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Timoshenko beam theory
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The fiber moves up and rotates and its length does not change.

Principle of virtual displacement

(Linear Analysis)
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Two-node element:

Three-node element:

For a ¢g-node element,
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MIT 2.094 20. Beams, plates, and shells
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Hence we obtain
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K is a result of the term inside the bracket in (20.10) and R is a result of the right hand side.

For the 2-node element,

7 v
b s

[ [ gz
I 1
Y= ety
w1 = 91 = (20.12)
wa, 92 =7 (2013)
wy 1471
= — — 0 20.14
L 2 7 (20.14)

We cannot make v equal to zero for every r (page 404, textbook). Because of this, we need to use
about 200 elements to get an error of 10%. (Not good!)

Recall almost or fully incompressible analysis: Principle of virtual displacements:
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But now we needed to select wisely the interpolations of w and p. We needed to satisfy the inf-sup
condition
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4/1 element:
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We can show mathematically that this element does not satisfy inf-sup condition. But, we can also
show it by giving an example of this element which violates the inf-sup condition.
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v1 = /A, wvy =0= Vv for both elements is positive and the same. Now, if I choose pressures as
above

/ gnVvpdVol = 0, hence (20.18) is not satisfied! (20.19)
Vol

9/3 element

satisfies inf-sup

9/4-c

satisfies inf-sup

Getting back to beams
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where

dw . . .

Y= B, from displacement interpolation (20.22)
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MIT 2.094 20. Beams, plates, and shells
745 = Assumed shear strain interpolation (20.23)
2-node element, constant shear assumption. From (20.21), Reading:
Sec. 4.5.7
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L
A% (shear strain) is equal to the displacement-based shear strain at the middle of the beam.
Use 749 in (20.20) to obtain a powerful element. For “our problem”,
L

¥4% =0 hence wy = 592 (20.27)
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(exact solutions)
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Plates Reading:
Fig. 5.25,
p. 421
Y %, U
P
w =w(x,y) is the transverse displacement of the mid-surface
v=—20y(z,y) (20.31)
u=—z0;(x,y)
For any particle in the plate with coordinates (z,y, z), the expressions in (20.31) hold!
We use
q
w =" hiw; (20.32)
i=1
q .
Be=—Y_ hit}, (20.33)
i=1
q .
By =+ hibl, (20.34)
i=1

where ¢ equals the number of nodes. Then the element locks in the same way as the displacement-based
beam element.
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