € is small
€ pressure — large

The behavior of given mesh when bulk modulus increases: locking, large pressures. See Example
4.39 textbook.
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Lecture 10 - F.E. large deformation/general nonlinear analysis

Prof. K.J. Bathe MIT OpenCourseWare

We developed
/ tTithijdtV =R (10.1)
tv
_ 1 ([ ou; ou,
i = 5 (8%» + at;) (10.2)
J 7
(10.3)
(10.4)
In FEA:
'F="'R (10.5)
In linear analysis
'F=K'U=KU=R (10.6)
In general nonlinear analysis, we need to iterate. Assume the solution is known “at time t”
‘e ="z+ 'u (10.7)
Hence ' F is known. Then we consider
t+Atp _ tHAtR (10.8)

Consider the loads (applied external loads) to be deformation-independent, e.g.

‘ILF ” ¥
N

-+ Tt

OO0

41

Reading:
Ch. 6



MIT 2.094 10. F.E. large deformation/general nonlinear analysis

Then we can write

t+AtF — tF+F
t+AtU — tU +U

where only *F and U are known.

F~'KAU, 'K =tangent stiffness matrix at time ¢

From (10.8),

tKAU: t-‘rAtR_ tF

(10.9)
(10.10)

(10.11)

(10.12)

We use this to obtain an approximation to U. We obtain a more accurate solution for U (i.e. ‘+A'F)

using
t-‘rAtK(i—l)AU(i) — t+AtR _ t+AtF(i—1)
t+AtU(i) — t+AtU(i71) +AU('L)

Also,
t+AtF(0) — tF

t-‘rAtK(O) — tK
t+AtU(0) — tU

Iterate for ¢ = 1,2,3... until convergence. Convergence is reached when

o

< €p
2

Ht-&-AtR _ t+AtF(i—1)H <ep
2

Note:

lalz = > (a:)
> AavY=uU
i=1,2,3...
AUW in (10.13) is AU in (10.12).

(10.13) is the full Newton-Raphson iteration.

How we could (in principle) calculate ' K

Process

e Increase the displacement *U; by e, with no increment for all *Uj, j # i

o calculate 't F

'F
o', "

i

e the i-th column in 'K = (**F — 'F) /e =

42

(10.13)
(10.14)

(10.15)
(10.16)
(10.17)

(10.18)

(10.19)
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So, perform this process for i = 1,2,3,...,n, where n is the total number of degrees of freedom.
Pictorially,

tK:

A general difficulty: we cannot “simply” increment Cauchy stresses.

. t+AtT.j referred to area at time t + At

7

] tTij referred to area at time ¢.

We define a new stress measure, 2nd Piola - Kirchhoff stress, t+AgSi ;» where 0 in the leading subscript
refers to original configuration. Then,

t+A(§Sij = éSij + 055 (10.20)

The strain measure energy-conjugate to the 2nd P-K stress gSij is the Green-Lagrange strain éeij
Then,

/ 18, 6 fey; OV = 'R (10.21)
oy
Also,
AV t+A§Sij 6t+A£€ij 4OV = t+atp (10.22)
Example

7

P&) 1

AOONONONNNNNN
d..
—J
(’-
-3

o

’ - 7
-t—w:F +  taat time

-tl: :«\;E
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‘F="'R (10.23)
HAtp — tHAtR (10.24)

(every time it is in equilibrium)

(10.13) and (10.14) give:

i =1,
HA RO AUD = AR _ HARO) — (M) (10.25)
tHALpr(1) — A7 0) L A (10.26)

i=2,
AR (1) AT(2) — tHAtR _ t+AL (1) (10.27)
ALy (2) — A () L AU (10.28)
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Lecture 11 - Deformation, strain and stress tensors

Prof. K.J. Bathe MIT OpenCourseWare
We stated that we use Reading:
Ch. 6
/ "1y 04655 ATV = / $Si; 0 6ei; AV ="R (11.1)
ty oy

The deformation gradient We use ‘z; = %z, + 'u,

o'z, Oz, O'm;
0 0 0
0%z, 0%z, 0%z4

t . d'x dtx At
OX - Bow? Bowi Boxi (112)

atws Btws Btws
9%, 0%, 0%z,

dlz = | dlz, (11.3)

d’z = | d°z, (11.4)

Implies that
d'z = X d’x (11.5)

((X is frequently denoted by fF or simply F, but we use F for
force vector)

We will also use the right Cauchy-Green deformation tensor

o =({XTix (11.6)

Some applications
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11. Deformation, strain and stress tensors

The stretch of a fiber (*A):
() = dzlde _ (ds\F
dOcT dO% dOs
The length of a fiber is

d% = (dOdeocc) H

dO:cTOtXT) (3X dom)
dOs - dYs ’

(t)\)Q = ( from (11.5)

Express

d’z = (dos) On

9% = unit vector into direction of d°z

= (t)\)2 =nTiC'n

= (OnT(fCOn)%

Also,

(d2)" - (d'z) = (d3) (d*s) cos 'O,

From (11.5),

(197 §X7) (X d°)

tn _ ot
cos ' = Jiadls <0X = OX)
~d%%%TC'n d%
dts - dts
cos ' = " iCtn
DD
Also,
%
tp = X (see Ex. 6.5)
0
Example

46

(a- b= |al[|b]| cos0)

(11.7)

(11.8)

(11.9)

(11.10)
(11.11)

(11.12)

(11.13)

(11.14)

(11.15)

(11.16)

(11.17)

(11.18)

Reading:
Ex. 6.6 in
the text
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2. ("2,
\
4 [f— V=g
N | i’
U‘ = 1
2
7‘ (n¢|>
l/ 2 4
™
—>
Z
L 0 0
ty, = O, + tu, (11.20)
4
=> mfzf, (i=1,2) (11.21)
k=1
where ‘z¥ are the nodal point coordinates at time t (‘1 = 2, 'zl = 1.5)
Then we obtain
1 5+ 1+ %
X == 2 ! 11.22
0% =7 L0+ %) L9+ %) (11.22)
At %2, =0, %, =0,
115 1
X = - 11.2
0 Og,=%,=0 4 % % ( 3)
The Green-Lagrange Strain
1 1
e = 5 (XX -1)= 5 ({c —1) (11.24)
otx; 0 (%z; + tu;) RS
_ it ) g i 11.25
801‘j 801‘j J + 8Oxj ( )
We find that
1
G€ij = 3 (Guij + 6wy + Gugidue ;) - sum over k =1,2,3 (11.26)
where
lu,
t 7
iy = oo (11.27)
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Polar decomposition of (X
(X =!RU (11.28)
where (R is a rotation matrix, such that

and (U is a symmetric matrix (stretch)

Ex. 6.9 textbook

V31 4 9
X=|2 2 { 5 os } (11.30)
2 2 2
Then,
{C={XT X = (jU)? (11.31)
1 2
fe=35|(0U)*-1] (11.32)

This shows, by an example, that the components of the Green-Lagrange strain are independent of a
rigid-body rotation.
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Lecture 12 - Total Lagrangian formulation

Prof. K.J. Bathe MIT OpenCourseWare

We discussed:

Otx, -
iX = l 30?}] = dz={Xd%, d%=(X)"d= (12.1)
J
o =({XTix (12.2)
0 0y Jt 0 ty) L 9%z,
d’z =X d'z where }X = (§X) = S (12.3)
J
The Green-Lagrange strain:
1 1
o =5 (X 0X —I) =5 (4C—1) (12.4)
Polar decomposition:
§X = SRU = fe = - (((U)* 1) (12.5)
2

We see, physically that:

% (
P g where d'*2tz and d'x are the same lengths

= the components of the G-L strain do not

Az -{’\ . change.
L
%
Note in FEA
O, = Z hy, Ok
. i Lk for an element (12.6)
U, = Z hi “u;
k
ty, = Y%, 4+ 'u;, — for any particle (12.7)

Hence for the element

foy = af Y hguf (12.8)
k k
= by (Oxf + uf) (12.9)
k
=" hi'af (12.10)
k
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Eg., k=4

Z, S

2nd Piola-Kirchhoff stress

0
SS = %?X tr gXT —  components also independent of a rigid body rotation (12.11)
Then
ﬁv ¢S5 00€,; d°V = [V ‘10,0 d'V = 'R (12.12)

We can use an incremental decomposition of stress/strain.

HALS = 1S +,S (12.13)
TS = 6Si; + oS (12.14)
Hale = te + e (12.15)
t+AOt€ij = éfij + 0€ij (12.16)

Assume the solution is kown at time ¢, calculate the solution at time ¢ + At. Hence, we apply (12.12)
at time t + At:

A A At
Av S 0 e, dOV = THATR (12.17)
Look at §4e; ;:
1
53% = 55 (3“1,;‘ + uy,; + éuk,iéuk,j) (12.18a)
1 {06u; 0O6u; Odur O'u Otu, Oduy
Sle; == . J il k. 12.18b
0¢ij 2 (805173‘ 8%1- 3Oxi 80zj + 309:i 8oxj ( )
t 1 t t
50€ij =3 (50ui7j + 50uj,i + 50uk7i0uk,j + Ouk,iéoukd) (12.18c¢)
We have
H—Aéeij - 3%’ = 0€ij (12.19)
0€i5 = 0€ij T 0"ij (12.20)
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12. Total Lagrangian formulation

where (e, is the linear incremental strain, (7, is the nonlinear incremental strain, and

_ ¢ t
0€ij = 5 | ot + 0Ujs T+ oUk,i0Uk,; T 0Uk,i 0Uk,

initial displ. effect

1
o'l = §ouk,iouk,j
where
Auy, t+At t
Up i = =5— up = u, — ‘u
0%k,j 8%]} k k k
Note
(5“‘“6”- = 0¢€;; (. 6(§eij = 0 when changing the configuration at ¢ 4+ At)

From (12.17):

/ (6555 +054) (Boes; + doni;) d°V

oy

= Av (6Si500€i5 + 05i500€i5 + 0i500mi5 + 05i;00m:5) d°V

_ tHAtp
Linearization
CK, U Ky U
—
t Oy, _ t+At ¢ 0
oy oy
+F
We use,

OSij = OCijrs 0€rs

We arrive at, with the finite element interpolations,
(KL +oKy)U="2R—(F

where U is the nodal displacement increment.

o1

(12.21)

(12.22)

(12.23)

(12.24)

(12.25)

(12.26)

(12.27)

(12.28)

(12.29)



MIT 2.094 12. Total Lagrangian formulation

“Ewce /

4 fi{?;rﬂ <

F="

Left hand side as before but using (k — 1) and right hand side is
A t+At (k—1
= tHAtR _ l . ALS, TR D g0y (12.30)

gives

tHAtp _ t+A0tF(k*1) (12.31)

In the full N-R iteration, we use

A k— A k— A k—1
(KLY ARG ) AUB) = AR AT (12.32)
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Lecture 13 - Total Lagrangian formulation, cont’d
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Example truss element. Recall:

v ey Y
o\ vV
- % [ / P
L
%, :\K

Principle of virtual displacements applied at some time ¢ + At:

t+At t+At _ t+At
/ TiiOt+ aeCizd V= R
t+ALy

t+AgSi ‘6t+A(§61' §OV — t+AtR
oy J J

t+At _t

09i; = 094 T 05
ALt
0€ij = 0€ij T ofij
0€ij = 0€ij T 0"ij

where §S;; and fe;; are known, but S;; and (¢;; are not.

ij

¢ ¢
0€ (Oui,j T ool T ol iolk,; T Ouk,jouk,i)

ij —

N~ N~

o'l = (Ouk,iouk,j)

Substitute into (13.2) and linearize to obtain

/ 60€450C4 s 0€rsd°V + / 8;;00m;;d°V = "TAR — / 80€:;69:,;d°V
oy oy oy

F.E. discretization gives

(K +Kny) AU = AR — {F

53

‘b-'atng

(13.1)

(13.2)

(13.3)
(13.4)
(13.5)

(13.6)

(13.7)

(13.8)

(13.9)
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13. Total Lagrangian formulation, cont’d

5KL = Av éB{ océBLdOV

gKNL:/ 3317\1% 55 SBNLdOV
oy ~~

matrix

oF = / ¢BL (S dV
oy ~—

vector

The iteration (full Newton-Raphson) is

t+AL - (i—1 t+At - (i—1 i A t+ AL o (i—1)
(KT ARG ) AUY = AR - YR

tHALE 7 () — At (-1) L A ()

Truss element example (p. 545)

Here we have to only deal with {S};, g€11, o1

5‘u1 5‘tuk 87.Lk
ey = :
OFHL T 90 9%, 9%,

_ 1/ 0w Ou
o1 =5 0%, 0%,

We are after

_t ot N
011 = oBL 2 =oBru

2
k=1
2
tui = Z hktuf
k=1

54

(13.10)

(13.11)

(13.12)

(13.13)

(13.14)

(13.15)

(13.16)

(13.17)

(13.18)

(13.19)



MIT 2.094 13. Total Lagrangian formulation, cont’d
Ouy 0wy Oup . Olu, Oug
= 13.20
N R a%l a%l 8%z, (13.20a)
‘uf = (°L + AL) cos 6 — (13.20Db)
uj = (°L + AL)sin® (13.20c)
1 N
oeuzq[ -1 0 1 O]u
°L + AL 1 X
+ | —5p —cosf—1 ~@[ -1 01 0]a
Otul
E)Oxl
°L+AL . 1
+ o sin 0 07 [0 -1 0 1] (13.20d)
—_——
Htuz
60'171
=!B,4 (13.20e)
Hence,
0
0€11 = LAQL[ —cos —sinf cosf sinf ||a (13.20f)
(°L)

where the boxed quantity above equals B .
AL < L,

In small strain but large rotation analysis we assume

0€11 = % [ —cosf —sinf cosf sinf |u (13.20g)
1/ 0u; Owg Ous Ous
= 13.21
o' 2 (8%1 Oz, 9%, 8%1) ( 2)
1 85U1 GU1 6U1 6(5’&1 85UQ 8UQ 6uQ 8(5’&2
_ ! 13.21b
doh1 2 (8%1 9%, 9%, 0%, 9%, 9%, = 9% 8%1) ( )
85U1 (9u1 85UQ (9’U,2
= 13.21
<80x1 0%z, 60581 803:1) ( ¢)
+ o6u;  9su 8S;1 0 aa(yzl
09110071 = { a%i a%f } ( 0 Sy, ) ouy (13.21d)
0%
N J 1
&S
8u1
9%z, 1 -1 0 1 0|.
( 8607;2 > = @ |: 0 1 0 1 :| u (13216)
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MIT 2.094 13. Total Lagrangian formulation, cont’d
,C=E (13.22)
8 =ts, (13.23)

Assume small strains
EA
tye
oK =1
cos?f cosfsiné —cos? 0 —cosfsinf
_ sin? 0 —sinf cos 6 —sin® 0
- cos? 6 sin 6 cos 0
sym sin? 6
K, (13.24)
1 0 -1 0
N PlLo 1 0 -1
or, -1 0 1 0
0O -1 0 1
(}KNL
AU
o

? o

& P

When 6 = 0, (K, doesn’t give stiffness corresponding to u3, but (K does.
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Truss element. 2D and 3D solids.

v

/ PR Oy ngey dTTANV = TAIR (14.1)
t+Aty,
A A A
A " 55¢j5t+ éeijéov ="TAR (14.2)
v
l linearization
/ 0Cijrs0€rs00€:;0°V + / $8;;00m;;00V = TAIR — / §5:;00€i;0°V (14.3)
oy oy oy
Note:
50€ij = 58%‘
varying with respect to the configuration at time ¢.
F.E. discretization
Omi = Z hkomf txl- = thtxf HN%‘ = thtJrMmf (14.4a)
k k k
by, = hytul tHAty, = By AR u; = hpub 14.4b
i Z k Uy 3 k i 4 ks
k k k
(14.4) into (14.3) gives
((K,+(Ky,)U="R-JF (14.5)

o7




MIT 2.094 14. Total Lagrangian formulation, cont’d

Truss

8L < 1 small strain assumption:

EA
t _
o =T
cos? 6 cos fsin 0 —cos?f —cosfsinb
_ cos 0 sin 0 sin?f —sinfcosd —sin® 0
o —cos?f —cosfsind cos? 6 sin @ cos 6 (14.6)
—cos fsin @ —sin? 6 sin 0 cos 6 sin® 6 '

1 0 -1 0
tp 0 1 0 -1
oLl -1 0 1 0

0 -1 0 1

_|_

(notice that the both matrices are symmetric)

w \ | cosf sinf Uy
( U1 > N [ —sinf cosf ] ( vy > (14.7)

Corresponding to the u and v displacements we have:

EOA
oK = = (14.8)
10 -1 0 1 0 -1 0
B 00 00| | 0 1 0 -1
= 10 10|21 0 1 0 (14.9)
00 00 0 -1 0 1
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MIT 2.094 14. Total Lagrangian formulation, cont’d

L="'P-A il N
QL="P- = Q—q'

(14.10)

t
where the boxed term is the stiffness. In axial direction, % is not very important because usually

E°A ‘p . . . . ‘po. .
=7~ > op- But, in vertical direction, g is important.

—cosf
—siné
cosf
sin 6

OtF — tP

2D /3D (e.g. Table 6.5) 2D:

_ ¢ ¢ 1 2 2
0€11 = oU1,1 T oU1,10%1,1 T oU2,10U2,1 +§ (0U1,1) + (0“2,1)

0f11

o1
0622 =
0€12 = -
(Axisymmetric)
0€s3 = 7
1 2
5€=§(<otU) _I)
x x 0
x x 0
= [0 0 X
i
("A)?

1
t g
0633—2
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(14.11)

(14.12)

(14.13)
(14.14)

(14.15)

(14.16)

(14.17)

(14.18)

(14.19)



MIT 2.094 14. Total Lagrangian formulation, cont’d

t t 2
N u +ur 1wy g
€ang = + — 14.20
033 (]x1 2 0]]1 ( )
t+At Uy buy  ug 1/ w 2
¢

€33 = €33 — €33 = + . + = 14.21

0€33 0€33 ~ 0€33 Op, "0, 0y T2 <0x1> ( )
How do we assess the accuracy of an analysis? Reading:
Sec. 4.3.6

e Mathematical model ~ u

e F.E. solution ~ uy,

Find ||lu — uy|| and |7 — 73]

o T Vow —~Stupothied sy 8'&42; a amof

-
A ‘f‘d/rf*.. .t,‘f_._
F + Cortp  neAaSinre.

References
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Heat transfer, incompressible/inviscid /irrotational flow, seepage flow, etc.

e Differential formulation
e Variational formulation
e Incremental formulation

e [ .E. discretization

15.1 Heat transfer

Assume V constant for now:
S=50US8,

0(z,y, z,t) is unkown except 0|s, = 0,,. In addition, qs|sq is also prescribed.

15.1.1 Differential formulation

I. Heat flow equilibrium in V" and on Sj.

I1. Constitutive laws ¢, = —k%.
B0
/
B .
I s~ 4

00
=—k— 15.1
Ty Jy (15.1)

o0
P i 15.2
1 0z (15.2)

III. Compatibility: temperatures need to be continuous and satisfy the boundary conditions.

61

Reading;:
Sec. 7.2-7.3



MIT 2.094 15. Field problems

Heat flow equilibrium gives

0 00 0 00 0 00 B
Pl el I el W=l el ol I 15.
ox (k8z> * Jy (k3y> * 0z (kaz) a (15.3)
where ¢ is the heat generated per unit volume. Recall 1D case:
- v ]
o y
b iy 35'1‘,..--’ | Z-‘
[ L
b L K ) /f ].' ?(;'n;!ct
}’/' M tedne
>
Jdox.
unit cross-section
dV =dz - (1) (15.4)
Q|m - Q|m+d:t + qufE =0 (155)
04z B
Az (qlx + (%dx> +q¢7dz =0 (15.6)
0] 00 B .
— (k:ax) 4+ g =0 (15.7)
0 00 B
o (kax> =—q (15.8)

We also need to satisfy

a0 5

ke =4 (15.9)

on S,.

15.1.2 Principle of virtual temperatures

—(0 ( 00
0 (ax (kax) +~--+qB> =0 (15.10)
(?’Se = 0 and 6 to be continuous.)
/9(861_ (k?i) +---+qB> dV =0 (15.11)
%

62



MIT 2.094

15. Field problems

Transform using divergence theorem (see Ex 4.2, 7.1)

—T — —S
0 ko dV:/ qudV+/ 0°¢5ds
/V ~ v S, !

heat flow

26
ox

I _ 26
0 = oy

20
0z

N
I
o o
om0
>o o

Convection boundary condition
qS =h (ee _ 95)

where 6°¢ is the given environmental temperature.

Radiation
S % r\4 S\ 4
¢ =k [(9) —(9)}
= k" [0+ (05)°] (07 + 0%) (07 — 6%)
=k (0" —6)
where k = £(6°) and 6" is given temperature of source. At time t + At

/E/Tt‘*'AtkH'AtH’dV:/5t+AthdV+/ gSH-AthdSq
% % S,

Let 29 =19+
or t+Atg(i) — t+Atg(i—1) 4 Ag()

with 290 = tg

From (15.19)

/ g’Tt-s-Atk(z'—l)Ae/(i)dV
1%

:/ §t+AthdV_/ E’Tt+Atk(i_1)t+At0/(i—1)dV
14 14

+ / g A <t+Af9€ = <t+mes“” +>> ds,
Sq

where the A9 @ term would be moved to the left-hand side.
We considered the convection conditions

/ gStJrAth (t+At0@ _ t+AtGS) ds,
s

q

The radiation conditions would be included similarly.
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(15.12)

(15.13)

(15.14)

(15.15)

(15.16)

(15.17)
(15.18)

(15.19)

(15.20)
(15.21)
(15.22)

(15.23)

(15.24)
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15. Field problems

F.E. discretization

ALY — H - t+Até4X1 for 4-node 2D planar element

t+Atpr t+Atph
92x1 = Boxs - 04x1

t+AtgS _ S . t+Atg

For (15.23)

E’THAtk(i*l)Ae’(i)dV gives BT t+atp(i-1) B av | A 8@
v v~ —— ~~
4x2 2% 2x4 4x1

/ gt-‘,—AthdV = / HTt+AthdV
\%4 14

/g’TzH—Atk(i—l)t+At0/(i*1)dV N (/ BTt+Atk(i—1)BdV> t+Atg(i=1)
1% \% N——

known

/ 5STt+Ath(i,1) (t+At9€ _ (t+Ates(i—1> T Aos“))) s, =
S

q

HST t+aty (i=1) ppS [ t+Atge [ t+Atg(i-1) L A (i) ds
g S~~~ SV NI PN a
4 4x1 1x4 Ax1 4x1 4x1

15.2 Inviscid, incompressible, irrotational flow

2D case: v, vy are velocities in z and y directions.

V-v=0
or 881;: + % =0 (incompressible)
a@? - % =0 (irrotational)

Use the potential ¢(z,y),

L0
T ox Y oy

0?¢  0%¢ .
i@ TyQ—O IHV

(Same as the heat transfer equation with k = 1, ¢ = 0)
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(15.25)
(15.26)
(15.27)

(15.28)

(15.29)

(15.30)

(15.31)

(15.32)

(15.33)

(15.34)

(15.35)

(15.36)

Reading:
Sec. 7.3.2
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Incompressible flow with heat transfer

Reading:
Sec.
We recall heat transfer for a solid: 7616_ 74,
Table 7.3
X
% 2
%
{ o
o
Governing differential equations
(k0;),+¢°=0 iV (16.1)
0| is prescribed ka— =q° (16.2)
s 0P onls, 1 ls, '
Se U Sq =S Se N Sq = (16.3)
Principle of virtual temperatures
/ 0 k6 ;dV = / 0qPdv + / ésqsdsq (16.4)
\% v Sy
for arbitrary continuous 6(z1, z2, r3) zero on Sy
For a fluid, we use the Eulerian formulation.
j}anJe’ . f Cf' Ve Convertpn
o Ttdx Jefl, 4
2



MIT 2.094 16. F.E. analysis of Navier-Stokes fluids

0
pcpv 0|, — {pcpv 9], + agg(pq,v@)dw} + conduction + etc

In general 3D, we have an additional term for the left hand side of (16.1):

=V - (pcpv8) = —pc, V - (v0) = —pc,(M¥=1)0 — pc, (v- V)0
—_——

term (A)

where V - v = 0 in the incompressible case.

V.-v= Vii = diV(’U) =0
So (16.1) becomes
(ke,z) i + qB = pcpe,ivi = (ke,z) i + (qB - pcpe,ivi) =0

Principle of virtual temperatures is now (use (16.4))

/ 9.:k0 ,dV + / b (pe,0.5v;) dV = / 9gBav + / 7°¢%ds,
v v v S,

Navier-Stokes equations
e Differential form
Tijg + [ = pvigv;

with pv; jv; like term (A) in (16.6) = p(v - V)v in V.

1 ov; v
K _pdij 2ney A 2 (3371 + 8:5])
J 7

e Boundary conditions (need be modified for various flow conditions)

Sy
TigNg = fi on Sf

Mostly used as f,, = T, = prescribed, f; = unknown with possibly

inflow conditions).

t

RS

’}7 (P c.l L?u u mcla hj

And v; prescribed on S, and S, USy =S and S, NSy = @.
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(16.5)

(16.6)

(16.7)

(16.8)

(16.9)

(16.10)

(16.11)

(16.12)

v = 0 (outflow or
n
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16. F.E. analysis of Navier-Stokes fluids

o Variational form

/mpvi,jvjdv+/ ajmdvz/mfdwr/ o [ dSy (16.13)
1% 1% \% Sy

/f)V-vdV:O
1%

o I E. solution

We interpolate (1,22, 3), v;, U, 0, 0, p, p. Good elements are

b

x
led

Both satisfy the inf-sup condition.

So in general,

Example:

5

(16.14)
x: linear pressure
o: biquadratic velocities
(Q2, P1), 9/3 element
9/4c element
ol e e
|~ Sj'k
(16.15)



MIT 2.094 16. F.E. analysis of Navier-Stokes fluids

and % is solved for. Actually, we frequently just set p = 0.

Frequently used is the 4-node element with constant pressure

g
<]
[ <]

It does not strictly satisfy the inf-sup condition. Or use
3-node element with a bubble node.
Satisfies inf-sup condition
1D case of heat transfer with fluid flow, v = constant
L L k
Re= — Pe=—" a=— (16.16)
v @ PCp
I O Oe.
LR ‘i; < S
w  ~— .
g | 1 9
/ [d AR S 7
[ e 3
{ L -
witk  Crosr — Sectton .
e Differential equations
k0" = pc,0'v (16.17)
9|x:0 = oL 0|J):L = oR (1618)
In non-dimensional form
1 /! / 17 / . .
ﬁe =0 (now 6" and 6’ are non-dimensional) (16.19)
0—0 Peg) —1
L o (pa) (16.20)

- Or — 05, exp (Pe) — 1

68

Reading:
Sec. 7.4

Reading;:
Sec. 7.4.3

Reading:
p. 683
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MIT 2.094
Q“‘QL_ /!
9.‘:*-9'._ A / Pure conductson Fe=0.
Lo T / l
L~ Fe=to  ($.403)
O .o - ?L_-
(16.21)

e F.E. discretization

0" = Pet/
1 1
/ 0 60'dx + Pe / 06'dx = 0 + { effect of boundary conditions = 0 here}
0 0

Using 2-node elements gives

em
6.
—— &
P P |

-~

B e
K = b/

1 Pe
) (Oi1 =20 +051) = o (Gip1 — bia)
vL
Pe = —
¢ «
Define
h vh
Pe® = Pe - — = =
¢ ¢ L a

Pe® Pe®
(—1— o >9i—1+29i+< ; —1>9i+1:0

2
what is happening when Pe® is large? Assume two 2-node elements only.

91‘,1 = 0
9i+1 =1

1 Pe®
=17
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(16.22)

(16.23)

(16.24)

(16.25)

(16.26)

(16.27)
(16.28)

(16.29)
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1 Pe€
0, ==-11-— 16.
, 2( 2) (16.30)

For Pe® > 2, we have negative 0; (unreasonable).
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17.1 Abstract body

AV
<
¢ o /
57
:F
3y
N
LY
J_
Fluid Flow Heat transfer
Su, S¢ Se, Sq
S, USf=S5 SeUS, =5
SvﬂSfZO SgﬂSqZO

17.2 Actual 2D problem (channel flow)

Reading:
Sec. 7.4



MIT 2.094 17. Incompressible fluid flow and heat transfer, cont’d

17.3 Basic equations

P.V. velocities

/@pvi7jvjdv+/TijéijdV:/@finVJr/ @isffisdef
\% Jv Vv Sy

Continuity

/ pvi,idV =0
%

P.V. temperature

/ Opc,0.0:dV + / 0.:k0,;dV = / 0q5dv + / 7°¢%ds
v v v s,

F.E. solution

zi =Y hgal
vi =Y hyof
0="> hiby
b= Z Iy

=|F(u)=R u = nodal variables

T <

17.4 Model problem

1D equation,

o
pcpvdx TV dx?
B Ge.
.

(v is given, unit cross section)

Non-dimensional form (Section 7.4)

o d?0

pey — %Y
edx dx?

72

(17.1)

(17.2)

(17.3)

17.4
17.5
17.6

AAAA
—_ — =

17.7

(17.8)

(17.9)

(17.10)



MIT 2.094 17. Incompressible fluid flow and heat transfer, cont’d

Pe = —, o= — (1711)
@ PCp
* 0* is non-dimensional
=0 g_: { .
-— ™ _ ex) _q
L 7 00 _ o () (17.12)
w A | Or—0,  oxp(Pe) —1

n
Q
¥

_..Qe: o

?{.‘? o

(17.10) in F.E. analysis becomes
do df
/ 9Pe—dV+/ TV =0 (17.13)

Discretized by linear elements:

E}/

; l
ey =t
S o L
W 4
0(§)=(1- £ o+ 2o, (17.14)
h* h*
For node i:
Pe® Pe®
—0;_1 — 26 0i—1+20; —0; 11 + 76@1+1 =0 (1715)
where
vh h
Pe® = — = Pe— 17.16
e o ( eL> ( )
This result is the same as obtained by finite differences
1
" = P (041 — 20, + 0;_1) (17.17)
Oit1—0i1
o = =1 17.1
i 2h* (17.18)
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MIT 2.094 17. Incompressible fluid flow and heat transfer, cont’d

Considered 6,11 =1, 6,1 = 0. Then

1 (Pef/2)

0; 5

(17.19)

Physically unrealistic solution when Pe® > 2. For this not to happen, we should refine the mesh—a very
fine mesh would be required. We use “upwinding”

o) 0 —0; .

o= (17.20)
The result is
(—1 — Pee) 91;1 + (2 + Pee) 92 - 9i+1 =0 (1721)

Very stable, e.g.

92',1 = 0 1
=0, = 17.22
i1 = 1} 2+ Pe° ( )

Unfortunately it is not that accurate. To obtain better accuracy in the interpolation for 6, use the
function

exp (Pe%) -1

—p (Pe 1 (17.23)

The result is Pe® dependent:

vy £(R.°)

Vi

This implies flow-condition based interpolation. We use such interpolation functions—see references.

References
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Incompressible Fluid Flows.” Computers & Structures, 80:1267-1277, 2002.

[2] H. Kohno and K.J. Bathe. “A Flow-Condition-Based Interpolation Finite Element Procedure for
Triangular Grids.” International Journal for Numerical Methods in Fluids, 51:673-699, 2006.

74



MIT 2.094 17. Incompressible fluid flow and heat transfer, cont’d

17.5 FSI briefly

Lagrangian formulation for the structure/solid

Arbitrary Lagrangian-Eulerian (ALE) formulation Let f be a variable of a particle (e.g. f =8).

Consider 1D

_of of
particle a ot * 6Z‘U

where v is the particle velocity. For a mesh point,

o5, o,
mesh point - ot oxr m

*

where v,,, is the mesh point velocity. Hence,

of
mesh point + % (U B Um)

_ *

particle

(17.24)

(17.25)

(17.26)

Use (17.26) in the momentum and energy equations and use force equilibrium and compatibility at

the FSI boundary to set up the governing F.E. equations.
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Structural Interactions.” Computers € Structures, 72:1-16, 1999.

[3] K.J. Bathe and H. Zhang. “Finite Element Developments for General Fluid Flows with Structural
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In structures, Reading:
Sec. 8.4
F(u,p) = R. (18.1)
\000‘5

time
At

In heat transfer,

FO)=Q (18.2)
In fluid flow,

F(v,p,0) =R (18.3)
In structures/solids

T, .
F=Y Fm = / B 1gtm goy(m) 18.4
S =
Elastic materials
e iﬁ'\em/‘ 6’(&5‘%&‘(
T ‘naw\”ﬂ/\ecw d(as-ﬁw‘k
¥ - ¢

Example p. 590 textbook

EW== O\ B all € nodes L2ns
.I_,f;.f' L W=rtu )

Pl - ¢



MIT 2.094 18. Solution of F.E. equations

Material law
051 = Efeny (18.5)

In isotropic elasticity:
E(1-v)

E = T a-2) (v =0.3) (18.6)
oe = % [((fU)Q 71} = ey = % <0Loz tu)Q - 1] = % <1 + ;Z)z - 1] (18.7)

where (U is the stretch tensor.

0
o
0511 = gantTn?Xﬂ (18.8)
with
9X,, i (18.9)
= ¢S = (18.10)
oL
Etﬁl (18.11)
= tr A = (18.12)
—> “u‘
Y‘tou,hr"\\jfmi.
This is because of the material-law assumption (18.5) (okay for small strains ...)
Hyperelasticity
oW = f(Green-Lagrange strains, material constants) (18.13)
1L [oJW oW
tg — = D% % (18.14)
0~
72\ 0be;;  Ogey
1 (08S;:  93S;.
c. —= i i 18.15
Core= 3 (et * ) (819

7



MIT 2.094 18. Solution of F.E. equations

Plasticity

7 'ﬂ’“‘-tAn

e yield criterion
e flow rule

e hardening rule

t
b _ t—At +/ dr (18.16)
t—At

Solution of (18.1) (similarly (18.2) and (18.3))
Newton-Raphson Find U* as the zero of f(U*)

f(U*) _ t+AtR o t+AtF (1817)

—f (t+AtU(i—1)) + of

o : (U* - t+AtU<7‘—1>) +HO.T. (18.18)

t+ Aty (i—1)

where ‘T2 1) is the value we just calculated and an approximation to U*.

Assume ‘T2!R is independent of the displacements.

6t+AtF

0— (t+AtR _ AL p(i-1) AU 18.19
) oUu t+AtLy(i—1) ( )
We obtain
tHAL (=) Ay () — tHAL R _ t+ALp(i=1) (18.20)
. ottAtR oF
NI _ (> (18.21)
ou t+ALyy(i—1) ou t+Aty(i—1)
Physically
Xe

A (HAtFl(iq))

t+At i—1
K](.l ) = Au

(18.22)
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MIT 2.094 18. Solution of F.E. equations

Pictorially for a single degree of freedom system

lG 45 Rt (01
& - K - 't‘|<
ety (D
"kﬂ‘t"z /’k/_-
= 'b‘!ﬂt-F l.r Y
|
et (1) “tadt (2
e | “ F F
{'R_ F - TRt
= t'F‘ BN
{ %
it b ' Ol‘ls 1
. ‘ i
S o =
DA Ly )
]
i=1; KAy = AR _tp (18.23)
,L' — 2’ t+AtK(1)AU(2) — t+AtR _ t"rAtF(l) (1824)
Convergence Use
AU < e (18.25)
lall = |3 (a:)? (18.26)

i

But, if incremental displacements are small in every iteration, need to also use

[EFAtR — HHALRG-D|, < (18.27)

18.1 Slender structures

(beams, plates, shells)

<1 18.28
I < (18.25)
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18. Solution of F.E. equations

Beam

NN,

E, +
TITTIL On (oedad

(-

(4-node el.)
The element does not have curvature — we have
a spurious shear strain

(9-node el.)

D — We do not have a shear (better)
— But, still for thin structures, it has problems
like ill-conditioning.

= We need to use beam elements. For curved structures also spurious membrane strain can be

present.
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Beam analysis, + < 1 (e.g. £ = ﬁ, 101%, o)
N |
3 hE \
% 5
i b —
‘ X 2 }H;{- "'g{_
< >
[

(plane stress)

Lo
"—[o }
h2=i(1—r)(1+s)
hgzi(l—r)(l—s)
Ny
R I - %

uz = Uz + %92
uy = ug — %92
us vy u3 U3
—L1+5)2 0 —11-9)% 0
v 0 1(1—r)2 0 —1i(1-r)

Hi-n2 —d0+e} -Ha-n? —ia-s)

Reading:
Sec. 5.4,
6.5

(19.1)

(19.2)

(19.3)

)1

.
e

(19.4)
(19.5)

(19.6)

etc (19.7)



MIT 2.094 19. Slender structures

U (%] 92
du
b0 s
. 0
Bbeam - . /@’ ﬂ g ~ 5
Yy
0 -1 —l(l - T) ou ov
T 2 Fut g2
1
v(r) = 5(1 — T)vg
1 t
u(r) = 5 (1= r)uz - %(1 — )0,
at r = —1,
v(—=1) = vy
st
’U,(—l) = —592 + U2
Kinematics is
1
Hu:_:h u(r): 5(1—7")1@
l _! results into €,y
ou 2 1
— €xw = —_— = = — —
or L L
t
u(r,s) = —Sz(l — 1)
results into €zz, Yay
.= ‘
" o
— = —
g 2 or = 9L

v(r) = %(1 — 7)vg

b=y A ; : ] results into 7,y
1

= Yoy = —F

L
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(19.18)
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MIT 2.094 19. Slender structures

For a pure bending moment, we want

1 1
S(1— 1)y = 19.2
Uy 2( r)fa =0 (19.20)

for all ! = | Impossible | (except for vy = 3 = 0) = So, the element has a spurious shear strain!

Beam kinematics (Timoshenko, Reissner-Mindlin)

H__/ﬁ [T %t Newhl Aws

dw
= — — 19.21
v= 8 (19.21)
[= Ly (19.22)
12 '
Principle of virtual work
L 123 L — L
dg dg do =\ [dw _
EI ——d A —_— = — — B )dx = d 19.2
/0 dx dz T SG/O (dm ﬂ) (dw ﬂ) o /0 L (19.23)
As = kA =kbt (19.24)
To calculate k Reading:
, p. 400
1 9 1 |4
— dA = — | — | dA; 19.25
[ sgmraa= [ g (5) i (19.25)
where 7, is the actual shear stress:
2
3 V|G -
= = — 19.2
TeT 9 (L)’ (19.26)
2
and V is the shear force. Reading:
Ex. 5.23
5
= k= 5 (19.27)
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19. Slender structures

Now interpolate

w(r) = hiwi + hows
B(r) = h161 + hab

Revisit the simple case:

1+r
w = w
9 1

1+7r

= 0
B=—5"0

Shearing strain

wy 1+7r
L 2

61

(19.28)
(19.29)

Loy

L)
@2

(19.30)

(19.31)

(19.32)

Shear strain is not zero all along the beam. But, at » = 0, we can have the shear strain = 0.

ﬂ—ﬁ n be zer

7 20a € Zero
Namely,

w 0

71—51:() for | 64

e

w1

84
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Timoshenko beam theory

%(W—)

Lo(fx) N ﬂ.f; §
I I, _.__{T L_ -t
e R

—

The fiber moves up and rotates and its length does not change.

Principle of virtual displacement

(Linear Analysis)

EI/OL (ﬁ’)T@/daz+(Ak)G/oL (Z—B)T (?:—B)dm:/oLprdaz

Two-node element:

Three-node element:

For a ¢g-node element,

r
{ 3 Y
6, "
0]
hq ]
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MIT 2.094 20. Beams, plates, and shells

—=J'H, .1 (20.8)
dx N——

B.,
a5 _ J'Hg, u (20.9)
dx W

Bs

Hence we obtain
1

{EI [ 11 B B det(J)dr + (Ak)G /

(B, — Hp)" (B, — Hp) det(J)dr} a
-1

1
= / HIpdet(J)dr (20.10)
—1
Ki=R (20.11)

K is a result of the term inside the bracket in (20.10) and R is a result of the right hand side.

For the 2-node element,

7 v
b s

[ [ gz
I 1
Y= ety
w1 = 91 = (20.12)
wa, 92 =7 (2013)
wy 1471
= — — 0 20.14
L 2 7 (20.14)

We cannot make v equal to zero for every r (page 404, textbook). Because of this, we need to use
about 200 elements to get an error of 10%. (Not good!)

Recall almost or fully incompressible analysis: Principle of virtual displacements:

/ eTCeav + / & (ke)dV = R (20.15)
1% %4
u/p formulation
/E’TC’e’dV—/ zopdV =R (20.16)
\4 1%
(D B
/Vp (Z+e)av =0 (20.17)

But now we needed to select wisely the interpolations of w and p. We needed to satisfy the inf-sup
condition

V - vpdVol
inf sup Jyot @0V - ondVo >03>0 (20.18)
~—~

—~ llgn [ lvnl]
ahEQR v, V),
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4/1 element:

|

K

We can show mathematically that this element does not satisfy inf-sup condition. But, we can also
show it by giving an example of this element which violates the inf-sup condition.

F}ﬂ“f‘vﬂm fke.r)’u.w,

v1 = /A, wvy =0= Vv for both elements is positive and the same. Now, if I choose pressures as
above

/ gnVvpdVol = 0, hence (20.18) is not satisfied! (20.19)
Vol

9/3 element

satisfies inf-sup

9/4-c

satisfies inf-sup

Getting back to beams

L L
_ ds

EI / B Bdx + (AkG) / (w - ﬁ) VASdr =R (20.20)

0 0 dx

L
/ 4 (v =) de =0 (20.21)
0
where

dw . . .

Y= B, from displacement interpolation (20.22)
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745 = Assumed shear strain interpolation (20.23)
2-node element, constant shear assumption. From (20.21), Reading:
Sec. 4.5.7
L dw L AS
—_— = P dr = »*d 20.24
/O (dw ﬂ) ;y}”s( x /0 o /'y}/s( x ( )
+1

1 L
:>—/ ( +T02) Zdr 4wy =445 L (20.25)

1 2 2

L
— 30
oaAs L2757 (20.26)
L
A% (shear strain) is equal to the displacement-based shear strain at the middle of the beam.
Use 749 in (20.20) to obtain a powerful element. For “our problem”,
L

¥4% =0 hence wy = 592 (20.27)

L_, B
=Bl [ Fode=F,, (20.28)

0
1\ 2
= FEI ((L) . L) Oy =M (20.29)
ML MIL?
Oy = — = 20.

2T E "7 oEI (20.30)

(exact solutions)
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Plates Reading:
Fig. 5.25,
p. 421
Y %, U
P
w =w(x,y) is the transverse displacement of the mid-surface
v=—20y(z,y) (20.31)
u=—z0;(x,y)
For any particle in the plate with coordinates (z,y, z), the expressions in (20.31) hold!
We use
q
w =" hiw; (20.32)
i=1
q .
Be=—Y_ hit}, (20.33)
i=1
q .
By =+ hibl, (20.34)
i=1

where ¢ equals the number of nodes. Then the element locks in the same way as the displacement-based
beam element.
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Timoshenko beam theory, and Reissner-Mindlin plate theory
For plates, and shells, w, 3,, and 3, as independent variables.

w = displacement of mid-surface, w(z,y)

=y
. e\
E, D ,/"7?°¢ 4
i N ".\ { - |
Lol S
ey
/Lﬁ:/_*)’%.w"
X,

A = area of mid-surface

p = load per unit area on mid-surface

w = w(z,y)

w(z,y,z) = w(z,y)

The material particles at “any z” move in the z-direction as the mid-surface.

u(x,y,z) = 751’2 = 7ﬁI(I7y)Z
,U(x7yﬁz) = _ﬁyz = _ﬁy(xvy)z

ou 0B
€Cpp — 7 = —Z
ox ox
0 0
ey =2 = .9
dy dy
0 0 0B, 0
oy = 00 (9B OBy
: dy O dy Ox
OB
Ox
Exx
aB,
€yy =z Dy
Ve
! e | 0By
oy T oz
—_——

90
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MIT 2.094 21. Plates and shells
ow OJu Ow
L= g _dw_ g 21.9
ks or + 0z Oz A ( )
ow OJv Ow
 _ow v _Ow 21.10
Tvz = Ty v dy By ( )
Tea E 1 v 0 €rx
Tyy | = sl v 1 0 €y | =C € (21.11)
1—-v 1—v
(plane stress)
Taz E Yz
= =G 21.12
(TyZ> 2(1+V)<7w> 7 ( )
Principle of virtual work for the plate:
t B B B E 1 v 0 [
/ / t (Cx €y Tay ) =27 1 10 €yy | dzdA+
A3 00 5* Yay (21.13)
3 _ 1 0 Yoz _
k ( Yoz Vyz )G dzdA = | wpdA
AJ-1 01 Vyz A
Consider a flat element:
s
€
2
wy
0! “1
= K, 9; , also Kppogtr. | 1 (21.14)

where K, is 12x12 and K, oy, is 8x8.
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For a flat element:

i[Kb 0 } 9:4 =... (21.15)

Vg

u = Z hiui ( )
v = Z hﬂ}i ( )
w="hiw; (21.18)
Be=—>_ hib, (21.19)
ﬁy = Z hﬂ; ( )

From (21.13)

1 v 0
Et?
/ET72 v 1 0 ndA+/~yTGt-k[ Lo ]7dA (21.21)
A 12(1—1?) 0 0 L . 01
where k is the shear correction factor.
Next, evaluate %, ‘?9—7;, 86%, ...etc. = ’This element, as it is, locks! ‘

This displacement-based element “locks in shear”. We need to change the transverse shear interpola-
tions.

comsider T seehen as o beame

r
1 4 1 c
where
ow
A
A ( 5 ) (21.23)
Y 8y Y evaluated at A
from the w, B, displacement interpolations.
1 1
e = 5 (L= 8B+ 51+ 5P (21.24)

with this mixed interpolation, the element works. Called MITC interpolation (for mixed interpolated-
tensional components)
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Aside: Why not just neglect transverse shears, as in Kirchhoff plate theory?

o If we do, 7z, =22 — B, =0= [, = 2

e Therefore we have (227%’, .- ) in strains, so we need continuity also for
ox
i | 2d ¥
ES >

1 1
w = 57“(1 +r)w — 57”(1 —r)ws + (1 —1%) w;

we and ws never affect wy (. w|r=1 = wy).

But,
0 1 1
8—1: = 5(1 + 2r)wy — 5(1 —2r)wy — 2rws
wy and ws affect %h. = This results in difficulties to develop a good

element based on Kirchhoff theory.

With Reissner-Mindlin theory, we independently interpolate rotations such that this problem does
not arise.

For flat structures, we can superimpose the plate bending and plane stress element stiffness. For
shells, curved structures, we need to develop/use curved elements, see references.
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