2.094 — Finite Element Analysis of Solids and Fluids Fall ‘08
Lecture 16 - F.E. analysis of Navier-Stokes fluids

Prof. K.J. Bathe MIT OpenCourseWare

Incompressible flow with heat transfer

Reading:
Sec.
We recall heat transfer for a solid: 7616_ 74,
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Governing differential equations
(k0;),+¢°=0 iV (16.1)
0| is prescribed ka— =q° (16.2)
s 0P onls, 1 ls, '
Se U Sq =S Se N Sq = (16.3)
Principle of virtual temperatures
/ 0 k6 ;dV = / 0qPdv + / ésqsdsq (16.4)
\% v Sy
for arbitrary continuous 6(z1, z2, r3) zero on Sy
For a fluid, we use the Eulerian formulation.
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0
pcpv 0|, — {pcpv 9], + agg(pq,v@)dw} + conduction + etc

In general 3D, we have an additional term for the left hand side of (16.1):

=V - (pcpv8) = —pc, V - (v0) = —pc,(M¥=1)0 — pc, (v- V)0
—_——

term (A)

where V - v = 0 in the incompressible case.

V.-v= Vii = diV(’U) =0
So (16.1) becomes
(ke,z) i + qB = pcpe,ivi = (ke,z) i + (qB - pcpe,ivi) =0

Principle of virtual temperatures is now (use (16.4))

/ 9.:k0 ,dV + / b (pe,0.5v;) dV = / 9gBav + / 7°¢%ds,
v v v S,

Navier-Stokes equations
e Differential form
Tijg + [ = pvigv;

with pv; jv; like term (A) in (16.6) = p(v - V)v in V.

1 ov; v
K _pdij 2ney A 2 (3371 + 8:5])
J 7

e Boundary conditions (need be modified for various flow conditions)

Sy
TigNg = fi on Sf

Mostly used as f,, = T, = prescribed, f; = unknown with possibly

inflow conditions).
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And v; prescribed on S, and S, USy =S and S, NSy = @.
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v = 0 (outflow or
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o Variational form

/mpvi,jvjdv+/ ajmdvz/mfdwr/ o [ dSy (16.13)
1% 1% \% Sy

/f)V-vdV:O
1%

o I E. solution

We interpolate (1,22, 3), v;, U, 0, 0, p, p. Good elements are

b

x
led

Both satisfy the inf-sup condition.

So in general,

Example:

5

(16.14)
x: linear pressure
o: biquadratic velocities
(Q2, P1), 9/3 element
9/4c element
ol e e
|~ Sj'k
(16.15)
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and % is solved for. Actually, we frequently just set p = 0.

Frequently used is the 4-node element with constant pressure

g
<]
[ <]

It does not strictly satisfy the inf-sup condition. Or use
3-node element with a bubble node.
Satisfies inf-sup condition
1D case of heat transfer with fluid flow, v = constant
L L k
Re= — Pe=—" a=— (16.16)
v @ PCp
I O Oe.
LR ‘i; < S
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witk  Crosr — Sectton .
e Differential equations
k0" = pc,0'v (16.17)
9|x:0 = oL 0|J):L = oR (1618)
In non-dimensional form
1 /! / 17 / . .
ﬁe =0 (now 6" and 6’ are non-dimensional) (16.19)
0—0 Peg) —1
L o (pa) (16.20)

- Or — 05, exp (Pe) — 1
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Reading:
Sec. 7.4

Reading;:
Sec. 7.4.3

Reading:
p. 683
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MIT 2.094
Q“‘QL_ /!
9.‘:*-9'._ A / Pure conductson Fe=0.
Lo T / l
L~ Fe=to  ($.403)
O .o - ?L_-
(16.21)

e F.E. discretization

0" = Pet/
1 1
/ 0 60'dx + Pe / 06'dx = 0 + { effect of boundary conditions = 0 here}
0 0

Using 2-node elements gives

em
6.
—— &
P P |

-~

B e
K = b/

1 Pe
) (Oi1 =20 +051) = o (Gip1 — bia)
vL
Pe = —
¢ «
Define
h vh
Pe® = Pe - — = =
¢ ¢ L a

Pe® Pe®
(—1— o >9i—1+29i+< ; —1>9i+1:0

2
what is happening when Pe® is large? Assume two 2-node elements only.

91‘,1 = 0
9i+1 =1

1 Pe®
=17
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1 Pe€
0, ==-11-— 16.
, 2( 2) (16.30)

For Pe® > 2, we have negative 0; (unreasonable).
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