2.094 — Finite Element Analysis of Solids and Fluids Fall ‘08
Lecture 2 - Finite element formulation of solids and structures

Prof. K.J. Bathe MIT OpenCourseWare

Reading:
. . . . Ch. 1, Sec.
Assume that on 'S, the displacements are zero (and *S, is constant). Need to satisfy at time ¢: 6.1-6.2

t

o Equilibrium of Cauchy stresses "7;; with applied loads

="t ' fmz 'riz fmes 'man | 21)
(For : =1,2,3)

brys+ P = 0in 'V (sum over j) (2.2)
brijtng = tfisf on 'Sy (sum over j)

(e.g. tfisf = tTil t’fl1 + tTiQ t’n/g + t7'i3 t’n,3 ) (24)

S.
And: tTu tnl + tTlg tng = tfl I

«:_{35-51

e Compatibility The displacements ‘u; need to be continuous and zero on t9,,.

e Stress-Strain law

tTij = function (tuj) .
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2.1 Principle of Virtual Work*

Ko

%,

/ b7ij tEijdtV:/ i ﬂidtv+/ tfisf Uff 'Sy (2.6)
2% A% Sy
where
1 ou; 8@]‘
i = = 2.7
] 2(8%]_'_8%1) ( )
with u; o = 0 (2.8)
2.2 Example
%y
>,
Assume “plane sections remain plane”
Principle of Virtual Work
/ ‘e d'V = / P d'v +/ Py d Sy (2.9)
tV tV tSf
Derivation of (2.9)
bria+ 2 =0 by (2.2) 2.10)
(2.11)

(‘ri1a+ tle)m =0

*or Principle of Virtual Displacements
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Hence,

/ (‘rua+ "fP)ud' V=0 (2.12)
ty

tTllﬂl| tzi _/ 6171 t7—11 dtV +/ ﬂl tle d tV - O (2.13)
—_——— tV N~ tv

_Sy €11
to ot
wytry g tS

s
¢ _t
where Tll|t5f =t'pP.

Therefore we have
/ t€11 tT11 AV = / Uy tle dtv —‘rﬂff tPT tSf (2.14)
274 vy

From (2.12) to (2.14) we simply used mathematics. Hence, if (2.2) and (2.3) are satisfied, then (2.14)
must hold. If (2.14) holds, then also (2.2) and (2.3) hold!

Namely, from (2.14)

/ ﬂl,ltTlldtV = ﬂ1t7-11|t§f - / HltTll)ldtV = / ﬂltledtV +ﬂff tPTtSf (215)
tV u tV tV
or
_ _S
/ (" + YP) AV ) (TP~ ) 'Sp=0 (2.16)
v

Now let uy = x (1 - %) (“ry11 4 'f), where L = length of bar.
Hence we must have from (2.16)
i+ =0 (2.17)
and then also

tpo="tr, (2.18)
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