2.094 — Finite Element Analysis of Solids and Fluids Fall ‘08

Lecture 12 - Total Lagrangian formulation

Prof. K.J. Bathe MIT OpenCourseWare

We discussed:

Otx, -
iX = l 30?}] = dz={Xd%, d%=(X)"d= (12.1)
J
o =({XTix (12.2)
0 0y Jt 0 ty) L 9%z,
d’z =X d'z where }X = (§X) = S (12.3)
J
The Green-Lagrange strain:
1 1
o =5 (X 0X —I) =5 (4C—1) (12.4)
Polar decomposition:
§X = SRU = fe = - (((U)* 1) (12.5)
2

We see, physically that:

% (
P g where d'*2tz and d'x are the same lengths

= the components of the G-L strain do not

Az -{’\ . change.
L
%
Note in FEA
O, = Z hy, Ok
. i Lk for an element (12.6)
U, = Z hi “u;
k
ty, = Y%, 4+ 'u;, — for any particle (12.7)

Hence for the element

foy = af Y hguf (12.8)
k k
= by (Oxf + uf) (12.9)
k
=" hi'af (12.10)
k
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MIT 2.094 12. Total Lagrangian formulation

Eg., k=4

Z, S

2nd Piola-Kirchhoff stress

0
SS = %?X tr gXT —  components also independent of a rigid body rotation (12.11)
Then
ﬁv ¢S5 00€,; d°V = [V ‘10,0 d'V = 'R (12.12)

We can use an incremental decomposition of stress/strain.

HALS = 1S +,S (12.13)
TS = 6Si; + oS (12.14)
Hale = te + e (12.15)
t+AOt€ij = éfij + 0€ij (12.16)

Assume the solution is kown at time ¢, calculate the solution at time ¢ + At. Hence, we apply (12.12)
at time t + At:

A A At
Av S 0 e, dOV = THATR (12.17)
Look at §4e; ;:
1
53% = 55 (3“1,;‘ + uy,; + éuk,iéuk,j) (12.18a)
1 {06u; 0O6u; Odur O'u Otu, Oduy
Sle; == . J il k. 12.18b
0¢ij 2 (805173‘ 8%1- 3Oxi 80zj + 309:i 8oxj ( )
t 1 t t
50€ij =3 (50ui7j + 50uj,i + 50uk7i0uk,j + Ouk,iéoukd) (12.18c¢)
We have
H—Aéeij - 3%’ = 0€ij (12.19)
0€i5 = 0€ij T 0"ij (12.20)
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12. Total Lagrangian formulation

where (e, is the linear incremental strain, (7, is the nonlinear incremental strain, and

_ ¢ t
0€ij = 5 | ot + 0Ujs T+ oUk,i0Uk,; T 0Uk,i 0Uk,

initial displ. effect

1
o'l = §ouk,iouk,j
where
Auy, t+At t
Up i = =5— up = u, — ‘u
0%k,j 8%]} k k k
Note
(5“‘“6”- = 0¢€;; (. 6(§eij = 0 when changing the configuration at ¢ 4+ At)

From (12.17):

/ (6555 +054) (Boes; + doni;) d°V

oy

= Av (6Si500€i5 + 05i500€i5 + 0i500mi5 + 05i;00m:5) d°V

_ tHAtp
Linearization
CK, U Ky U
—
t Oy, _ t+At ¢ 0
oy oy
+F
We use,

OSij = OCijrs 0€rs

We arrive at, with the finite element interpolations,
(KL +oKy)U="2R—(F

where U is the nodal displacement increment.

o1

(12.21)

(12.22)

(12.23)

(12.24)

(12.25)

(12.26)

(12.27)

(12.28)

(12.29)



MIT 2.094 12. Total Lagrangian formulation

“Ewce /

4 fi{?;rﬂ <

F="

Left hand side as before but using (k — 1) and right hand side is
A t+At (k—1
= tHAtR _ l . ALS, TR D g0y (12.30)

gives

tHAtp _ t+A0tF(k*1) (12.31)

In the full N-R iteration, we use

A k— A k— A k—1
(KLY ARG ) AUB) = AR AT (12.32)
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